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Bremsstrahlung and Pair Production 
at High Energies in Condensed Media 


A. B. MIGDAL 
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The effect of multiple scattering on bremsstrahlung and pair production is considered. The 
probability of these processes decreases appreciably at energies ~1013e. The computation 
is carried out with the aid of the density matrix. Equations are derived for the probability of 
pair production and bremsstrahlung per unit path for electrons and quanta of arbitrary energy. 


1. INTRODUCTION 

I BREMSSTRAHLUNG and pair production at high 

energies the participating particles travel in the 
same direction and the characteristic length associ- 
ated with these processes will be considerable. 
Thus, the characteristic length associated with the 
emission of a quantum of wavelength % by bremsstra- 
hlung is given by 1~% /(1—v/c) where v is the ve- 
locity of the electron. Landau and Pomeranchuk!,2 
have shown that the multiple scattering occurring in 
a length of that order will considerably reduce the 
probability of these processes. The cross-sections 
for pair production and bremsstrahlung have been giv- 
en in Ref. 2 for the case of extremely high energies 
(E>> 103 e). 

In an earlier paper? the author calculated the in- 
tensity of soft quanta emitted by an electron of arbi- 
trary energy by determining the radiation emitted 
classically by an electron moving along a given tra- 
jectory and then averaging over all possible trajec- 
tories. This was accomplished by means of a dis- 
tribution function averaged over the different 
arrangements of the atoms of the scattering medium 


and obeying the usual transport equation. 

The present paper is devoted to the derivation of 
expressions for the probability of bremsstrahlung 
[Eq. (67)] and of pair production [Eq.(69) ] per unit 
path length in a condensed medium without restric- 
tions on the electron and photon energies. A connec- 
tion is first established between the transition prob- 
abilities and the density matrix. Certain expressions 
for the density matrix averaged over the coordinates 
of the scattering atoms, which were derived in ear- 
lier papers4.5 , are then employed. 

At low energies Eqs. (67) and (69) become the 
Bethe-Heitler expressions® , and at very high ener- 
gies they confirm the estimate of Ref. 2. For photon 
energies much smaller than the electron energy, (67) 
becomes identical with the expressions of Ref. 3. 

Finally, for very soft quanta for which the dielec- 
tric constant is appreciably different from 1 Eq. (62), 
of the present paper gives in the limiting cases the 
results obtained by Ter-Mikaelian’. 

Eqs. (67) and (69) can be used as starting points 
for the formulation of a shower theory in condensed 
media for energies greater than 10Be. 
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2. CONNECTION BETWEEN TRANSITION 
PROBABILITIES AND THE DENSITY MATRIX 


To solve our problem we must average the probabil- 
ity of bremsstrahlung and pair production over all 
possible arrangements of the atoms of the scattering 
medium. We shall express the number of radiating 
transitions per unit time in terms of the density ma- 
trix, and then utilize the expressions of Ref. 4 in 
averaging the density matrix. 

Denoting the eigenfunctions of the electron in the 
scattering medium by wW, and the initial wave func- 
tion by Wo we have to first order in the interaction 
between electron and the radiation field 


iC? — > (We 


xs (0, | elt Ait ptt yy, ite Ee: Van/k, 


tHt ikt —iHt | AR 
Ae’'e lY., 


aps 


Here A is the photon emission operator, €, the polar- 
ization vector, k the wave vector, and H is the Hamil- 
tonian for the electron, including the potential from 
all scattering centers: 


H=H)+ DV e—r,,) 


nl 


Op 
s'8 


HY =F 


We use units such that m=h =c =1. The y-func- 
tions of the electrons and quanta are normalized per 
unit volume. 

For the number of radiating transitions per unit 
time we obtain 


Qs = 
t 
; 


PoiCap=2Rec.C, 


= 2Re \ (}o |e’ eon | Ys) (bs | eM Ae i" | 0) 


x eit) dt. (1) 


We now shall sum over the fina! electron states. 
First we consider the case of bremsstrahlung. We in- 
troduce the operator of the sign of the energy 


K = (H+|E(p)|)/2| E(p) |, 


where p is the momentum operator for the electron. 


With 
DIY; (1) 2, (0) =8(x—¥’), 
Ss 
we obtain : 
~) ° a 
Q= 2a GU; = 2 Re \ (0 | eit A* Keit(t-t) A e—int | Yo) 
E,>0 } s 


x etk(t—h) dt. (2) 
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In (2) the operator K at large energies can be re- 
placed with negligible error by 


Ky = (Ho +| Ep!) /21 E> 


which is the equivalent operator for a free electron. 
Then the coordinates of the scattering centers enter 
in (2) only through the factor e*##*. 

The averaging over the coordinates of the scatter- 
ers can be performed independently in the factors 
etiHt, and et iH(t-t,), Indeed, the coordinates in 
the former term correspond to collisions occurring 
during the time interval 0 — ¢, while the latter term 
contains the coordinates of scatterers participating 
in collisions during the later time interval ¢, — ¢. 


If after the time ¢, there are many collisions, then af- 
ter averaging over the first collisions the factors of 
the form e*##% will become practically independent 
of the collisions which took place close to ¢. 

We now shall write the integrand of (2) as a matrix 
element of a product of operators in the representa- 
tion of the wave functions. 


A — pAetpr 
of = é 
oe WY, 


; x ee 
of the free electron. Putting Yo =p, (po- initial mo- 
mentum of the electron) and denoting average by 


<> we obtain from (2) 
t 


<Q) =2Re eee 
(3) 
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iA ty Aga t iHt —iHt,Ayr —iHt, yr 
= > <(e)pie: (A* Kye!" "Ae Joes: dep 
PiP2 
AyA2 


here 7=t—t,- Because of the statistical independ- 
ence of the factors e *#4t and etiHt we have 


yf — 
(eff AoAr » <(A tikeer?: 


PoP 


—iHt, yee 
Da <(e oe 
Vive 
ArAe2 


og eae 
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At high energy the momentum changes of the electron 
are essentially small, and the spin does not change 
in the scattering process, i.e. 


SiH E02) OE area 
(¢ yeah = Oa, Cape se 
with an error on the order |p'—p|/p. In this ap- 
proximation 
J= 
tHE, \Nely 7) tHE + yc plHt 4 —iHt ded 
>i (er Re O)puip (ae aarieme )pip2 > 


Pip2 


(4) 
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The first factor in (4) satisfies as a function of P2, 


Pi and ¢) the same equation as the averaged density 
matrix 


a =tHt,. GH 
< Ppop, > = <(e ‘Poe )aep, >- 


It follows from this (see Ref. 4 and 5) that the differ- 


ence p, — p, does not change in the scattering (this is 


is due to the homogeneity of the scattering medium). 
Since the eee factor in (4) for t) =0 is 5p.p, OP 
one can write it in the form 

STA ahs FU t: daha ae 5 
< (e : Pop» (C Por >= — fo° ; (pi, ¢ 1) Opp, (5) 


We shall now write the second factor of (4) as a sum 
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AoAr —iHt)AoA iHt)AAA 
Poke. p—k/2 —C ep Pi (e oe p—k/2 
— (e—!Htp eit) rer 
rea (e 0° je /2. p—k/2 
satisfies the equation 
Furthermore 
S ee Pally eifttyh ee e tit AiA, 
pe= See yee p (€ Pp, = 1. 
Sia PAi 


i.e. p is an element of the density matrix in the mo- 


of products of operators in the momentum representa- Mentum representation. We shall call f,(p, t) the 
tion. Using (5) and the expression for the operator A averaged density matrix. 


we obtain 


<(A* Koel AeW'"Jpny 


= iH 1A 
=< D (a0) pr pnt (Cpe, p—ure (280) 
Pod 
EM>0 
r 
x a p+kj2 (e- Ss ie p> 
Here 
(aey)gig, = (ugiae, Ug;) 


where uf are spin functions. 
We introduce 


—tf{7\ gro iH™ Ai Ay Kort 
< (e ; ede Pi (e ; pi—k, p—k/2? aa ik (P; t). (6) 


Both the coefficients in the equations for fio hy 
(p, t) and fre Ai(p; 1) and their boundary Sy ene 
[see below, Eq. (10) and (12)] do not depend on the 
spin orientation. At a fixed sign of the energy, one 
can therefore omit these indices in the summation 
with respect to Agand A}. 

Inserting (5) and (6) into (4), summing over the 
photon polarization, and averaging over the spin of 
the initial state we obtain 


EMS0 
d dp. 
= 7S \ (Pas P) fo (Psst) fel. *) Goes ays (7) 
L(Pi,P)= =) (ev) p—u(aey)pei2, pt mies (8) 
Bh, EMSS 


We note that 


Thus the problem of averaging the number of trans- 
itions per unit time has been reduced to finding the 
averaged density matrix and doing the summation (8) 
and the integration (7). 


3. EQUATIONS FOR THE 
AVERAGED DENSITY MATRIX 


As shown in Ref. 4 the averaged density matrix 
satisfies the equation 


Of” (p, a Osi de HORI eg SERA SS) 
= =ne\ oo [Vor—p |? {8 (Ep* +112 — ite (9) 
+ 8 (Ep)—ti2 — Ept—to)} (fe (p’, t) — ft (p, 2] 
with the initial conditions following from the defini- 
tion of fk (p, t): 
f(D; *) ley = 


These equations differ from the classical transport 
equations in these points. First, kOE / dp has been 


pike (10) 


replaced by the difference Ls = Boe k/2: Fur 


ther, the term describing the collisions has been re- 

placed by one half the mn of a term for the momen- 

tum p + k/2 and ads E* ay ap) and a term for 

p—k/2 and energy E* 

Eq. (9) goes over fe the classical equation for the 

k th Fourier component of the distribution function. 
The equation for f,(p,, ¢,) is 


afrere (Pi, ty) fa'5 5 
ge = 2 Ge 


Ufo? (Pst) fo” *(Pi, ¢1) 


|Vp-—p, [?8 (Ep: — Ep’) 


(11) 
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with an initial condition 


for (Pir 11) legac ne (12) 
From (11) and (12) we have 
One iy @at) dpe: (13) 


From (11) and (12) follows that fo%o is different 
from zero only for p, = py. One can therefore intro- 
duce a function v,(@, t,) where @ is the vector as- 


sociated with the angle between p, and p,: 


ipa (pi, 1) (Qn) *"d Pi = 9 (Pi — Po) V (9, t,) dp, d6, 
Uo (8, 0) = 4 (8). (14) 
From (13) we obtain 


| 2 (0, t;) d0 = 1. (14') 
It is easy to see that f,(p, t) differs from zero only 


for p close to g=p,—k/2. For t=0 this follows 
from (10): 


kage ee 
Pata pe oa Dae 


TaN hes 
+ p,k (1 — cosp, k) er = a aR)» 


Here 7, is the acute angle between p, and k. 
We introduce the vectors for the angles between 
p and k, and p’ and k. 


Q=P,/8 =P,/g, g=p,—F/2. (15) 
Here p, and p, denote the projections of p and p’ 
respectively on a plane normal to k. The 6-func- 
tions on the right hand side of (9) can be rewritten 
as 


0 (E orakie = E, +xie) a 


BAN) Sees 
a(0" pte )= a0 —P)- 
Hence the absolute value of p is approximately con- 
served in a collision. 

The values of p for which the function f,(p, t) ap- 
preciably differs from zero are given by (p —g)/g~n? 
An estimate of the magnitude of 7? will be given be- 
low. 

Taking into account the approximate constancy 
of p, the function v(n, t) will be given by 


[x (Pp, *) (2x) ?dp = 6(p— g)u(m, *)dpdy. (16) 


From (10) we have 
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U(4, *) =o = 6 ( — No); fae 
fy = (Pi —K/2),/g = , 


where 7, is the vector of the angle between 
Pp, —k/2 and k. The vector 7, is connected with 
the previously introduced vector @ by the relation 


8 = p1/Po — Po/Po = Pi/Po — 1 + 1 — Po/Po 


oe P, /Po + } = 2o/Po + 9. (18) 


Here #=n—p,/p, denotes the vector of the angle 
between n=k/k and the initial direction of the 
electron. From (15) we obtain 
p=(pn)n+p,~gn+gn; pt+k/2=pon + gn; 
p—k/2 = (pp —k) n+ gm. (19) 


The energy difference entering as an argument in 
(9) can be written as 
do A 
Ep'tkj2 — Epis 


= V1 + (pn + gn)? —V1+[(p,—4)n + gai 
= k[1 -— 1/2 pq (Po — 2) — 8747/2 Pp (Po — ¥)]-(20) 
Utilizing (18) in integrating (9) with respect to p 
we find 
du (n, 7) ‘ 2 
aa as (a— b+) o (q, 7) 
—s oer) iV F [2 {v ( , he , 
(Qn) g(n’—n) i t) VU (%, t)} dy (21) 
tha een 
Po(Po—A)? tg 


a=8( pan = 


For Vg we choose the expression 


Vq = 4nZer/(q2+%2), x~ I/a, (22) 


where a is the Thomas-Fermi radius a ~137Z-% . 
Inserting (22) into (21) gives 
= -+- i(a -- b+) ) 
Bec. dn’ 
=a wee 
Oc 


[vy (n’, 7) —9(q, >], 
(23) 
By expanding u(y‘, t) into a power series in n'—-7 


we obtain from (23) the Fokker-Planck differential 


equation 
ov : n? x 
Ft i(a— bt \y = gA,v, 
__ 2nnZ*et | 9» 8 
“4 g ae 2 : 


(24) 
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We will determine the quantity @, from the condi- 
tions of validity of the Fokker-Planck equation. 
The first term of the expansion is 


Gar 
& 


(Oa go A A, 


Bers 
~~ = In 6, AGO. 
The next term of the expansion is of the order 


( “ge O Bae ~ ag Oa. 
O1 
We furthermore need 
co foo} 
\ yea kt dr = v'dt, 
0 


0 


uv’ — e—ikt OE 


v' satisfies an equation which one obtains when 
replacing in (24) the quantity a by the quantity 
a’ =a—k, 

The essential values of 7? are given by the rela- 
tions 


(a’ — by?/2) 0 ~ bru ~ gq; PB ~Vqib. (25) 
This estimate will be confirmed below. The condi- 
tion for the possibility of the series expansion of 

v therefore has the form 


2 fin 05 Z q ar ah = 0» 
yt ~in®, 0, ~ (4) L* L = In@ {26) 


At sufficiently large energies 0, becomes equal 
to the diffraction angle of the nucleus, which is 
1/gR. Then the upper limit of integration of (23) 
over |n'-n| is given by 1/gR and the value of L 
becomes identical with the well-known expression 
from the theory of multiple scattering®. Putting 
es 02572, ’, we obtain for 6, > 1/gR. 


(edi 1372/0,512"7) = 2 in (190Z *)..- (27) * 


4. SUMMATION OVER ELECTRON SPIN 
AND PHOTON POLARIZATION 


The summation over Xo and Aj cannot be per- 
formed in the usual manner since the momenta are 
different for the different spin functions. 

It is however possible to reduce the sum (8) to 
an evaluation of the trace of two-by-two matrices. 
The spin functions can be written in the form 


D PAIR PRODUCTION 


Sail 
[ te | 1 0 
ub = og Ng; y= | \, Vg = { ; 
: le Ou ° ; 1} 
2 4 4 
N= : = 
& ee g (E, - 1)-2 Fc (28) 


Here 01, 2, 3 are the Pauli spin matrices, and the z 
axis is parallel to n. Substitution in (8) yields 


5,5 (pi — k) opi9o; 
L (pip) =7,2) Sp (| Fei gale Een 
6,0 (p + k/2) o(p —k/2)o; 
| Ensue t+! Ea ers \| * (29) 


We introduce the abbreviations 


A= —” ee C= orackieee 
Rar Ep «t t Epskjet il ’ 

2. P= Kia 
a gay reer (30) 


We then have from (29) 


1 
L (pi, p) = a 2 Sp (% Bo + Aga;) (s;6C + Dos;) 
i=1,2 
= BD + AC — (Bn) (Cn) — (An) (Dn). (31) 

Each of the scalar products of (31) has a value 
close to unity. However, as will become clear later, 
the complete expression is of order ~72. We there- 
fore rewrite (31) as a sum of small terms so that it 
will be possible to keep only the main terms of ex- 
pansions in powers of 1/p. 

We express each of the vectors A, B, C, Dasa 
sum of two terms, one is parallel and the other per- 
pendicular to n: A =A) + Ao; Al || a, Ag,n and 
similarly for B, C, and D. Then (31) becomes 

L = (D, = C;) (By = A,) + B,D, + A.C,. (32) 
In (32) each term is of order ~ p-2 or +2. 
From (17), (19), and (30) we obtain up to terms of 


required accuracy 


A, =O, =1— 1p, B, = Di = 1 = Milos) 
Ao = 2%o/Po; Bo = ZNo/(Po — &); C2 = 8N/Por 
D, = gn/(P) — &). (33) 


Inserting these expressions into (32) we finally ob- 
tain 


—~e . »£4xof24 
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L = K,+ Koh; 
ge? [p2 + (Po — &)?] 
p2 (Py — k)? 


- (34) 


ky = Fes Pee 
D3 (Py — 2)? 


hee 


5. PROBABILITY OF BREMSSTRAHLUNG 


Let li (p,k)dk denote the probability of emission 
of a photon of energy between k and k + dk per unit 
path. Since the initial W-function of the electron 
was normalized to unit volume (or to unit flux for 


c = 1) we have from (3) and (7) 


\<Q> a0, 


ENS 


(35) 


= ar? Re( droits J,d8. 

Inserting into (7) the spas for vy, v, and it 
as given by (14), (16), and (33) respectively, we 
find 


{Jad = (0 (0,41) 0 (2) [Ka + Kono] 40 dn a. 


We now express @ in terms of 9, and $ according 
to (18) and so obtain 


et nlate vee ts) 
x 0 (9, 2) (Ki + K2MMo) ep dn, dy dt. 
0 


Utilizing the normalization condition (14’) for uv, 
we have 
gtk 
(2)? p5 


t 
xRe| dee | (Ki + Kenny) o(n.) dng. (36) 
0 
We denote by t, the values of t that are significant 


in the integral (36). From (24) and (25) we obtain 


the estimate 


qt ~q/b, %) ~ 1/by? ~ (6q)—"2, 1 ~ qt. 


(37) 
If the time t the electron spends in the medium is 
much larger than t, the upper limit of the integral 
over t in (35) can be replaced by infinity and then 

W will not depend on +. We shall treat below the 
case t >t, or 1 >1 > 1, , where here / is the 
thickness of the scattering medium, and 1, =ct,. 


From (37) one obtains for a condensed medium 
(n = 3 x 1073) 
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Ln ~ (Do/V Rk Z) 10-8 cm. (38) 


4018 
For Z= 10, Es =10"° eV (Po = amt 5-105 


D102); 
k = p,/2, this gives 1, ~ 0.2 cm. 


For t > t, one easily obtains the angular dis- 
tribution of the photons. The width of the angular 
distribution is given by the function v,(0, t,) and 
has the order 9? ~ qt,. Furthermore, 7$~7? ~qt 
and therefore one can replace the function 
u(eno/pa +, t,) by vo(%, t) and the photon angu- 


lar distribution is given by 


Wi (Do Ry %) d® = v, (9, t) W, (Do, k) d%, (39) 


i.e., the angular distribution of the photons is the 
same as the angular distribution of multiply scat- 
tered electrons of energy po. 

We now define 


\ 2 (n, No) Ny = hy (q, 1); 
\o(n 7 No) NodNo = R (uy, *)- 


Since the coefficients of Eq. (24) do not depend on 
No, the equations for h, and R are identical to (24). 
The boundary conditions are h,(y, 0) = 1; R(y, 0)=7 
which can be obtained immediately from (17). 

The coefficients of Eq. (24) depend only on 7. 


One can therefore write the solutions in the form 
hy (, 7) =h(z, 1); 
R (", 7) rare Ng (z, t), 2£= Melos 


Here h and g satisfy the equations 


oh 02h 1 Oh 
ot 4 i (a— bz) h = 22q (s52 sk) 
(40) 
og ; aM 2 6g 
3 + i(a—bz) g = 22q(S84+ 258). 
We introduce the functions 
o1(2) = | et A(z, =) de; 95 (2) = z [eth g (2, 2) de. 
0 0 


(41) 
Then (36) becomes 


2b o2 
Eee Re 


Vv = rp {Ky ( ade + 2Ko ( gadz} - (42) 
0 0 


The equations for py, and ¢, are obtained by in- 
tegrating (40) with respect to t taking into account 
the initial conditions for hand g: 


BREMSSTRAHLUNG AND PAIR PRODUCTION 


zpi + 9, +i («+ Bz) o, = —1/29; (43) 
zp, + i (« + Bz) o, = — 2/29; (44) 
k—a 
2g = i bee 
ig? (45) 
B= 0: 


2Po (Po — k) q 


Eq. (43) and (44) can be solved by means of the 
Laplace transformation. Putting 


apy ae 


0 


u (A) 


we have from (43) 


1 


~ 2gx OF +78) (46) 


; A— ta 
nT aE ig © 
This gives 
u (A) = 
4 xs ( dé @ es a 
= 2q (2 = 22)'I2 a — E (2 = £2)'la MW+ é/ ’ 


= VB em, p= (0/28) ein, 


The arbitrary constant & is determined by the con- 
dition of boundedness of ¢,(z) for zoo. For this to 
hold it is necessary that the function u(A) has no 
singularities on the right half-plane, which gives 
e F A, 


In (42) we need the expression 
Re \ e(2)d2— Re u (A). 
F > 0 


The function u(A) has a logarithmic singularity at 
A =0. The above limit therefore depends on the 
way A approaches zero. It follows from 


Rey (i) = \ e—*2 (Re 9, cos h’z — Im 9, sin }’z) dz; 
0 


d= dO ad 


that in order for 


\ Reg, (2) dz = Re u (0) 


to hold A has to approach zero along the real axis. 
We now separate in the integral (47) the part 
which is singular at €=0. We thus obtain 


(47) 
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Ay 
lie dé 1 Ay 
Repeat ti | ea ete Er ee 
adie th Es mt al (22 — &2y'k2 Gay 7 


al Ay 
Since 
1 wn Te 
Rew pe ee eer le 
1-0 Ns In Xx 43 2 
argA=0 
this equals 
eu (A) = 
a (A) = 3a, 
argA=0 
nl 
alt =| 4 (; — =)" *a 1 
~~ 28q m\o (1 —x2)'2 \4+x : 
0 


Putting x = tanh (¢/2) and separating the imaginary 
part we find 


6s a ee [eee 
2V23.. +«-8g Po (Po — 8) 9 


To solve (44) we introduce 


f =%2— 


Se 


sop? 2” +i(w+B2) f= sy. (44') 


We further introduce 


seisly 24 — ia __ fF (0) — 4/29q8% 
00) = le fideo + ge = Sa 
(49) 


Since ¢,(0) =0, we have f(0) =-i/2¢8. The solu- 
tion of (49) is 


v(h) = 


The calculation of Rev(0) is completely analogous 
to the above calculation of Reu(0). 
Introducing once more the substitution &/\, =x 


~ @#&4 
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and separating the divergent part of the integral we 


obtain 
C 4 
Rete Re {) | (ay 
ae ae) 2937 529 : 1+ x 
arg A=0 argA=0 0 
° d 1 
Xx <= AE 1 
=e Neen alps 
0 


Introducing x =tanh (t/2) and separating the real 
part we find 


Bane Q 
1 i Vo a oe 
= 0 sinh i 
Thus we obtain 
( Re o,dz = Re fdz = ; 5, (5): (50) 
0 0 


loo} 
cos sx + sin sx 
rae e-sx az AX 
cosh* (x/2) 


sin sx 
— 6 


9° 
Ss 
sinh ae 


0 
o 
+ 24s°( eo 
0 
foo) 


= 12s \eoth = e—s* sin sx dx — 6xs?. 


0 

The function ®(s) was introduced in Ref. 3. The 
functions @(s) and G(s) can be expressed in terms 
of the logarithmic derivative of the I'-function* 


@ (s) = 12s? {— Im |[V (s — 7s) 
+ (5 +1 — is) 
2 
CHRP” 


(52) 


=6s—6rs?+245? >} 
h=1 


G (s) =48s? [x/4+Im ¥ (s+1/2—is)] 


{ 
We +s + 12P 4 Leste 


ae 12s?—485? >) 
= 


These formulae are useful for tabulating the func- 
tions. . 


* Expression (52) has been derived by S. A. Kheifets. 


Some values of the functions ® and G are given 
in the table, and the functions are plotted in the 
graph. 


s | #(s) | G(s) 


0 0 0 | 
0,05 0,258 0,094 
0,1 0,446 0,206 
0,2 0,686 0,475 
0,3 0,805 0,695 
0,4 0,880 0,800 
0,5 0,93 0,875 
0,6 0,95 0,917 
0,7 0,965 0,945 
0,8 0,975 0,963 
0,9 0,985 0,975 
1,0 0,990 0,985 
1,5 0,998 0,994 
2 0,999 0,998 


The asymptotic behavior of ® and G is: for s ~0 


DO -—-> 6s; G— 12zs?, 


and for s 7© 


D> 1 —0,012/s4; G+ 1 —0,029/s4. (53) 


For s < 1 we have 


Relondz a 1 09 


Re Re ( edz o,dz Bs VB ca be? 


2 
No 


This confirms the previously given estimate of the 
significant values of 7’. 


Inserting (48) and (50) into (42) we obtain 


__ ekg? 
ae Qrep 2 Ki on {2qa2 + 2K, ang}? 


or, utilizing (24), (34), and (45) this becomes 


W, =—<— B {RG (s) + 2 [p2+(po— &)?] ® (s)}; 


3mpo k 
B = 2x Ze!n In 92 (54) 
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BREMSSTRAHLUNG AND PAIR PRODUCTION 


The estimate (26) for 6, can be rewritten in the more 
convenient form 


0,~ (q/b) " pe (28)—'* (Aes Les". (55) 


Fors <1 


W, = (2¢?/3x pik) B {R® + 2 [p? + (py — £)?]}- (56) 


This expression differs from known formulae (e.g, 
Ref. 6) only by a factor of the order of magnitude 
unity inside the logarithm. The inaccuracy con- 
nected with the appearance of this factor is associ- 
ated with the inaccuracy introduced by the use of 
the Fokker-Planck method. More accurate formulae 
can be obtained by solving the integral equation 
(23). This however, is a rather difficult task. 

Since for s = 1 both ® and G have values close to 
1, one can obtain a simple formula. For the loga- 
rithm one has 


L = 1n (6,/0,) = In (190/Z''s'*). (57) 


Then W, is determined for s <1; for s = 1 the ex- 
pression becomes the Sethe-Heitler formula. 


For s << 1 we obtain from (53) and (55) 


2 
Bs [ps + (Po — 2)" 
Tpok 


. (58) 
hae an B 2 re pie 
In this case the probability is proportional to the 


square root of the density. 


For k << p,, (55) yields (see Ref. 3) 
W, = (8e?/ 3xk) B® (s). 


Y= 


(59) 


For extremely soft quanta one has to take into ac- 
count the fact that the dielectric constant differs 
from unity. The dielectric constant ¢ enters the ex- 
pressions via the normalization of the operator A; 
further in the integral over t in (3) one has to re- 
place e’*" by e*®’where w = k/\/e. Considering fre- 
quencies @ >> @ = V 4anZe’ we have 


e = 1— w/o, o =h/Ve HRI + we / 2w?). (60) 


The change of normalization of A due to « results 
in the multiplication of W, by a factor which has a 
numerical value close to unity; it can therefore be 
discarded. Thus one takes into account the influ- 
ence of the dielectric constant by replacing in (45) 
the quantity a by a’. 

o—k 


2q 


a. ~=at 


w2 
~a(1 eo (61) 
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Using (54) we obtain for small i the more general 
formula 


W, = (8e%/3nk) B'D (87) /4; 7 = 1 + prodfa®, (62) 


where B’ differs from B in that in the logarithm s is 
replaced by sy. For sy > 1; y >> 1 we have 
W, = (4/3) Ze*Lb/p? (63) 
in accordance with the result obtained by Ter- 
Mikaelian? for this limiting case. Thus, the diffi- 
culties associated with the infrared catastrophe 
do not appear for the case of radiation inside a 
medium. 

We now will give an expression for the radia- 
tion length. For that purpose we define a function 
&(s) which describes the change of L with energy: 
In (1/s) 


& — | [ee el eS : = ffi 
&(s) 15 1902. é(s) = 1; 
PSs 2 sy Ses! 
(s)= 2; sit = 2’ / 190; (64) 
Se Sa 


Here s, is the value of s for which L =2 In(190 Z~4), 

From (55), (57), and (€4) we have 
B = 2Qxne*Z’ (s) In — _f 137 
ee (65) 


I /ty = (4ne4Z2/137) In (190/Z"") to = tome/t , 


Here ¢, is the radiation length in cm. 


From (48) we have for s 


s = 1,4- 10° [Ato/Po (Po — ) & (s)]*- (66) 
The probability for radiation in a path length equal 
equal to one radiation length is 


Wty = (6 (s)/3 Rpo) {R°G (s) 
+ 2 [po + (Po — &)?] ® (s)}. 


In lead (t, ~ 0.5 cm) for k=p,/2 and at s = 1 we 
have p,=2 x 10%, = 5 x 10" ev; at s = 0.2, which 
corresponds to a deviation of (62) from the Bethe- 
Heitler formula by 30%, we have py = 1.2 x 10’ ev; 


s = s, corresponds to an energy Py = 10** ev. 


(67) 


6. PROBABILITY OF PAIR PRODUCTION 


We denote by W,(k, po) the probability of pair 


ies Gr or Ey 
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production per unit path length for an electron ener- 
gy between p, and p,t+dp,; W, is summed over all 
possible positron states. 

The probability of the inverse reaction to pair 
production, W,, can be found in a similar manner as 
W,; one just has to sum (8) over the negative ener- 
gy states, and one has to invert the sign of EA: in 
(9), The final formulae can be obtained from the 
ones written down by replacing p, — k by k—po. 
So, for example, the quantity g=(p)+ po—k)/2 
becomes g=(p, — p, + )/2. 

Thus for the probability W,, which differs from 
W, only by a statistical weight factor, one obtains 


from (55) 
2e? 


3k 


Po 


Rk 


VW,=—W,= 


2 


BiG 6) + ee +(1- | PH). (9 


n) 


Here s differs from s only by the replacement of 
Po—k by k—p,. The probability for pair creation 
in a path length equal to one radiation length is 


2 ORE) | ae Poke hehe oe 
w= Olo@+2[_2i—*)lo@}. 


For s = 1 this expression becomes the well-known 


1 Vy k V kto 
Bs etn en LS —____"__—.. 
8. Po (k — po)B Po (Rk — Po) & (S) 


formula for pair creation®. For 3 << 1 we have 


: , 4 S) pe : “x 
W pto Eo ee | ~ ft) 5. (70) 


The equations (67) and (69) represent the solution 
to the problem of bremsstrahlung and pair creation 
at high energies. 

The author is grateful to V. M. Galitski for his 
critical discussion of the results and to S. A. 
Kheifets for numerical computations. 
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It is shown that the Scattering amplitude for a potential with a diffuse boundary whose 
width is small compared with the wavelength of the incident particle can be expressed in 
terms of the phase shifts for scattering by a rectangular potential of a smaller radius and 
three numerical parameters which determine the shape of the potential. The parameters 
have been computed for potential (1) and the scattering amplitude has been determined. The 


problem of passage through a barrier whose width is small compared with the wavelength 


of the incident particle is also considered. 


[ THE OPTICALMODEL of neutron scattering at 
low energies (up to 3 Mev) a rectangular-well po- 
tential has been assumed?, In actuality the potential 
clearly becomes zero in a,smooth fashion. The thick- 
ness of the diffuse boundary should be of the order 
of the range of the nuclear forces. In the considered 
range of energies the wavelength of the incident 
neutron is large compared with the surface thick- 
ness; its wavelength inside the nucleus is of the 
same order as the surface thickness. Under these 
circumstances the diffuse boundary can have an ap- 
preciable effect on the magnitude of the total cross 
section and on its dependence on the atomic weight. 
We shall use in the present work the smallness of the 
surface thickness compared with the wavelength of 
incident neutron. It will turn out that under these 
circumstances it is possible to neglect near the 
boundary the total and the “centrifugal” energies in 
the Schrédinger equation. This simplifies the prob- 
lem considerably and permits the scattering ampli- 
tude of a neutron of arbitrary momentum to be ex- 
pressed in terms of three numerical parameters which 


are determined solely by the shape of the potential 
in the boundary region. Furthermore, since the Schré- 
dinger equation in the region of the boundary is then 
the same as for an s-wave, it is possible to give 
exact solutions for a number of potentials, as for 
example 
VO) Sek eel. el (1) 

In this paper these numerical parameters will be cal- 

culated for a potential of the form (1). 

It is possible to treat in a completely analogous 
manner the passage of a particle through a barrier 
whose thickness is small compared to the wave- 

length of the incoming particle. Section 3 of this 
paper is devoted to that problem. 
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1}. INFLUENCE OF THE DIFFUSENESS 
OF THE NUCLEAR BOUNDARY 
ON NEUTRON SCATTERING 


We shall write the Schrédinger equation for the 
wave-function, multiplied by r, for a neutron of giv- 
en momentum in the form 


du; (r)/dr? 
+ [2° — Vo (r) —V, (r) —L(L + 1)/r7] u(r) = O. 
(2) 
Here the complex potential V(r) (multiplied by 
2m/h*) has been split into two parts: 
Votre for of ORs, 
V; (ry =0 for eR fee (3) 
We now consider (2) under the condition 
(KAR) <= 1, [~kR (AR=R,—R,), (4) 


which expresses the smallness of the boundary 
thickness compared with the wavelength of the in- 
coming neutron. We now show that forR,<r<R, it 
is possible to neglect in (2) the terms ‘? and 
l(l + 1)/r?. The precision of this approximation 
corresponds to keeping all terms of order up to and 
including KAR. We write (2) in the form 
r 
Ua) = je er) ES je (er) Va ("ar") 


0 


en (5) 
= a \ hy (kr’) Vy (1’) ur (r’) ar’. 
forr >R, i 
jn (x) = gp thu (x) et — hi (x) 
(6) 


hi (x) =V > Aen (x), 
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where 5) is the complex scattering amplitude for 
the potential V,(r). 

Because of (4) one can expand the functions j, 
and h; in the region R, <r < R, in powers of 
k(r — R,) and keep only the first two terms. Utiliz- 
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ing the identity 
jh nal jh = Ihe 
we obtain for (5) 


r 


uy (r) = FP + (r — Ry) FP + \ (r —r') Vy (1’) ur (r') dr’, (7) 
0 
FP = jr— eile FeO FP = ea ?, (8) 
ju fr(ARi), hr = hi (ARy), Or = his ue = jiliv 
= \iu(ndr m= \ (rR) Ou (nar. (9) 


Because of the matching conditions j,(£R,) is of 
the order k/k' (k' is the wave vector in the region 
r<R,), an anomalously small quantity. At the same 
time ; '; is of order unity. Therefore in the expan- 
sion of the products j;(kr)hi(kr‘) and j)(kr hy(kr) 
terms of order jh; (KAR)? have been kept. 


Differentiating (7) twice with respect to r one 
can convince oneself that with the employed preci- 
sion 


d?uy/dr? = Vy (r) ur (7). (10) 
It then follows that for R, <r <R, 
u(r) = Agi (r) + Boe (r), (11) 


where ¢,(r) and ¢,(r) are two linearly independent 
solutions of (10), satisfying the boundary condi- 
tions 


2, (Ri) =1, 9 (R,) = 9; ¢ 


ty 


Assuming ¢,(r) and ¢,(r) to be known one could 
obtain the scattering amplitude by matching (11) to 
the solutions in the regions r <R, andr>R,. In 
the usual matching procedure one needs uj(r). 
However the function u;(r) has been obtained only 
with a precision to kAR, and in the process of dif- 
ferentiation the precision decreases by one order. 
We therefore use the following procedure. It follows 


from (7) that 


AES SB a (13) 
It turns out therefore that u)(r) is expressed in the 
region R, <r <R, the standard functions and by 


the quantities €; and 7; which enter into a and 


Eo On the other hand, because of (9) €; and 7; 


are given by u/(r) in the region R, <r <R,. Equa- 
tions for €; and 7; are therefore obtained by insert- 
ing (11) into (9); taking (13) and (8) into account 
one has 


: : tho - 
yr = (%, + a ky) {it > eel lets kn} : 


(14) 
t= Gr Bake) | hie ier li +kOma} 
Cyn \ V1 (1) 91,2 (r) dr; (15) 


Bie = \ (r — Rx) Vy (1) 21,2 (r) ar. 


The scattering amplitude (8; — 1)/2ik can be given 
in terms of €; and 7; by 


a =e — Ci (eVi(ur(rdr. 06) 
Expanding j,(kr) in powers of k(r—R,) we obtain 
i ai. » 

c= BP es jt — 2ijr N- (17) 


Inserting (14) in (17) yields 


hy Ry ae>) => Oa kD, [1 — Bi — Bok] 


G, = 
me hy ky, (1 + 22) + a1 — kD, [1 — Bi — Boky] 
(18) 
This result can be written in the form 
ee hy (kx) ob — RO; ; 
Ay (Xt) sq — B®, (19) 


Ry, (1 + ae) + ay 


So deren a say 


. Using the fact that pip, — o,'p, is a constant it 
is easy to show that the parameters a,, and 3,, 


EFFECT OF DIFFUSENESS OF NUCLEAR BOUNDARY ON NEUTRON SCATTERING 539 


satisfy the relationship We now have to obtain a,, and f, 2+ From (15), (10) 
d (12 
pe eagtce tg SMEG. (20) and (12) we find | 
% = 01(Re); % = $2(Re) — 1, 
The scattering amplitude is thus given by the scat- 
tering phase shifts due to V,(r) [see (8) and (6)] Bee (Rsy NR (he) ee 


and three parameters which do not depend on k or J. 


(22) 

By =a ©, (Re) AR — 02(Re). 

2. SCATTERING FROM A POTENTIAL 
OF THE FORM (1)* 


With the considered potential V(r) one can solve 


alRy - Ro) 
o” and Eq. (10) exactly2. In the actual cases the imagi- 


Choosing R, and R, such that e 


e* (Ro - Ra) are negligible, V,(r) can be considered nary part of the potential is small!. One can there- 
to be a square well, and therefore fore neglect the absorption in the diffuse boundary. 
This means that one can consider the quantities 
ky =K'fi (K’Ri), K:.,AR and K,/a to be real. We shall assume this 
from now on. 
ne) = Sa ple Oe Vie HS ea a Neglecting terms of the order eR: - Ro) one ob- 
=VKR+R. + Re. tains easily 


Salt y= {etme Ri) Fi 2 a, 142i “2, — erU—Re)) cc. 


(23) 
a (r) = sy eter—80 F (iA, Ge, 1+ 2782, — er t-Ro) — eve} 


a Ryo -R2) 


Here F(a, 8, y; z) is the hypergeometric series. Neglecting terms of the order e and utilizing the 


formulae 


a ne 7 
Fain Bats 2) = SOT!) Fat l—ya+1—8; =) (=2) 


Peet (y —2) : 
lr (y)T (¢@—8) Bat a ore Nt 2) 
+ Fa) yf (88+! t, kage | a; =) ( 2) 
: —i 
F (iy, iq, 1 + 2iy; 2) ~ Tarim (4) ¥In (—2) 


T (1 + 2iy) Ay Ne eee Bee re re: 
+ ery (22 — 9) — 9 + NI (—2)-* at 2-00 
b(x) =I" (x) /T (x), 


we obtain from (23) for r = R, 


sen (r) as yee [yAy cr: Ky (r eS R,)] sin [Ko ck —. R,) + A] 
(24) 


os cos [Ky (Ry — Ri) + Al}, 


a yr 


* The author is grateful to L. D. Landau for pointing out 
the importance of investigating potentials of this form. 
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1 : tanh 7 = 


aE) =e re 


ee Sil Lg 


(14 24 is 
GUee 
A= a8 Te pi) | 


The solution to the problem is obtained by insert- 
ing (24) into (22) and using (19). Before writing the 
final formulae we note that we have to neglect k? 
compared to K? since in the actual case K,AR~ 1; 
in other words, we take K, ~ K‘ since we have al- 
ready neglected terms of the order (AAR)? compared 
to unity. 

The following expressions occur when substitu- 


ting (24), (22) and (21) into (19): 
fi (K’R,) cos [K’(Ry — Ri) + Al 
— sin[K’ (Ry — Ri) + Al, 
f.(K’R3) sin [K’ (Ro — Ri) + Al 


+ cos [K’ (Ro — Ri) + Al. 
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a + Ko (r — Ry)]c0s [Ky (Ro — Rs) +A] 


(Ry—R,) +A}, 
Ay = 2 (1) —2Red (1 + it), = Ko/a. 


(25) 


We consider the first of these expressions. It is 
proportional to 


[WROR J i4,(K’Ri)V cos[K’Ry + A — K’Ri3] 
—YVK'Ridt4u,(K’R:) sin [K’Ry + A —K’Ri)- 


The function x J1,¥ (x) has the form 


C, (x) sin (x— +) fac; (x) cos (x— +) , 


where C)(x) and en are of the order 1 for x>J. In 
the present case x=K’R, >kR, ~ 1. Further, 


[Ve X51, (*)) = Cpwicos (= le / 2)—= CG) sin (et D) 
+ Ci (x) sin (x — Im / 2) + C; (x) cos (x — Ix / 2). 


Here 


Ci (x) ~ Ci (x) ~ 2 / x? ~ 2 (RR)? (R/ K)2 ~ 2 / KES), 


and they therefore can be neglected. Our expression therefore equals 


[V K’R, +4 Ry + AJ1 41, (K’ Ry + A)]’ LV KR S44 2(K’ R). 


The second of the two expressions can be similarly evaluated. In this manner we obtain 


il 


Bere eg Sd det : oe 

(2X1) s@ a peas) sae Van Te Re EA), ie (26) 
Taking into account 

AR | K' ~ (RAR)? / KAR ~ (RAR)? <1, 
we obtain by inserting (26) into (19) 
hy (a) Prank 7746 : YK: 
61 GL [27K fala) — 8% nd | | EZ’) — os (x) J, ) 
27) 


x=K’R, +A, x,=RR,—RA/«. 
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It has been shown in Ref. 1 that the optical 
model not only gives the scattering amplitude but 
also gives the ratio of the average value of the 
widths of the levels of the compound nucleus to 
the average level spacing. For our diffuse bound- 
ary potential this ratio is 


bao imei 


cot (K’R, + A) —ik}}. 


We note that if one assumes that y does not depend 
on A and is of order 1, then tanh wy/7y ~ % and 
I'/D as a function of A has higher and steeper res- 
onances than in the case of a rectangular well po- 
tential. 


3. TRANSMISSION COEFFICIENT FOR THE 
PENETRATION OF POTENTIAL BARRIERS 
AT LOW ENERGIES. 


The above problem of the influence of the dif- 
fuseness of the nuclear boundary on neutron scat- 
tering is formally very closely related to the pas- 
sage of particles through potential barriers whose 
thickness is considerably smaller than the wave- 
length of the incoming particle. We arrive at this 
problem by putting V,(r) = 0, / = 0, and by dropping 
the boundary condition u,(0) =0. This has the ef- 
fect that one has to replace j;(kr) andhj(kr) in (5) 
by e-tkr and (i/2)e ‘*r respectively if the particle 
approaches from the direction of positive r. 

To obtain the transmission coefficients we con- 
sider (5) with the above substitutions. For r<R, 
we obtain 


(28) 


utr) = eer [1 S er \ eV tr) dr] - (20) 
By definition, the transmission coefficient is given 


by 


D=|1+ 5 - -\erv, (r) dr". (30) 

Expanding e*r in powers of k(r—R,) we have 

eiltRy ’ eikRi 
= D=| ee ee rip (31) 

where € and 7 are quantities nie to the quan- 
tities E| and N1- 

We now obtain € and 7, up to the same precision 
and in a similar manner like in Section 1. Inserting 
these into (31) we have 


D =k? / (Ra? + 67), a=1 b= a) 2. 


ts By, 


The parameters ae and 6, are obtained accord- 
ing to (15). 

The author wishes to express his deep gratitude 
to K. A. Ter-Martirosian for helpful suggestions in 
the course of this work. 
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The hydrodynamical equations are obtained for solutions of two superfluid liquids on the 
basis of the conservation laws. In this case, three independent motions are possible in the 


liquid: anormal one with velocity v, and two superfluid (potential) ones with velocities 
vg and vz. Three different types of sound vibrations can be propagated in such solutions. 


W° CONSIDER here two superfluid liquids, for 
example, liquid He* and liquid He®. In such a 
case, three possible motions are possible (in princi- 
ple) in the liquid: the normal motion with velocity 
v_, and two superfluid motions with velocities v“ 
and v”. We shall show how the equations of this 
three-velocity hydrodynamics can be obtained from 
the conservation laws and from the principle of the 
potential character of the superfluid motion. In the 
derivation of these equations, we shall consider the 
liquid in a frame of reference in which the normal 
(non-superfluid) portion of the liquid is at rest. In 
this system, the total energy of the liquid can be 
written in the form 


E = pv, /2-+ (p’ + p’) v, + =. 


Here we have adopted the following notation: p is 


(1) 


the density of the liquid, p’ and p” the respective 
momenta of the two superfluid motions, and ¢ the 
internal energy of the liquid. The latter is a func- 
tion both of the thermodynamic variables density 
Py» Py and entropy S, and of the relative velocities 
v,—v, and v."—v, and is defined by a thermody- 
namic identity. 

The form of the thermodynamic identity is estab- 
lished in the following way. We recall the expres- 
sion for the total energy E which we used in the der- 
ivation of the hydrodynamical equations for He II?: 


E = ovs/2+ p'vs+e’. (2) 
Here p’ is the momentum of the relative motion in 


the reference system, which moves with velocity v_; 
it is expressed in terms of the total momentum of the 


liquid j: — 
Ui aoe Se (3) 


The energy is defined by the thermodynamic identity 
ds’ = w'do + TdS + (v;,—vs, dp’). (4) 


If we replace the momentum p” by the momentum p 


in the reference system which moves with velocity 
ee: 


P= j—pVvn =p’ + (Vs— Vz), (5) 


the expression for the energy E reduces to the form 
E =ovn/2+pvn +8, (6) 


where the internal energy ¢ is already defined by a 
different identity than Eq. (4). namely, 


dz = udo + TdS + pd (vs — Vn) (7) 


with the chemical potential » connected with p’ by 
the relation 


w=p! + (Vn — Vs)? / 2. 


Thus, when we transform to the reference system 
associated with the normal motion, we must regard 
the internal energy © as a function of the density, 
entropy and relative velocity. In this case, Eq. (7) 
is also a definition of the momentum of the relative 
motion p. 

In the case of threé-velocity hydrodynamics, the 
thermodynamic identity is written, in analogy with 


Eq. (7), as 
de = p,do, + uodo, + TdS 


+ p'd(v;—vr) + p’d(vi—v,), 


4, and 1, are the chemical potentials of the compo- 
nents of the solution. The densities p, and p, 
are expressed in terms of the concentration c of the 
solution 

Ci aare; 


P2 = p (1 —c). (9) 


We now write down the conservation laws for the 
energy E, the momentum of the liquid j=p “+p” +V 
the mass, and the entropy. For the energy we have: 


E+ divQ=0, (10) 


> 


Q is the vector flow of energy; its form is unknown 
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to us at present. The time derivative of the momen- 
tum j must be equal to the divergence of some 
tensor: 


fell, f Ox = (), (11) 


The form of the symmetric tensor of the momentum 

flux II,, can be established as was done in the der- 
ivation of the hydrodynamical equations of a super- 
fluid’. We represent the tensor II, in terms of its 

value 7,, in a reference system moving with veloc- 
ity v,: 


Wik =00ni@nn + (Pi + Pi) Unk 
+ (Dr + Pr) Uni = Tik « 


We shall give the explicit form of the tensor 7, 
below. 

The mass conservation laws are written as equa- 
tions of continuity: 


e + div(p’ + pivn + 8’) =0, 


(12) 


: (13) 
2 + div (p" + fovn + 8”) =0, 


these contain the unknown vectors g” and g”. Inas- 
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much as the equation of continuity holds for all 
liquids, 

CaN Te, (14) 
the following relation exists between g’ and g”: 
gos (15) 


We write the entropy equation of continuity in the 
form 


§ + div (Sv, + f) =0 


with the unknown vector f in the energy flux. 
We represent the equations for superfluid motion 
in such a fashion that the conditions curl v’= 0 and 


ve = 0 are satisfied: 


(16) 


re v2 ; 
v,+V (2. - aa + evs] = OQ, 
' (17) 


2 
Vn 


Vo V (e— 5 + vai) =.0). 

Here ¢~, and ¢, are unknown functions at present. 
Our problem now is this: using the conservation 
laws, to find the form of the unknown functions. For 

this purpose, we compute the time derivative of E 
and, with the aid of the hydrodynamical equations 
(13), (16) and (17), eliminate all terms that represent 
total divergences. In accord with Eq. (1), we have: 


E= 1/0! v2 + OVaVn + (p’ + p’) Vn + (p’ + p”) Vn + 101 + 20. 
++ TS + (p’, Vo Vn) + (p’, Vs = Vn) —s 
= —1/,0 Va + vat p’Vs + PVs + vipi + Bore + TS. 


We further represent all the time derivatives here with the help of Eqs. (13)—(17): 


E = — (4 —va/2) div (p’ + 1 Va + 8’) — (2 — Vn /2) div (p" + pe Va + 8") 
— p’'V (9, — v2/2 + Va Vs) — P"V (22 — Va / 2 + Va Vs) — Uni Olin /OXn 
aT div (SVa A): 


Eliminating all total divergences, we ultimately get 


B j ui ee of " Vn 
E = — divi[p' + ave + 8) (m1 — gy) + (0 + ee Vn +8") [te — J} 


+ T (Sv¥n+ 8)! + {—pvnV 


oll, 


2 


v 
+ Vn (0, Vir + poVig + SVT) (18) 


= Unt ag —~ P'V (Va V,) — B'V (Wa Vy) + (PV (ts — &) 
Xp 
+ p” V (Ye — $2) + 8’Vr + 8’Ve2 + EVT}. 


We now take up the transformation of the second 
brace in Eq. (18). In this case it is appropiate to 


represent the tensor 7,, in the following fashion (Di, 
is an unknown tensor): 
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min = (e+ Br Pr + H2e2 + TS) 3in +Min- (19) 


After substitution of Il,, in the form (12) with this 
Legs the second brace reduces to 


E = — div {(p' + 6: Vn + 8’) (t4 


+ g’ V (ty — Be) + IVT + Oni = . 


In the absence of dissipation, the quantities ¢,, 
fo, f, g’ and i,, can depend only on the thermody- 
namic variables and the velocities, and cannot de- 
pend on their time and space derivatives. Examining 
isolated cases, such as: temperature equal to zero, 
small concentration of one of the components, etc., 
we can establish the form of the unknown functions 
uniquely. To simplify the problem, we draw upon 


some physical considerations. Thus, in a superfluid, 


all the entropy is contained in the thermal excita- 
tions which partake only of the normal motion. 
Therefore, the entropy flow is equal to the product 
Sv, and the vector f (which we introduced into the 
entropy flow) must be set equal to zero. So far as 
the tensor RS is concerned, we also know its form 
to a certain degree. Actually, if we introduce the 
liquid densities connected with the normal (p,) and 
the two superfluid motions (p” and p”), then we can 
write the tensor I],, in the form 


Ti, = Pn Ont San + Ps M51 cn + 5%: %sn + P8,, (21) 
(p =pressure). 

The sump, +p.+p. is equal to the total density 
of the liquid. The momenta of the relative motion 
are then equal to 

p= pv,— v,)) P eV ¥,) 122) 
Taking (22) and (23) into account, we find that the 
tensor iil, is equal to* 

Mi, a pe (Ee — Uni) -- P;, (0,; Pa Uni: (23) 

It now remains for us only to consider the combi- 
nation of the remaining terms in (20), which do not 
have the form of a divergence: 

p’ V (91 — #1) + p’V (92 — Be) + 8’ V (41 — te). 
For this purpose, we make use of the limiting case 


in which the concentration of one of the components 
is close to zero. Then, as is well known (see Ref. 2) 


*It is easy to see that the tensor 4. ik 1S Symmetric, 
because of (22). 


—v;,/2) + 
PEN AGIVAED Divas) = Ds M vs)} +ip’ V (ur — 01) + p’V (U2 — %2) 


sr Yer (Oop 
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— div {(j Vn) Vn +B’ (Va Vs) +P" (Vn Vs)} 
{Min — P), (OG; — Uni) — Py, (O53 — 
Making Ee of this result, we get 


Uni)}- 


—— (OF Ox), 


(p’ + poVn + 8”) (U2 — Vn/ 2) 
(20) 


Uni) at Pr (U5, a Uni) cs 


M1] ’ 


this component will partake entirely of the normal 
motion, i.e., one of the momenta of the superfluid 
motion (p’) will be strictly equal to zero, except in 
the case in which and g’= ~g” = 0 (see Ref. 2). 
Inasmuch as the vector g’ is equal to zero in this 
case for all values of the densities of the compo- 
nents, then, by means of simple calculations, we can 
conclude that this condition is always satisfied. In 


similar fashion, we find 
U1 = 91, Yo = a, g’=0. (24) 


Taking (21), (23) and (24) into account, we write 
down the final form of the hydrodynamical equations 
for the solution of two superfluid liquids. The equa- 
tions of continuity: 


Oa div (p 
0, + div (p” + p2 


‘+ av,) =0, 


Ty: (25) 


One of these can be substituted in the equation of 
continuity for the entire liquid: 


o+divj=0, j=pvnat+p’ +p’. (26) 
The equation of continuity for the entropy: 
S$ + div Sv, = 0. (27) 
The equations of superfluid motion: 
Vs+ V(us— Bo et Vavs) aw: 
a ue ; (28) 
Vs + V (12 — Se Vn Vs) = 0. 
Equation of motion of the liquid as a whole: 
i ae oll,,/ Ox, a 0, (29) 
where the momentum flux tensor is equal to 
r,= Oni Oe (P), 05; + On, P)) 
(30) 


at (P;, Veit oF D;) — Dos 
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and the pressure is equal to 


p=—etTS+ p10 + bs po- (31) 


Taking the thermodynamical identity (7) into consid- 
eration, we then obtain 


dp = pid + pg dys 


(32) 
+ SdT — p’d (v, —v,) — pd (v. — vV,): 


Finally, the law of conservation of energy takes 
the form 


E+divQ=0, 
fie bo 
pete raion) 
(ess 
+ (p” +6eVn) \Y2 — “a 
+ p’ (Vn Vs) + P” (Vn Vs): 


For low velocities, we find the dependence of the 
chemical potentials on the relative velocities from 


Eq. (32): 
’ (34) 


Here 1, and py, are the velocity-independent parts 
of the chemical potentials. 
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The presence of three motions in solutions of 
superconducting liquids can lead to a series of sin- 
gular phenomena. Thus, for example, in such solu- 
tions propagation of sound vibrations of three types 
is possible, with different velocities. In addition to 
ordinary sound waves, propagation of two types of 
waves is possible, in which vibrations of tempera- 
ture and solution concentration occur. 

In conclusion, we note that we know of only two 
superconducting liquids: liquid He* and liquid He®. 
Unfortunately, the isotope of He® is short-lived (half 
life =0.8 sec), and this circumstance naturally makes 
difficult the possibility of experiments with solu- 
tions of these liquids. 

I consider it my duty to express my deep gratitude 


to Academician L. D. Landau for valuable discus- 
sions. 


"I, M. Khaltnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
23, 169 (1952). 


sis Landau, and I. Pomeranchuk, Dokl. Akad. Nauk 
SSSR 59, 669 (1948). 
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159 


cinta ees 


SOVIET PHYSICS JETP 


VOLUME 5, NUMBER 4 


NOVEMBER, 1957 


Some Problems Related to the Statistical Theory of Multiple 
Production of Particles 


V. M. MAKSIMENKO ANDI. L. ROZENTAL’ 
The P. N. Lebedev Physical Institute of the Academy of Sciences USSR 
(Submitted to the JETP editor February 16, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 657-666 (April, 1957) 


The exact values of the statistical weights of a system consisting of N particles of ar- 
bitrary masses are computed by taking into account the laws of conservation of energy and 
momentum. The solution is expressed as a series expansion in terms of the ratio 


M; 
Vy;= 


mo 


(M is the mass of the particle and E, is the total energy of the system). Since 


the obtained series converges slowly, another expansion in the form of a power series of 
the total kinetic energy of the system to the total mass of the heavy particles has been ob- 
tained for values of v, which are close to unity. 


4 bees TRANSITION PROBABILITY of a system 
from one quantum state into another is determined 
by the product of the modulus of the matrix element 
squared and the statistical weight of the final state. 
Based on the fact that for a sufficiently large num- 
ber of particles the latter factor is characterized by 
a sharp maximum, Fermi? expressed the idea that the 
basic outlines of the processes that lead to the for- 
mation of multiple particles are determined by sta- 
tistical factors. A similar view concerning multiple 
processes can be extended somewhat by taking into 
account the effect of change of the matrix element. 
The latter effect, however, should be computed 
rather approximately, while the second, statistical 
factor, must be computed with maximum possible 
accuracy”™. 

It is known that the statistical term consists of 
three factors. The first factor (V/87°%°)"— } 
(N is the number of particles) is determined by the 
volume V in the coordinate space; the second term 
is determined by the laws of conservation of momen- 
tum and isotopic spin and is computed by means of 
standard rules of quantum mechanics; the third fac- 
tor constitutes the density of states 
dQn(E ,)/dE ,=Wy (Ey) in momentum space (Qn (E 9) 
is the volume of the system in momentum space, 
determined by the laws of conservation of energy 
and momentum). The present work deals with the 
problem of computing the accurate value of Wy(E,). 
Only certain special values were known until now: 


* Actually, the influence of the interaction between nu- 
cleons and 7 mesons was approximated quite successfully 
by Belen’kii and Nikishov by introducing the method of 
isobars. 


1) for non relativistic particles, with only approxi- 
mate allowance for the law of conservation of mo- 
mentum’; 2) an accurate expression for Wy(E,) for 
N= “ipa 3) an accurate expression for two extreme 
cases: all particles are either non relativistic or 
highly relativistic*’>; 4) an accurate expression for 
the case when the mass of one particle is arbitrary 
and the masses of the remaining two or three par- 
ticles are zero®. 

Computation of the expression Wy(E ¥) is important 
not only to the statistical theory described in the 
above discussion but also to any future consistent 
theory, inasmuch as the quantity Wy enters into the 
general expression for the transition probability. 

1. We shall base the computation of the statistical 
weight for the mixed case (m slow and n relativistic 
particles) on the general formula: 


Wyn (5) = 
+a N +N 
=|) fe(@-3 Vite) A(S 0.) 


N N N 
3 P y bs Pa [I dp., 
i=1 i=1 i=] 


where 6 stands for the 5-function. The velocity of 
light is c=1 

Assuming a kinetic energy T, =p;/2M, for slow 
particles and M.=0 for fast particles, and using the 
integral presentation of the function, we obtain*: 


*We assume for the present M,=M,=... Mp. The gen- 
eralization for different masses is carried out without dif- 
ficulty (see Eq. 13 below). 
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Wn, n (E,) a 
+c a 
= (2x) oh exp [iT) 4] dz, ) \\ a te (2) 


x exp |— (Gh Pa ym De “4)| ap) 


— 6 
n 


+ 
x | \ eXp [1 (Pt + Pxt2 + Py ts + Pz74)] a*p| ; 


where T) = E .—mmM is the kinetic energy of the sys- 
tem. Making use of the results obtained in Ref. 5, 
we write (2) as 


9) M 3m|2 é 
Wn, n (Eo) = — 2 =| — 0 oP [Sic] 
aa C ae exp [imM 7? / 274] 
x \ ae sml2 exp (OF bes 7] dz, | ae rae . 
—o 0 
a=%/2M, t=VY2+2+ 2. (3) 
Let us evaluate the integral: 
me c v2 exp [it? y] 1 dy 
ie Ge ae lea” 
(4) 


Sue pases de. 


2 
(aa 


Let us further construct a differential operator 
from Y such that in the final analysis it is deter- 
mined by the simple integral 

fos} 


\ exp Listy] de = (=/ 2)" (1 +i) / 29 
0 
Making use of the relationship 


ae Ok comte = exp [7°] 
=] i 
dy!" (7? aoe cr le 
we obtain 
an 1) 
q(2n— k) Vy a 
= eae (i)'4 ae) (= Lb)? ee =m . (5) 


characteristic equation corresponding to (5) 
is 
an r = k 
>, Con (=) p2n—k — (p — iv?)2* = 0. (6) 
h=0 


Therefore, p=ity is the root of a characteristic 
equation of order 2n; the general solution of the 


547 


homogeneous equation corresponding to (5) is 


Yo = P (xy) exp {it? y}, (7) 


where P (7) is a polynomial of degree 2n—1. We 
write the solution of the non-homogeneous equation 
in the form 


Y = D(n) exp {itt 9} 


For the function D(7) we have the following 
equation: 


a2" D (n) | dae" 
"iil (1 i) qb exp [—it? 4]. 


mia 


(9) 


= ES (8) 


From this 


D(x) = (—1)"($)*- 


ort Oe haar al BP tes es ders Lae) ele. 
where D,, De AesE Dy are constants. 

Analysis of the asymptotic behavior of the func- 
tion Y shows ey that Y(7) > 0 when 77> ©. 
Therefore, D,=D, =D, =09. 

Let us eriedd ce ceetnal [ to) in powers of 77 # 
After simple but tedious transformations we ates: 


® exp [—ittn] 


D (7) = (— (5) Easy 


2 (10) 
k (k— 1/2)! 
Se Chana aria gqayhea 
and finally 
Z mwVle 4+i% 
ao (5) 2i (--"/2)! 
(11) 


Ag h 
» Gc: Gea yaytis 
Rigi-k ee pan eny, ee oiere 
ae +2n—1 (mM / 2)k+*le ne lo 
Inserting into (3) and computing the residue at 
T= 0 we get: 


W m, n (Eo) = 
xn (2x)° (m—1)|2 mle (mM)~ 


—]o Toe —1)/2—-1 


(12) 


A (—1)8 (2k 4 4)! a) 
x p2 Chton—1 Ep an + (am ] 2) — Pp) (ia , 
=0 


— 93n 


The series obtained can be readily generalized to 
include particles of different masses: 
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Winn (Eo) = rg (2x x) 3m — 1)/ (IL m 


too) 
k 
x » Crton—1 
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k=0 


It should be noted that the first term of expansion 
(12) was obtained by Fermi % it follows 
from the nature of the series (12) that it is not well 


lflowever, 


converging (especially at 7, ~mM/2), and therefore 
the first term represents the entire series only very 
roughly. 

2. In this section we shall give an accurate ex- 
pression for the statistical weight in the general 
case. We shall rely on the expression obtained by 
Lepore and Stuart* (in the final state there are 
formed N particles of arbitrary mass): 


i=1 i=) 
m k 
(4) * ee 18 (13) 
= Eo > M;j. 
i-=1 
ee ee 
> 41 [eae Es ? ae 2 ? i ee E> ) 
then 
Ww (Eo) = 
wN-3 Ast N ; N 
Sp Ngee 20 I] vi} & Ds (—1'cke; 
i=1 R==0)—0 (15) 
+00 -}-00 N 
x | | gets etait [HP [20 (eu). 
—oo —oo j=l 


(2n2)V 
(27)? 


Wy (Eo) = 


-+co 
(iL a] \ du pinks 


—o0 (14) 


«ee TL HP tm 20, 


where integration is to be understood in the sense 
of Cauchy i.e., the integration path is taken to be 
a straight ne: parallel to the real axis and ap- 
proaching it from below’*; Hs ) is the Hankel func- 
tion. 

Let us introduce new variables: 


*A relatively simple derivation of Eq. (14), different 
from that presented in Ref. 4, can be obtained. Write 
equation (1) in the form: 


+c =O" 
Wy (Eo) = @ny* | eWFo | (| deadradrg 
—oo —o 


N 
as II {sy \ expli(t1 Vp? + M? +(xp,))] Ap nd : 


Using the singular functions No A introduced by Dirac’, 
it can be shown that 


oo 


\ \expla: Vp? + 08 + (p,))] dp; 4D jy 4Pjz 
2n)3 d 
Es are 1a (Mj, x2 — 72) +iA(M ,,.2—7%)). 


Using further the presentation of aa a A in terms of 


Hankel functions (see, for example, Ref. 8) we obtain (14). 


Since the Hankel function approaches zero as the 
argument approaches infinity, it is permissible, 
according to the Jordan lemma, to close the integra- 
tion path from above by an arc of infinitely large 
radius with a cut at point io. 

We next make use of the series form of the Hankel 
function: 


HY? (2y; (yz) "| = J [29; (yz)"] 


— (2i/m) Jy [2v; (yz) "] In [y; (yz) "] 
Sy (= 1 Ly; (yey? PEP 
ral ae alae po (240)! 
aS 4 : 4 
oe en (16) 
rl r=1 
where Ls is the Bessel function and C = 0.577 is 


Euler’s constant. Inasmuch as vi< 1, it is appro- 
priate to use these quantities as small parameters 
in which integral (16) is expanded. By comparing 
series (16) with (15) we expect the expansion of (15) 
to be of the following form: 
N—1 

Eos x 


co 
) 
Al (2 \1 (N 
3} we. + 3S wi 
k=0 k=0 eek 


(17) 


where the terms ie are proportional to v7 In! v. 
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To determine win it is necessary to select from 
the expansion (16), multiplied by NV, the terms which 
contribute to VAM , Substitute into (15), as was done 
in Ref. 5 for the computation of Lae and determine 
find the indicated coefficients by computing the 
residues at y = z = 0. To determine certain coef- 
ficients it is necessary to evaluate integrals of the 
type 
bk ay = (y-tely In! y dy. 
The transformed integration contour starts from 
ico —8 (5 + + 0), follows the imaginary axis, encir- 
cles zero from below and returns to point ico + 6, 

It is easy to note, that 


l 
L(@,)= as on In ¥dy 
(19) 
a! ik 
Sof thik 
ae dri T(k) ’ 


where I" is the gamma function. 

For further computations it is convenient to re- 
present (19) by means of the well-known logarithmic 
. derivatives of the I‘-function, which are in turn ex- 
pressed through the Rieman € function (see, for 
example, Ref. 9). Thus, 


(d/dk) /T (k) = —$() /T (A) 


Making use of the expression 


(20) 


A 
Dy 


r=0 


= (— 1)*[4N — 2(A+2)]! [2N 


—(A + 1))/[8N— 2(A +2)){12V— 


a [2N—r— A] 
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k-1 
S' 1 
vik) = —C+ Di —, 
r=1 
it is easy to reduce this problem also to an evalua- 
tion of residues. In particular, at / = 1 


cea ae pea ed 


(21) 


I (k, 1) = 2k - 


‘dk T (k) I? (R) 2) 
(22) 

Uk dy 8c oi. 

I’ (k) 1m 2h) Se 

, 5 vk) y ay ; 

ray Te Te rir CE al aan 

ee Py ee 

1’ (2) 71? (b= (— TYP ey). Tee 
(24) 


In this manner, the problem is, in principle, com- 
pletely solved. 


Naturally, the series (17) is convenient for the 
computation of Wy (E 9), if the kinetic energy 
T <2 M,. Otherwise it is necessary to use too 
many terms of series (17) which, of course, compli- 
cates the computation. Therefore, if fs cS M., it 
is necessary to use expression (12)*, 

We shall give next the values of the first several 
terms of series (17). For convenience we introduce 
the following symbols for the quantities found in the 
expressions for the first terms of series (17): 


N 
(— 1)4 >) Cu(W — 2r $1)/[2N —r —(A + INV +r —(A +2) = 


(A+1)]!}°: 


a (2N—r—(A+4)] , 


Fw’ = ( 


a{[N+r—(A+2)] 
ae [2N —r —(A + 4)]! 


on 
< 1) D Cheer 


[Wer—(ASeo! 


ct — DV 42 [4N —2(A +2)]! x 


xa [4N —3 -- 2A]—2[3N —2(A + 2)]!@[3N — 24 — 3] —[2N—(A+1)]! x 


x &[2N — A] -(2N— 


(Ao) ike [2 AI}, 


*If T, <<mM, it is permissible to use only the first term of series (11) or (12) or to make ne of their generalized 
ivisti icles: 
representation, in the case when terms proportional to ie are computed for relativistic parti 
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where A is a positive integer; 


poet m0, 1-8. 
Ce) 0 a= 
wee 
{ wal 
CEST 2 Oe 4 ee 
r=1 


A. All particles have the same mass: 


7 1 7/2) 
Vv —D?, VWX=NvDdY, Wi) = Nv In — Dy, 
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Wi) = v8 In— es 1)— 3 | De, 


(25) 
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N(N—1) +] iP 
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41 N(N—1) j;a) 
wi) = v8 lio ON 
Www = Wiv = Ww =... = Wi = 0. 
8. The derived expressions can be readily generalized for the case when all particles have different 
masses.* 
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where the primed summation sign indicates that the _ the predictions of the statistical theory with experi- 
term (i = 7 =k) is omitted. mental data on multiple production of particles. 

3. The equations derived can be used to compare Leaving the detailed comparison for a later paper, 
we are presenting now only a brief discussion of the 
nature of the obtained results. 


(0) : 
AB lue of W.,," does not depend on v and is the ; : 
te ON “ The expressions obtained were compared with 


same in all cases: the equations of the last line also ; ae oa, 
apply in either case. certain special values of nai 5) computed by other 
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EG: P(E 4) for the case of NV particles of equal 


mass M. (Ey is the total energy of all the particles, cen- 


2 
56 [Me 


ter of mass system). 


methods, namely: W,(E,)° and W,(E,), W,(E,) for 
the condition M,#0 andM,=M,=M, =0% Iden- 
tical corresponding coefficients were obtained in all 
cases. 

In conclusion we present results of certain nu- 
merical computations. Since Wy (E,) is a rapidly 
increasing function of Eos it is convenient to intro- 
duce the dimensionless quantity 


Pw (Eo) = Wy (Eo) | WN (E,), 
where Ve. AL, )= (7 /2)N-} Dae * is the ex- 


tremal relativistic expression kg Wy (E ,); obtained 


. Fig. 1 shows P, (E ") om he case of N 


earlier*’> 
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FIG. 2. P, 


n 7 -mesons. adh ee the nucleon mass, Ey 


nH ) for the case of two nucleons and 
the total 


energy of all particles, center of mass sate 


particles of equal mass M; Fig. 2 shows P, Me ) 
for the case of two nucleons and n qomesona: The 
first section of each curve is plotted from Eq. (12), 


the remaining portion is drawn according to Eq. (17), 


using 8 to 12 terms; the dotted lines show the sec- 
tions of the curves which were interpolated between 


the two equations. 


A simple analysis of these curves shows that in a 


very important case when the condition 


A E/Mc" 
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Ey~ SMe is satisfied, the use of the extremal 


expressions may lead to completely incorrect 
results. 
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Note added in proof. It was determined, after send- 
ing this paper to press, that series (13) can be sum- 
med and written in closed form. Unable to present 
here the derived expressions in general form we will 
give only the most interesting case of two nucleons 
and n 7-mesons (M = 1): 
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Results of measurements of the energy spectra of y-rays from the decay of neutral pions 
produced by 660—Mev protons in carbon are reported. The angle and energy distributions 
of the neutral pions obtained from an analysis of the spectra of y-rays produced by 
660—and 470—Mev protons in carbon are also given. 


INTRODUCTION 


Ieee neutral pions have a very short lifetime 
(5x10-'5 sec) studies of the production proc- 
esses and the interaction of these particles with nu- 
clei are carried out by studying the hard y-radiation 
which is produced in the decay of these mesons. 
From a measurement of the angle distribution of the 
y-rays it is possible to determine the angle distribu- 
tion of the neutral pions. Moreover, an investigation 
of the energy spectra of the y-rays yields informa- 
tion both as to the energy as well as the angle dis- 
tributions of the neutral pions which are produced. 
The results of a study of the energy spectrum of 
y-rays from the decay of neutral pions produced in 
Be and C targets by 470-Mev protons have been re- 
ported in Refs. 1 and 2. From an analysis of the 
spectra which were obtained the conclusion was 


20m 


reached that the neutral mesons are produced with 
energies close to the maximum possible energy and 
with an angle distribution which is approximately 
proportional ‘to cos” 0. Ref. 3 reported the results 
of a measurement of the spectra of y-rays observed 
in the decay of neutral pions produced in a carbon 
target by 340-Mev protons. The authors of this work 
also concluded that the angle distribution of the 
neutral pions produced in complex nuclei is aniso- 
tropic. 

In the present work* we report measurements of 
the energy spectra of y-rays from the decay of neu- 
tral pions produced by 660-Mev protons in carbon 
nuclei and present an analysis of the spectra of 
the y-rays. The data which were obtained are ana- 
lyzed in conjunction with the results of similar 
measurements carried out earlier with 470-Mev 


protons. ay 
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FIG. 1. Diagram of the experiment. 1) Proton trajectory, 2) target, 3) synchrocyclotron 
chamber, 4) concrete wall, 5) collimator, 6) diaphragm, 7) separation magnet, 8) supple- 
mentary shield, 9) converter of the spectometer, 10) spectrometer. 


EXPERIMENT AL ARRANGEMENT 


Fig. 1 shows the experimental arrangement. The 
carbon target, located inside the vacuum chamber 
of the accelerator, is bombarded by protons with a 


mean energy of 660 Mev. The y-rays produced in 
the target pass through an aperture in a 4-meter 
concrete wall and are collimated by a diaphragm in 


*The results of the present work have been presented 
at the CERN Symposium at Geneva in 1956. 
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a lead block. Charged particles are separated from 
the collimated beam of y-rays by a magnetic field 
produced by a special electromagnet; the beam then 
strikes the converter of a 12-channel magnetic pair 
y-spectrometer. The spectrometer is located 23 
meters away from the target along a line tangent to 
the circular proton orbit. 

The magnitude of the proton flux through the tar- 
get is determined from the temperature difference at 
the ends of a copper rod which serves to support 
the target. The thermal conductivity of the rod is 
chosen so that the target temperature rises by sev- 
eral tens of degrees; hence, the heat loss by radia- 
tion is insignificant. In determinining the proton 
flux, in addition to the target heating due to ioniza- 
tion loss, account is taken of heating due to star 
production. 


PAIR y-SPECTROMETER 


The magnetic field in the spectrometer is produced 


by an electromagnet with a pole-piece diameter of 
85 cm. The gap between the pole pieces is 6 cm. In 
studying y-ray pole tips with an opening angle of 
180° are used (Fig. 2a) are used to study y-ray 
spectra in the energy range from 20 to 200 Mev be- 


cause this arrangement yields semi-circular focusing 


of electrons and positrons is obtained and since 
wider and thicker converters can be used, it is pos- 
sible to increase significantly the spectrometer ef- 
ficiency. Pole tips with an opening angle of 90° 
(Fig. 26) are used to measure spectra in the energy 
region from 100 to 450 Mev, and also y-ray spectra 
at energies up to 600 Mev but in the latter case the 
unit containing the counters is placed at a greater 
distance from the converter. 

Along the edges of the pole tips are placed two 
units with proportional counters which record elec- 
trons and positrons. Each unit contains a bank of 
six groups of coordinate counters and two banks of 
supplementary selection counters (Fig. 2). Each co- 
ordinate group, in turn, consists of three or four 
counters the center conductors of which are con- 
nected to the input of a single amplifier. The pro- 
portional counters used in the spectrometer are 
filled with pure methylal [C H,(OCH,),]. The cath- 
odes of the counters are fabricated from thin-wall 
stainless steel tubing 10 mm in diameter. 

After amplification and shaping, the pulses from 
each group of coordinate counters and from each 
bank of selection counters are fed to a coincidence 
circuit which produces a control pulse. The resolv- 
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FIG. 2. Pole pieces and arrangement of the counters in 
the pair y-spectrometer. 1) pole pieces, 2) converters, 
3) coordinate counters, 4) selection counters, 5) filters. 


ing time of the coincidence circuit is 5 x 10” sec. 
In addition to this coincidence circuit, the elec- 
tronic system of the spectrometer contains a Six- 
fold coincidence circuit which can be reduced to a 
five-fold coincidence circuit by disconnecting one 
of the banks of coordinate counters or selection 
counters. From the ratio of the counts in the main 
six-fold coincidence circuit to the counts in the five- 
fold coincidence circuit it is possible to determine 
the efficiency of the bank of counters which is dis- 
connected. 

The amplified pulses from the coordinate count- 
ers cause operation of the corresponding six-con- 
tact relay when the control signal is present. On 
closure of the contacts of the different pairs the re- 
lay operates one of eleven electro-mechanical reg- 
isters, thus recording a y-quantum of the appropri- 
ate energy. The number of y-quanta detected by 
each group of coordinate counters is also deter- 
mined by the corresponding electro-mechanical reg- 
isters. The readings of these twelve counters are 
used for calculating the relative efficiency of the 
different coordinate counters and for the subse- 
quent calculation of the relative average efficiency 
for detecting y-rays in various energy ranges. 


The resolving power of the spectrometer for each 
energy range, which is defined as the ratio of the 
average energy to the effective width of the energy 
interval, depends both on the geometry of the in- 
strument as well as the thickness of the converter. 
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In our experiment rather thick copper converters 
were used (0.1, 0.3 and 0.5 mm respectively for 
measurements in the y-ray energy regions 20—60, 
50—200, and 200-600 Mev). The resolving power 

of the spectrometer for the sixth channel, determined 
mainly by the geometry of the device, is 13 with an 
opening angle 2~ = 180° and 25 in the second case 
(2p = 90°). 

Another important characteristic of the spectrom- 
eter is its efficiency, which is defined as the prob- 
ability of detecting y-rays which are incident on the 
converter. The efficiency of the spectrometer for a 
given energy range is given by the following ex- 
pression: 


O= KteW(e,, Ac, , Ee) eke, fe) fr- 


Here, k is the number of pair combinations of count- 
ers which record y-rays of a given energy interval; 
toWle,, Ae, €e) is the probability for the produc- 
tion in the converter of thickness ¢, of an electron- 
positron pair with energy sufficient for detection by 
the spectrometer counters; € Gay t) is a factor 
which takes into account the reduction in spectrom- 
eter efficiency due to scattering of electrons and 
positrons in the converter and f, is the efficiency 
of the counters in the spectrometer measured by dis- 
connecting various series of counters successively. 


RESULTS OF THE MEASUREMENTS 


The energy spectra of y-rays from the decay of 
neutral pions produced by 660-Mev protons in car- 
bon have been measured at angles of 0° and 180° 
with respect to the bombarding proton beam._In the 
spectrum measurements at 0° approximately 6 x 10* 
electron-positron pairs were recorded. The spec- 
trum at 180° has been plotted on the basis of a 
measurement of the energies of 4 x 10* pairs. In 
each separate run, at a fixed intensity of magnetic 
field, measurements were made of a section of the 
y-ray spectrum at eleven different energy intervals. 
The intensity of the magnetic field in the individual 
measurements was chosen in such a way that each 
section of the spectrum was measured in two runs 
by different energy channels of the spectrometer. 
This procedure made it possible to normalize the 
separate measurements in overlapping sections of 
the specirum. The normalizing factors determined in 
this fashion were found to be in agreement, within 
the error limits, with theratios of spectrometer ef- 
ficiencies calculated for the corresponding mag- 
netic-field intensity. 

Fig. 3 shows the results of a measurement of the 
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FIG. 3. Energy spectrum of y-rays from the decay of 
neutral pions produced by 660-Mev protons in carbon. 
O) angle of observation 0°; @) angle of observation 180°. 


y-spectra at angles of 0° and 180°, obtained by av- 
eraging the results of individual measurements, 
taken with weighting factors proportional to their 
statistical accuracy. 

In the laboratory coordinate system the differen- 
tial cross-section for the production of y-quanta in 
carbon by 660 Mev protons at an angle of 180° is 


dog / do (180°) = (1,5 4+. 0,2). 10-27 em*/sterad, 


which is in agreement with the data of Ref. 4. The 
ratio of the total flux of y-rays at 0° and 180° is 
Delete: Oras 


ANALYSIS OF THE y-RAY ENERGY SPECTRA 


1. Dependence of the energy spectrum of y-rays 
from carbon on the angle and energy distributions 
of the neutral pions. The energy spectrum of the 
y-rays F'(e,,) at angles of 0° and 180° in the center 
of mass system (CMS) of the colliding nucleons is 
related to the function W(e_,@), which determines 
the energy and angle distributions of the neutral 
pions, by the following expression: 


ni eekeane 
ECA : id id (1) 


Here the lower integration limit «* = Ena 
+ (¢ / 4e,) is the rest energy of the neutral pion 


and @ = arc cos} le, (6 / 2,,) 1 /\V¢4-e?} is the 


Mev 
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angle between the direction of motion of the neu- 
tral pion and the detected y-quantum. 

In the production of neutral pions in complex nu- 
clei, because of internal motion of the nucleons, 
there is no single CMS for the colliding neutrons. 
However, it is possible to make use of an effective 
CMS, which is found in the impulse approximation 
from a calculation of the energy dependence of the 
meson-production cross section. Since the momen- 
tum of the proton which bombards the nucleus is 
considerably greater than the momenta of the nu- 
cleons inside the nucleus, we may use the expres- 
sion given in Eq. (1) for analyzing the spectra of 
y-rays converted to an averaged coordinate system. 
Furthermore, in analyzing the spectra we will take 
account of the angle and energy distributions inde- 
pendently, that is, we assume 


0 (en, 6) = f (ex) 9 (4), 


where f(e,,) and ¢(@) are the energy spectrum and 
angle distribution of the neutral pions. 


From Eq. (1) it is apparent that for an isotropic 
neutral-pion distribution, regardless of the energy 
distribution, the y-ray spectrum plotted on a graph 
with a logarithmic scale along the abscissa axis 
should be symmetric with respect to the energy ‘4¢, 
The presence of anisotropic effects in the pion 


angle distribution disturbs the logarithmic symmetry 
of the spectrum. Thus, with an angle distribution 


proportional to cos?@ the maximum of the spectrum 
is displaced toward higher energies. 

If the function W(e,,0) in Eq. (1) can be given in 
the form of a product of the functions f(ez) and ¢(6) 
(the energy and angle distributions of the neutral 
pions in the CMS of the colliding nucleons respec- 
tively), we obtain upon differentiation of Eq. (1) 
with respect to €y the following expression for the 
pion energy distribution: 


j ( *) e,, dF (e,) 
c= — (0) de 
Sa sae Be (2) 
eye fled) do 0’ 4. 
¢ (8) \ fae de" de, 


For an isotropic angle distribution ¢(@) =const. the 
second term in Eq. (2) vanishes. In this case the 
neutral pion spectrum is determined from the simple 


relation 


f (ch) = — ed F (ey) (dey. 
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The meson energy distribution f(e%) can be found 
independently by using the section of the energy 
epee F’(e€,) located in the y-ray enciey region 
€, = Lae. as well as the section in which 6 She 

In the general case, to determine the energy spec- 
trum of the neutral pions it is necessary to know 


the angle distribution y(6). However, examination of 
Eq. (2) indicates that if the function f(e*,)is deter- 
mined from the hard part of the spectrum F (e,,), 
the second term in the right-hand part yields only a 
small correction to the first term even for an angle 
distribution which is given by the expression 
~(6)=cos’@. This is due to the fact that the hard 
part of the spectrum is determined basically by the 
energy spectrum of neutral pions which move in the 
direction of the spectrometer and is only slightly de- 
pendent on the angle distribution if it is given by 
an expression of the form (@)=a+bcos’@ (for a>0 
and b>0). In the case of the angle distribution indi- 
cated above, the ratio between the constants a and b 
is important for the spectrum F'(¢,) only in the ener- 
gy region 6 <150 Mev in the CMS of the nucleons. 
The energy spectrum of the neutral pions f (ez) is 


found in first approximation by solving the integral 
equation (2) in the hard region of the spectrum F (ce, ) 
by a method of successive extrapolation from high 
values of €7 to smaller values, using the approximate 
expression for ~(6)in the angle distribution. Using 
the neutral meson spectrum found in this way it is 
possible to find a more exact expression for the an- 
gle distribution function ¢(@) by comparing, in the 
lower energy region, the experimental y-ray spectrum 
with the spectra calculated for various values of the 
constants a and b. In turn, using the more accurate 
angle distribution it is possible to find a more ac- 
curate spectrum f (ez). llowever, this determination 
of the angle distribution of neutral pions is possible 
only if the energy spectrum of the neutral pions in 
the CMS is weakly dependent on the meson emission 
angle. 

2. Comparison of the energy spectra for y-rays 
from the decay of neutral pions produced by 470 and 
660 Mev protons. The y-ray spectra obtained by bom- 
barding a carbon target with 660-Mev protons (Fig.3) 
differs considerably from the spectrum measured at a 
proton energy of 470 Mev (Figs. 4, 5 and Ret. 2). As’the 
proton energy is changed from 470 to 669 Mev the 
upper limit of the spectrum increases in correspon- 
dence with the increased maximum collision energy 
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FIG. 4. Energy spectrum of y-rays from the decay of 
neutral pions produced by 470-Mev protons in beryllium. 
Angle of observation 180°. 0) measured spectrum. The 
dashes indicate the spectra computed under different 
assumptions as to the value of the constant a in the angle 
distribution (A) =a+cos? @: 1) a=0.3; 2) a=0.15; 
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FIG. 5. Energy spectrum of y-rays from the decay of 
neutral pions produced by 470-Mev protons in carbon in 
the CMS. Angle of observation 0°, O) measured spectrum. 
The dashes indicate the spectra computed under various 
assumptions as to the magnitude of the constant a in the 
angle distribution ~(@) = a + cos” 6: 1) isotropic; 

2) a=0.4; 3) a=0.3; 4) a=0.2; 5) a=0. 


of the proton and the nucleon in the nucleus. At the 
same time the mean energy of the y-rays does not in- 
crease but, indeed, is found to be smaller: this ener- 
gy is 190 Mev at EF, =470 Mev and 170 Mev at 
£,=660 Mev for spectra measured at an angle of 0° 
with respect to the proton flux. This fact means that 
there is a change in the character of the energy and 
angle distributions of the neutral pions which are 
produced. 
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The form of the y-ray spectra measured at a proton 
energy of 470 Mev indicates that the neutral-pion an- 
gle distribution contains a term proportional to cos’ 6. 
The y-ray spectrum measured at an angle of 0° at 
E, =660 Mev has greater logarithmic symmetry (Figs. 
5 and 6). This would seem to indicate that the angle 
distribution for neutral pions produced by 660-Mev 
protons is more isotropic. 


F(E 


0 20 W0 150 200 300 40D Ey, Mev 


FIG. 6. Energy spectrum of y-rays from the decay of 
neutral pions produced by 660-Mev protons in carbon in 
the CMS. Angle of observation 0°, The dashes indicate 
the spectra computed under various assumptions as to 
the magnitude of the constant 6 in the angle distribution 
g(@) =1+ bcos? @: 1)b=0; 2) b=0.2; 3) b=0.4; 

4) b=0.6; 5) p(@) ~ cos? 6, 
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A comparison of the y-ray spectra also indicates 
that there is an essential change in the nature of the 
energy spectra of the neutral pions as the proton 
energy is increased from 470 to 660 Mev. At proton 
energies of 470 Mev the neutral pions are produced 
with energies close to the maximum possible energy 
which the meson can acquire in the reaction. This 
conclusion is drawn on the basis of a comparison of 
the measured y-ray spectra with the spectra calcu- 
lated in the impulse approximation from the depend- 
ence of the pion production cross section on the col- 
lision energy of the nucleons under the assumption 
that the meson acquires the maximum possible ener- 
gy- A comparison of the spectra calculated with vari- 
ous assumptions as to the magnitude of the constant 
a in the angle distribution ~(6) =a +cos?@ with the 
spectrum for y-rays measured at 180° with respect to 
the proton flux (Be target) is given in Fig. 4. From a 
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comparison of the calculated spectra and the experi- 
mental spectrum it is possible to make an estimate 
of the constant a in the angle distribution of the neu- 
tral pions which are produced: 


G= 0,15 40.15, 


A comparison of the y-ray spectra calculated under 
the assumptions given above with the experimentally- 
determined spectra at proton energies of 660 Mev 
indicates a considerable difference. Regardless of 
the magnitude of the constant a in the pion angle 
distribution the calculated y-ray spectra are found to 
be considerably harder than the spectrum measured 
at an angle of 0°. If follows from this fact that at 
proton energies of 660 Mev the neutral pions are 
produced mainly with energies considerably below 
the maximum possible energy. This conclusion has 
also been reached on the basis of an analysis of the 
y-ray spectrum measured at 180°° and the mean 
energies of y-quanta at angles of 0° and 180° as 
measured by an absorption method.4 

3. Energy spectra of neutral pions produced by 
470 and 660 Mev protons. Fig. 7 shows the 
pion energy distributions in the effective CMS 
for meson production in carbon by 470 Mev 


protons. These distributions have been calcula- 


ted from the hard portion of the spectrum measured 
at 0° assuming an isotropic pion angle distribution 
and a distribution proportional to cos? 6. In this 
same figure the dashed curve indicates the pion 
spectrum calculated in the impulse approximation 
under the assumption that the mesons which are 
produced always acquire the maximum possible 
energy. The calculation was carried out under the 
assumption that the momentum distribution of nucle- 
ons in the nucleus is given by a Gaussian function 
with a mean-square momentum of 120 Mev/c. Com- 
parison of the pion spectrum (Curve 1) with the spec- 
trum calculated as indicated above (dashed curve) 
shows that when the carbon target is bombarded by 
470-Mev protons the mesons are produced with ener- 
gies close to the maximum possible energy. The 
difference between these curves is actually smaller 
if account is taken of the proton energy loss due to 
passage through the carbon nucleus. The hard part 
of the spectrum Aen) contains y-quanta due to the 
decay of neutral ions which enter the spectrometer. 
Considering the strong absorption of neutral pions in 
nuclear matter*’? it may be assumed that the 

y -quanta recorded by the spectrometer (hard part of 
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FIG. 7. Energy spectrum of neutral pions produced by 
470-Mev protons in carbon in the CMS. The solid curves 
are the spectra computed for the hard part of the measured 
spectrum under the following assumptions: 1) isotropic 
distribution, 2),distribution proportional to cos? 6, 


the spectrum) appear as a result of the decay of 
neutral pions which are formed at the surface of the 
nucleus facing the observer. In measurements of 
the y-ray spectra at an angle of 0° the surface of 
the nucleus facing the observer is bombarded by 
protons which have first passed through the nu- 
cleus. In this case the proton flux becomes energet- 
ically less homogeneous and the average particle 
energy is reduced. This effect has not been taken 
into account in calculating the spectrum shown by 
the dashed curve. A considerably smaller difference 
is observed between the spectra measured at 180° 
and the spectrum calculated in the impulse approx- 
imation (cf. Fi g. 4). However,in this case the ener- 
gy spectrum of the y-quanta may be distorted in the 
hard portion because of scattering of neutral pions 
in the same nucleus in which they are produced. 
Fig. 8 shows the pion energy spectrum in the CMS 
for proton energies of 660 Mev. The spectrum was 


rE,) 


200 


ee 280 E,, Mev 


FIG. 8. Energy spectrum of neutral pions produced by 
660-Mev protons in carbon in the CMS, The dashed curve 
is the spectrum calculated in the impulse approximation. 


calculated under the assumption of an isotropic pion 
distribution in the hard part (¢,,>%€,) of the y-ray 
spectrum measured at an angle of 0° represented by 
the smooth curve (cf. Fig. 3). The dashed curve 
denoted the pion spectrum computed in the impulse 
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approximation; the calculation was carried out under 
the assumption that the produced mesons acquire 
the maximum possible energy. 

4. Angle distributions for neutral pions pro- 
duced by 470 and 660 Mev protons. In the 
y < 4% the shape of the 
y-ray spectrum depends strongly on the pion angle 


energy region € 


distribution. This fact can be utilized to obtain a 
more accurate determination of the angle distribution 
by a comparison of the measured y-ray spectrum 
with the spectra calculated in accordance with dif- 
ferent assumptions to the angle distribution. The 
calculation of the spectra is carried out using the 
neutral-pion energy distribution found earlier from 
the hard part of the measured y-ray spectrum. 


From a comparison of the computed and measured 
y-ray spectra at proton energies of 470 Mev and an, 
angle of observation of 0° (cf. Fig. 5) it is apparent 
that the best agreement is found for the angle dis- 
tribution ~(@) =0.3+ cos” 6. Taking into account 
the uncertainty in the measured spectrum, it may be 
assumed in agreement with the data of Ref. 6. that 
the constant a = 0.3 +0.1. The less accurate deter- 
mination of this constant presented above, using the 


y-ray spectrum measured at 180°, yields a=0,15+0.5. 


The values of the constant are in agreement within 
the error limits. A comparison of the computed y-ray 
spectra with that measured at an angle of 0° fora 
proton energy of 660 Mev (Fig. 6) indicates that 
satisfactory agreement obtains for an angle distribu- 
tion 9(9) = 1+ 0.4 cos” 6. Taking account of the 
errors in the measurement of the y-ray spectrum it 
may be assumed that the constant b = 0.4 +0.2. 

The angle distributions ~(@) which have been 
obtained can, in turn, be used to calculate a more 
exact spectrum of the neutral pions. However, this 
correction to the neutral pion spectra is consider- 
ably smaller than the uncertainty in the spectra 
which arise as a result of the simplifying assump- 
tions which have are used in the analysis and the 
errors in the measurements of the y-ray spectra 
which are being analyzed. 

It has already been noted above that the use of 
this method of analysis of y-ray spectra can give 
only approximate information on the angle and 
energy distributions of neutral pions produced in 
complex nuclei. It should be pointed out that in 
addition to the approximations which have been 
indicated earlier, which are valid for this analysis, 
there is still one more source of uncertainty in the 
determination of the angle distributions and the 
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spectra of the neutral pions. The additional errors 
in the analysis are due to changes in the meson 
energy and angle distributions due to the particular 
opacity of the nucleus to the bombarding protons 
and also due to the interaction of mesons with nu- 
cleus in which they are produced. It has been shown 
in Ref. 4 that even for light nuclei (Li and C) these 
effects can cause a considerable change in the 
y-ray angle distribution. This finding is also cor- 
roborated by the change in the ratio of the y-ray 
flux observed in the present work at angles of 0° 
and 180°. As has already been remarked, this ratio, 
measured in carbon with the y-spectrometer, was 
found to be 5.1 +0.3. Measurements with a scintil- 
lation-counter telescope and a Cerenkov counter 
show this ratio to be 5.5 +0.1.? However, for 

a pion angle distribution which is symmetric 

in the CMS with respect to the motion of the 
colliding nucleons, this ratio should be 9.6 in the 
case in which meson production occurs in nucleons 
at rest, and 8—9 in the case of meson production in 
nucleons moving inside the nucleus. In the deter- 
mination of the pion angle distribution form the 
y-ray spectrum measured at an angle.of 0° with 
respect to the motion of the protons which bombard 
the target, the indicated effects lead to a value 
which is too high for the constant a as found by the 
method described above. 


DISCUSSION OF THE RESULTS 


From an investigation of the energy spectra and 
the angle distributions for neutral pions produced in 
the bombardment of complex nuclei by protons it is 
possible to draw certain conclusions as to the na- 
ture of the pion production process in nucleon col- 
lisions. 


The energy and angle distributions for neutral 
pions found from the y-ray spectrum measured at a 
proton energy of 470 Mev indicate that in this case 
the neutral mesons produced in the nucleon collision 
acquire a large part of the free collision energy and 
also a large angular momentum, and, conse quently 
are produced for the most part in P-states. This 
same pattern has been observed at lower proton ener- 
gies as indicated on the basis of the y-ray spectra 
measured in Ref. 3. At proton energies of 470 Mev 
the neutral pions are produced mainly in (p—n) col- 
lisions since the cross-section 0” is approximately 
four times smaller then Oke Hence the conclusion 
which has been indicated pertains to the production 
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of neutral pions in the collision of protons with neu- 
trons in the nucleus. Using this same ratio for the 
cross-sections qe ee = 4 the neutral pions prod- 
uced in p—p collisions can have an important effect 
on the magnitude of the constant a.in the angle dis- 
tribution for mesons produced in complex nuclei if 
the angle distribution for the reaction 
p+p>7°+p-+p is almost isotropic. However, 
according to the data of Ref. 7, the angle distribu- 
tion for neutral pions in the latter reaction for a 
proton energy E, = 470 Mev within the limits of the 
experimental error, does not differ from the meson 
angle distribution ~(0) = (0.3 +0.1) + cos? 6 in 
production in complex nuclei. Hence, it may be 
assumed that the angle distribution for neutral pions 
produced in collisions of protons with neutrons in 
the nucleus does not differ considerably from the 
obtained distribution ~(@) = 0.3 + cos? 6. 
Investigations of the reactionn +p > 7° +d at 
a neutron energy £ = 400 Mev carried out by 
Hildebrand® and Schulter? show that the meson angle 
distribution in this case is given by a function of 
the form 9(@) = a + cos” 6 with the constant 
a =0.21 +0.6 [sic!] according to the data of the 


first reference and a = 0.28 + nie according to the 


data of the second reference. The fact that the 
neutral-pion angle distribution, for pions produced 
in collisions of protons with neutrons in the nu- 
cleus, does not differ, within the experimental 
errors, from the angle distribution in the reaction 
n+p->m° +d may indicate that in the production of 
mesons in complex nuclei in p~n collisions there 

is a strong interaction between the final nucleons 
in the S-state. 

This conclusion follows more directly trom the 
fact that the neutral pions which are produced ac- 
quire a large part of the free energy of the reaction. 
A similar pattern has also been observed in reac- 
tions which involve the production of charged 
pions. ue 

In Ref. 4 mention was also made of the change in 
the nature of the pion production process found with 
an increase of proton energy from (340— 470) to 
670 Mev. An examination of the angle and energy 
distributions obtained in this work leads to the 
same conclusion. While the spectrum for neutral 
pions produced in complex nuclei at a proton energy 
of 470 Mev is not greatly different from the spec- 
trum computed a maximum possible energy, at a 
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proton energy »f 660 Mev there is a considerable 
difference between the observed spectrum and the 
spectrum computed according to this same assump- 
tion. At a proton energy of 660 Mev in the great 
majority of cases the pions are produced with 
energies considerably below the maximum possible 
energy. It follows from this situation that in the 
production of neutral pions by 660 Mev protons the 
nucleons in the final state possess a large kinetic 
energy and, consequently, a high momentum. How- 
ever, this is possible only if the nucleons are emit- 
ted at large angles with respect to each other, con- 
sequently, in the final state of the reaction the nu- 
cleons interact in states with high angular momen- 
tum (in the P=. D-, 5... 


As the proton energy is increased from 470 to 


states). 


660 Mev the pion angle distribution changes consid- 
erably. At a proton energy of 470 Mev the ratio of 
the number of pions, distributed isotropically in the 
CMS of the colliding nucleons to those distributed 
according to a cos” @ law is approximately 1: 1; at 
a proton energy of 660 Mev this ratio becomes 8: 1. 


In conclusion the authors wish to express their 
gratitude to A. N. Sinaev for assistance in operating 
the apparatus and to L. A. Kuliukin for help in car- 
rying out the calculations. 
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The y-ray yield from the decay of neutral pions produced by 590-Mev neutrons in deuter- 
ium has been measured at an angle of 90° in the laboratory system. The total cross-sections 
for the production of neutral pions in a) jand (nn) collisions, determined on the basis of 


these measurements, were found to be Og = (7.4 + 2.0) x 10% cm’, ere = (1.7 £0.5) x 107’ cm 


2 
. 


The relative yield of y-rays from the decay of neutral pions produced in various elements was 
also measured at this angle. The y-ray yield can be described approximately by the function 


AA, 


1. INTRODUCTION 


| BS eae in which neutral mesons are produced 
in the interaction of high-energy neutrons with 
nucleons and complex nuclei have been investigated 
less thoroughly than similar processes induced 
by protons. This situation arises as a result of the 
difficulties encountered in neutron experiments. On 
one hand one finds relatively weak neutron flux in- 
tensities; on the other there is the small cross-sec- 
tion for the production of neutral pions at neutron 
energies on the order of 400 Mev, which are typical 
of the large majority of existing synchrocyclotrons. 
The fact that a neutron beam with an energy of 
approximately 600 Mev was available at the synchro- 
cyclotron of the Laboratory for Nuclear Problems 
made it possible to start a systematic investigation 
of the production of neutral pions by neutrons on 
nucleons and complex nuclei. We have already re- 
ported the results of measurements of the cross- 
section 0”,, for the production of neutral pions in 
(n—p) collisions.! When the present work was fin- 
ished, we had obtained more complete data on the 
neutron spectrum which was used in our experiments 
and also completed the measurements of the differ- 
ential cross-sections for elastic (n —p) scattering 
which was used in Ref. 1 to determine the absolute 
magnitude of the cross-section aie The new data 


have made it possible to obtain a more accurate 


0) 
. TT . . 
cross-section 0,, at an effective proton energy of 


590 Mev and yield the value 


*The results of this work have been reported at the 
Moscow and Geneva conferences on high-energy particle 


physics in 1956. 


o7, = (5.7 £15) x 107” em? 

In the present work we present the results of 
measurements of the total cross-sections for the 
production of neutral pions in collisions with neu- 
trons and deuterons as well as data on the y-ray 
yields in the decay of neutral pions produced by 
neutrons in nuclei of various elements. The most 
interesting of these experiments is the investigation 
of the production of neutral pions in neutron-neutron 
collisions since this reaction has not been observed 
uatil recently. 


Zz. PRODUCTION OF NEUTRAL PIONS 
IN DEUTERIUM 


Difference experiments with D,O and H,O tar- 
gets were performed to study the production of 
neutral pions in deuterium. The containers for 
the heavy water and the ordinary water were plexi- 
glass cylinders 40 mm in diameter, 40 mm long, 
with a wall thickness of 0.5 mm. As in Ref. 1, the 
y-rays from the decay of neutral pions were detected 
with a telescope oriented at an angle of 90° with 
respect to the neutron beam, and consisting of 
scintillation counters and a Cerenkov detector. 
The magnitude of the total cross-section for the 
production of neutral pions, determined from the 
y-ray yield at an angle of 90° in the laboratory sys- 
tem, is relatively weakly dependeni on the angle 
distribution of the neutral pions in the center of 
mass system (CMS) of the colliding nucleons 
(provided only the odd powers of cos 6 are relative- 
tively weak in the angle distribution, where 0 is 
the pion angle in the CMS). Hence, in determining 
the cross-section oe for the production of neutral 
pions on the deuteron, and also in determining the 
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difference o” ve p) in the cross-sections for the 
deuteron and hydrogen, we have started from this 
assumption; furthermore, we have neglected the dif- 
ference in angle distribution for neutral pions 
produced in the bound nucleons in the deuteron as 
compared with the distribution of pions produced by 
collisions of free nucleons. 


In view of the fact that the effect due to the neu- 
tron bound in the deuteron is small as compared 
with effects due to D,O and H,O a long observation 
time was required to obtain the necessary statisti- 
cal accuracy. 

The results of the measurements were used to 
determine the ratio 


(07-0 ae a * = 0.30 + 0.04 


This relation ne it possible to determine from 
the known cross-section o” the difference in the 
cross-sections for the production of neutral pions 
in (nd) and (np) collisions 

MS = (1.7 + 0.5); 10" om 
and also to determine the cross-section for the 
production of neutral pions in (nd) collisions 


07) = (7.4 + 2.0)- 10 em’. 


The difference ein Sa , 1f one neglects the binding 
of the nucleons in the deuteron, is the quantity of 
interest—the cross-section for the tidied slaps of 
neutral pions in neutron-neutron collisions 0” 

The effective energy corresponding to the 
cross-section which is found is determined from the 
neutron spectrum and the excitation function for the 
processes being investigated. However, as has 
been shown by calculation, for a given neutron spec- 
trum this quantity is relatively insensitive to the 
excitation function. Thus, for example, if one re- 
places the excitation function K?-> by K® (where K 
is the maximum momentum of the neutral pions in 
the CMS of the colliding nucleons), the effective 
energy increases only by 3—5 Mev. According to 
Ref. 2 the excitation function for the reaction 
pt+n-> m°+ (p +n) is similar to the first function 
while the excitation function for the reaction 
p+p-> m7°+p+p is similar to the second. This 
fact makes it possible to take the effective neutron 
energy as approximately 590 Mev, as in Ref. 1, for 
the measured cross sections for the production of 
neutral pions on deuterons as well as complex 
nuclei. 

As is well known, in the experiments carried out 
by Pontecorvo and Selivanov® with deuterons at 
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energies of 400 Mev, no systematic difference in 
the intensity of y-rays from targets of D,O and H,O 
was observed; the authors give only an estimate of 
the upper limit for the cross-section for the produc- 
ED of neutral pions in neutron-neutron collisions: 
2103* ome comparison of the data obtained 
e ae present puchies with these results indicates 
that there is an extremely rapid increase in the prob- 
ability of production of neutral pions in (n—n) col- 
lisions, similar to that which occurs in (p—p) col- 
lisions. In both cases this situation can be ex- 
plained by the fact that transition to higher ener- 
gies means that final nucleon states characterized 
by high orbital moments (/ > 0) become important; 
hence the production of neutral pions in (p—p) and 
(n—n) collisions tends to be inhibited by consider- 
ations connected with conservation of total momen- 
tum and parity in the emission of a pseudoscalar 
neutral pion in a P-state and nucleons in an 
S-state. : 

The value of 07), found in the present work 
coincides, within the error limits, with the cross 
section for the production of neutral pions in (p—p) 
collisions, which is (1.8 + 0.4) cm? at an energy of 
590 Mev according to measurements of Prokoshkin 
and Tiapkin:? these data are not in contradiction 
with charge symmetry for nuclear forces, On the 
hand, the ratio of the cross-sections may (ape 
measured by us with considerably greater accuracy 
than the absolute value of the corresponding cross- 
eo: was found to be smaller than the ratio 

Opp /Op(d—p) = 0-41 + 0.08 measured at a proton 
energy of 580 Mev. This fact SUR indicates 
that in assuming the equality Op = =o7" the cross- 
section for the production of neutral pions on a 
deuteron is smaller than the sum of the cross-sec- 
tions for the production of neutral mesons on a 
free proton and neuteron. 


3. PRODUCTION OF NEUTRAL PIONS 
BY NEUTRONS IN COMPLEX NUCLEI 


Using a similar method (also at 90°), measure- 
ments were made of the relative yield of y-rays 
from the decay of neutral pions produced in colli- 
sions of neutrons with an effective energy of ap- 
proximately 590 Mev with Be, C, AI, Cu, Sn, Pb and 
U nuclei. Measurements with heavy water and ordi- 
nary water made it possible to also determine the 
y-ray yield in deuterium nuclei and oxygen nuclei. 
The amount of material in the targets was chosen to 
give approximately the same y-ray yield. The ab- 
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sorption of y-rays in the samples themselves was 
determined from the well-known experimental data on 
the total cross-section for the absorption of y-rays 
in various materials.* The results of the measure- 
ments are given in the table and the figure. The 
abcisa axis represents, on a logarithmic scale, the 
atomic weight of the material. Along the ordinate 
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Dependence of the y-ray field on the atomic weight of 
the material. The straight line corresponds to the relation 


ie) 0 
ROA) Ore +Zo™ \A%* 


n n 
axis is plotted the ratio of the y-ray yield for a 
given material to the y-ray yield from carbon. For 
purposes of comparison, the figure shows the 
function 
((A — Z) oF) + Zon] Ah = A's 

(in relative units) which gives the production of 
neutral pions as a function of the atomic weight of 
the material under the assumption that the mesons 


779 


nn 


(1) 


are effectively produced only by surface nucleons 
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of the nucleus.* 

As can be seen, the experimental dependence on 
the atomic weight obtained for the y-ray yield is in 
agreement with that calculated from Eq. (1), for 
ele ments from carbon to copper. For the light nu- 
clei, H, D, and Be, the dependence of the y-yield 
obtained as a function of atomic weight also differs 
only slightly from the relation given in (1). For the 
heavier elements Sn, W, Pb and U, the y-ray yield 
increases less rapidly. 

The experimental dependence of the y-ray yield 
on the atomic weight indicates that the neutral 
pions are produced effectively mainly by surface 
nucleons in the nucleus. Assuming that the mesons 
are produced only at the surface of the nucleus and 
also that the y-rays from the decay of neutral pions 
move in the same direction as the neutral pions and 
that the neutron flux falls off exponentially in pass- 
ing through the thickness of the nucleus, we have 
made an estimate of the relative yield of y-rays 
from various elements at an angle of 90° in the lab- 
oratory system. In this case the departure from the 
A’ law can be satisfactorily explained by the rel- 
atively lower transparency of heavy nuclei to high- 
energy neutrons as compared with light nuclei. A 
similar picture of the interaction, as presented by 
the authors of Ref. 5, is in qualitative agreement 
with their experiments, in which the dependence of 
the y-ray yield on atomic weight at angles of 0° and 
180° was determined for the same nuclei under bom- 
bardment by 660-Mev protons. However, we have not 
been able to obtain complete quantitative agreement 
of all results using the assumptions that have been 
made. 


Element | 4 o4/o¢ [(A—Z)o%, + Zon) AT 
H 1 0.24 + 0,015 
D 2 0-27 +-0.02 ue 
Be 9 0.78 = 0.04 0.77 
C 12 1 1 
O 16 12 A ea 
Al 27 1.61 + 0.08 1.70 
Cu 6325. | 2,80 O14 2.93 
Sn 119 3.8 420.2 4.30 
W 184 AO 0-8 5.60 
Pb 207 LD E08 6.05 
U 238 4.8 40.4 6.75 


1Dzhelepov, G. Oganesian and Fliagin, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 29, 886 (1955). 

2Tu. D. Prokoshkin and A. A. Tiapkin, J. Exptl. 
Theoret. Phys. (U.S.S.R.) this issue, p. 618. 


3B. M. Pontecorvo and G. I. Selivanov, Dokl. Akad. 
Nauk SSSR 102, 253 (1955). 


*In calculating this function we have used the values 
ie) ie) 
7 Ue 
o 
of an and Lass found by us. 
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“DeWire, Ashkin and Beach, Phys. Rev. 83, 505 (1951). 


° Tiapkin, Kozodaev and Prokoshkin, Dokl. Akad. 
Nauk SSSR 100, 689 (1955). 
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The internal conversion electron spectrum of a sample of RaTh has been investigated in 
the Hp range from 500 to 1380 gauss-cm. The energies and relative intensities of the 
conversion lines have been determined. It is shown that spectrometers can be calibrated 
with an accuracy of 5x10™ through the use of Auger electrons. 


1. CALIBRATION OF THE SPECTROMETER 


A’ INVESTIGATION OF A CONVERSION spec- 
trum has been carried out using a magnetic 
spectrometer with improved focusing’ with an ins- 
trument line width of 0.25%. The aperture angle of 
the spectrometer in the horizontal plane is 40° and 
the height of the diaphragms 16 mm. The source and 
counter slits measure 0.316 mm. The magnetic 
field is measured by the proton-resonance method.” 
The electrons are detected in two self-quenching 
Geiger counters, connected in coincidence; the 
count at the first counter is also recorded. 

The calibration of the instrument was carried out 
with the most accurate presently available values of 
Hp for the conversion lines for radiothorium. These 
values are given in the second column of Table 1. 

The values of Hp for the A, B, F, / and J-lines 
were taken from the work of Siegbahn and Edvard- 
son.? These values have an uncertainty of approxi- 
mately 7x10°*. The value of Hp for the L-line was 
taken from the work of Lindstrom‘ which has an 
uncertainty of approximately 1.2x10°*. The values 
of Hp for the Aa and Ab-lines were calculated by 
using the values of Hp for the A-line given by 
Siegbahn. In this calculation we have used the fact 
that the A, Aa and Ab lines are produced by the 
conversion of the same 39.85-kev y-quanta in the 
T1 atom in the L;, Lz; and Lj; ;;-subshells respec- 
tively. In these calculations, as in all similar 
calculations in this work, we have used the binding 


energies given by Hill® and the tables given by 
Gerholm for the conversion of Hp to energy.® The 
Hill tables are apparently the most accurate; by the 
author’s estimate the accuracy is of order of + 10 ev 
for the absolute values of the binding energy and of 
the order + 1 ev for the differences in binding 
energy. 


The value of Hp for the E-line was calculated 
starting from the fact that this line is obtained in 
the conversion of 115.14-kev y-quanta in the L;-sub- 
shell of the bismuth atom. The energy of these 
quanta was determined using the fact that the A-line 
is complex and consists of two lines, one of which 
is obtained in the conversion of 39.85-kev y-quanta 
in the L,-subshell of the T1 atom and the other in 
the conversion in the K-shell of those y-quanta 
which yield the E-line. The spacing between these 
lines is 110 ev.’ 


Column 3 of Table 1 lists the nuclear-resonance 
frequencies f corresponding to the maxima of the 
lines, while column 4 gives the value of &, which 
is the ratio of Hp to the frequency f. From Table 1 
and Fig. 1 it is obvious that Hp is not linear with 
f for Hp < 2600 gauss-cm. The departure from lin- 
earity for the A-line is approximately 0.2%. This 
departure from linearity may be explained qualita- 
tively by the change in the magnetic-field configu- 
ration in the low-field region. Because measure- 
ments of the magnetic field by the nuclear resonance 
method require the placement of the pick-up coil in 
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TABLE I. Conversion lines used in calibrating the instrument. 


Line He E, MeV kc/sec k = Helf 
A 034.21 24.510 284 248 1.87938 
Aa 541.40 20.199 287 .975 1.87980 
Ab 563.50 27.201 299.748 1.87992 
B 652.40 36 153 346.955 1 88036 
ls 1109.71 98.756 589.765 1.88162 
le 1388.44 148 .08 737.494 1.88266 
Ik 1753.91 222 an 931.254 1 88338 
df 1811.11 234.60 961 .586 1 88346 
ib 2607.17 422 84 1383.04 J 88510 


1000 


2000 
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FIG. 1. Calibration curve for the ketron at low energies. 


a homogeneous region of the field, we measured the 
field not directly at the electron trajectories, but in 
the region of maximum homogeneity. Hence, a change 
in the magnetic field configuration will lead to non- 
linear effects in the instrument. 

It should be noted that the value of & for the 
A-line departs from the smooth curve more than 
for the other points; this situation may be due to the 
complex structure of the A-line. Hence, in plotting 
the curve this point was not included. As has been 
shown earlier,® for Hp > 2600 gauss-cm, the instru- 
ment is linear within the limits of accuracy of the 
experiment. 

The nonlinearity of the instrument reduces strong- 
ly the accuracy in the determination of the energies 
of the lines in our instrument. Whereas in the region 
Hp > 2600 gauss-cm, in which the instrument is 
linear, the accuracy of the relative measurements of 
Hp, according to our estimates,° reaches 10%, the 
uncertainty in Hp for strong lines is approximately 
3x 10°* in the nonlinear region. 


2. AUGER ELECTRONS FROM Bi??? (ThC) 


The calibration of the instrument can be checked 
by a measurement of the energies of Auger electrons. 


© 


We have used the following series of Auger elec- 
trons: KL, L,, KLpMg, KL,Nq and KL,Oq. The 
series KL,Mq, KLpNqg, KLpQq contain a large num- 
ber of components which are located close to one 
another. Fig. 2 shows the composite curve for these 
series. We did not attempt to resolve these lines 
graphically but only determined the total intensity 
of the group with respect to the /-line. This ratio 
was found to be 0.0782. The arrows denote the 
positions of the maxima of the individual lines, 
calculated under the assumption that the absence of 
electrons in the L-shell reduces the shielding of the 
nucleus by an amount corresponding to an increment 
in the charge of the nucleus of AZ = 1. It is appar- 
ent from Fig. 2 that this assumption, within the 
limits of the accuracy, does not contradict the ex- 
perimental result. The series KM,M,, KM,N, etc. 
were not observed because of their low intensity. 

The KL,Lg Auger electron series consists of six 
rather closely spaced lines. In our work and in 
Refs. 9 and 10 these have been partially resolved 
(Fig. 3). Table 2 shows the positions and intensi- 
ties of the Auger electrons of this series. Our data 
are compared with the results of Ellis*! and 
Mladjenovic and Slatis, *° who investigated Auger 
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FIG. 2. Auger electrons from Bi”? (ThC) of the series KL Mg, KLpNq 
and KL,Og. The arrows indicate the positions of the maxima of the indi-- 
vidual lines computed under the assumption that AZ=1. 


970 


*ke/sec 
FIG. 3. Auger electrons from B”!? (ThC) KLpLg series. 


TABLE II. Spectrum for Auger electrons; KL, Lg series. 


Present data Ref. 10 Ref, 11 
Transition | 
Ho F I I, I He I He 

dara he 830.71 | 57.458 | 1.00 | 0.0247 | 1.0 | 830.77 | 4 826.6 
KL, Ly 835.93 DO 14s jedi O02) wl 4.5 836.17 Ne} 832.3 
Rie. 840.75 | 58.783 | 0.17] 0.0043 |<0.2} — ee age 
KL, Lyy 853.03 | 60.423 | 0,91 | 0.0224 ee Soa. OU) leo im ooo eo 
KL), L yyy 857.85 61.070 | 1.64 | 0.0404 1,6 | 858.01 2.3 | 854.5 
KE aber 874.75 | 63.367 | 0.69] 0.0170 | 0,8| 875,04 | 1.3] 871.5 


electrons of this series for the same Z. It is ap- 
parent from the table that our date are in good agree- 
ment with the results of Mladjenovic and Slatis. 
The average discrepance in the magnitude of Hp in 
our work and in Ref. 10 is approximately 2x 10°‘ 
while the error in both papers is approximately 
3x10‘. The relative line intensities are also found 
to be in good agreement with the data of Mladjenovic 
and Slatis if it is assumed that the errors in both 
papers are on the order of 10%. The quantity /; 
given in the table is the intensity with respect to 
the / line. 

The energy of Auger electrons can be calculated 
from the formula: 


where E% and ET are the binding energies for K 


and L-electrons respectively in the normal atom 


while Er * AZ is the binding energy of the L,-elec- 


trons in the atom with the L,-electron absent. The 
binding energy of the L,-electron is increased be- 
cause of the reduction in the shielding of the nu- 
clear charge due to the absence of the L,-electron. 
Quantitatively the reduction in the shielding can be 
written in terms of an effective increase in the 


charge as in Refs. 9 and 10: 
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AZ = (Ei? = Er (et, Er, 


A theoretical calculation of the quantity AZ is ex- 
tremely complicated and has not been carried out at 
the present time. The best experimental determina- 
tion is that given in Refs. 9 and 10. Table 3 lists 
the calculated values of AZ and also the results of 
Mladjenovic and Slatis*® for Z = 83 and those of 
Bergstrom and Hill? for Z = 80. These quantities 
are found to be in agreement within the error limits. 
In the first approximation it follows from our re- 
sults, as has already been noted, °’!° that the bind- 
ing energy of the L,-electron is independent of 
which of the L-subshells has a missing electron. 
Hence, as in Refs. 9 and 10, we have determined 
AZ from the average value of EY +AZ (averaging 
Zt NZ, 
Lq 


; q 
three values of L corresponding to the ab- 


sence of L;, Ly; and Ly;; electrons). However, if 
one takes into account the departure from the aver- 
age for the case of a missing L, electron and for a 
missing L,;; electron, it turns out that both our 
data as well as those of Mladjenovic and Slatis 
should show a difference between the binding energy 
of the L,-electrons when there is an electron mis- 
sing in the L; subshell and the energy when an elec- 
tron is missing in the L;;; subshell; on the average 
this difference is approximately 20 ev. This corre- 
sponds to a quantity of the order of 4x10‘ of the 
electron energy , whereas the error in both investiga- 
tions is approximately 3x10 *. The binding energy 
of the L,-electrons for a missing L7;;-electron is 
greater than in the case of a missing L, electron. 
The results of Bergstrém and Hill’ have not been 
taken into account in this connection since the 
relative error in their work is approximately 10°°. 
As regards the case in which an L; electron is 
ejected, the results of the present work and those 
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of Ref. 10, indicate only that the binding energy of 
the L,-electron when an electron is absent in the 
Lj, shell lies between the values which apply for 
electrons missing in the L; and Lj; subshells. 

The results of the measurements of the spectrum 
for Auger electron indicate that our data are in géod 
agreement with the results of Mladjenovic and 
Slatis and those of Bergstrém and Hill; this fact 
verifies the calibration of the spectrometer and also 
indicates, that at the present time, the energy of 
Auger electrons is known with an accuracy of ap- 
proximately 5 x 10°* or better and can be used for 
calibrating spectrometers in the soft region. 


3. INTERNAL CONVERSION ELECTRONS 


The spectrum of internal conversion electrons 
from radiothorium has been investigated earlier by 
Ellis, +2+13 Surugue, #415 and Arnoult.*® In all 
these papers photographic detection of the electrons 
was employed. The shortcoming of this method lies 
in the large error in the determination of the relative 
line intensities. This error is due chiefly to the 
necessity of introducing corrections for the spectral 
sensitivity of photographic plates and the nonlinear 
dependence of the blackening density on radiation 
intensity. In work performed by Flammersfield ?? 
electron detection was carried out with a Geiger 
counter; however, the resolving power in this work 
was rather low (approximately 1 percent) and since 
it was not possible to resolve many of the lines, 
total intensities were given in many cases. 

We have found it worthwhile to repeat the meas- 
urements of the spectrum of internal conversion 
electrons from radiothorium with an instrument half- 
width of 0.25%. With this half-width, the majority of 
lines in the soft region are resolved an the instru- 
ment has good transmission factor, thus making it 


TABLE II. 
Ye et pie oe, Eee he 
834+AZ 83+ AZ 83 84 AZ 
Transition EKL ,E ET Er Ey ae 
pq q q 40) ee Ref. 9| Ref. 10 
KL, L, 57.458 | 16.677 
siege Se alae | 16.674 | 16.386 | 16.93 | 0,53 | 0.51 | 0.54 
KL jy7L 60.423 | 16,681 
Ly Ly 58.147 | 15.988 | 
KL; Li, | 58,783 | 16.029 16.012 | 15.709] 16.23 | 0.58 | 0,52 | 0.53 
KL iL, | 61,070 | 16.034 } | 
1 Liz | 60,423 | 13.712 | 
KL ip Ly | 61,07 | 13.742 13.730 | 13 417] 43.81 | 0.80 | 0.76 | 0.76 
mela 63.36 13.737 


SS 
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FIG. 4. A, Aa and Ab lines. The Ab lines is given separately with a mag- 
nification of 16. 
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FIG. 5. E and Ea lines. 


possible to detect rather weak lines. were checked periodically and appropriate adjust- 
High stability in the counter efficiency is required ments made in the counter voltage. 

in making an accurate determination of line intensi- The relative intensities were determined with 

ties. We have taken a number of measures to obtain respect to the /-line of ThB. Three series of meas- 

good stability. The voltage for the counter was ob- urements were performed. Several conversion lines 


tained from a rectifier with high stability (VS-16). are shown in Figs. 4—5. The relative half-width 
The change in the supply voltage in the course of a depends on the Hp of the line up to Hp = 1000 

day (after a three-hour warm-up period) was less than gauss-cm. This effect may be due to scattering of 

l volt. The voltage at the counters monitored with a electrons in the source and to a change in the mag- 
kilovoltmeter, connected in parallel with a galvano- _ netic field configuration. 

meter having a scale which made it possible to The average values of Hp and the line intensities 
measure counter voltage to 1 volt. The source wasin- are shown in Table 4 (the lines for the Auger elec- 
troduced into the instrument without disturbing the trons are not included in the table). For comparison 
vacuum; hence it was not necessary to pump out the purposes, the same table shows the results of Ellis, 
mixture from the counter on changing sources. This Surugue, Arnoult, and Flammersfeld. It is apparent 
feature also improved the counter stability. The from the table that there is amarked difference in 
counter plateau did not shift by more than 3—5 the relative intensities as compared with the work 
volts in six hours of operation. These variations in which the photographic method for detecting elec- 
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trons was used. The differences between our data 
and the result of Flammersfeld are smaller. A num- 
ber of lines which were detected in the photographic 
work were not seen in the present work since the 
sensitivity of the photographic method is higher. 

The relative intensities of the conversion lines 
have been computed from the reading of the first 
counter. Since the cutoff energy of the film in the 
first counter was 4 kev, no corrections for absorp- 
tion were introduced. According to Ref. 18, this 
effect is less than one percent for electron energies 
four or five times greater than the cutoff energy. 

The accuracy in the relative intensity measure- 
ments for the conversion lines is 3-5 percent for 
the strong lines and 20-30 percent for the weak 
lines. 
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Results of experiments on the transition effect of 7-mesons are presented and Serta ee 
The results presented allow one to conclude that low energy mesons are dee “ the 
spectrum of the generated mesons and that the plural mechanism of meson creation is cor- 
rect. Most of the generating particles are probably cosmic ray neutrons, 


1. SOURCES OF THE 7-MESONS OBSERVED 
IN PHOTOGRAPHIC PLATES EXPOSED 
TO COSMIC RAYS 


N EXPERIMENTS, reported in Refs. 1-3, inves- 

tigating the transition curve of m-mesons and the 
intensity of their generation as a function of the 
atomic weight of the target, no account was taken of 
the current of slow 7-mesons from extraneous dense 
materials situated near the photographic plate or of 
the presence of 7-mesons in the air. Both of these 


i 
factors can influence the form of the transition 
curve. 

Before embarking on an investigation of the tran- 
sition effect of 7-mesons and the intensity of their 
generation as a function of the atomic weight of the 
target, it is necessary to study the current of 7-mes- 
ons coming from the air and from nearby extraneous 
dense absorbers. We set up special experiments for 
this purpose on a mountain top (altitude 4000 m). 

A pair of photographic plates were exposed during 
the course of two months on a mast 10 m high, with 
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another pair in direct contact with the surface of 
the earth. After chemical treatment (developing 
and fixing), these photographic plates were scan- 
ned with a microscope at high magnification. Iden- 
tification of the stopped 7-mesons was made by 
means of 7-p decays and o-stars. 

The reduced results of this experiment are given 
in Table 1. It is clear from the table that the number 
of 7-mesons observed in the photographic plates ex- 
posed at the surface of the earth is significantly 
greater (by 5—6 times) than in those on the mast. 

It follows from this that in studying the generation 
of slow 7-mesons by cosmic rays all the photoemul- 
sions used in the experiment should be placed as 
far as possible from extraneous dense absorbers. 


TABLE I. 


Number Position Number of Number of 


of the of the photo- 7-mesons ob-| 77-mesons aft- 
experiment| graphic plates |served in 6 cm’ ter exclusion of 
background 
l On the mast 8 5 
On the ground 30 27 
2 On the mast 3 — 


On the ground 


What fraction of the 7-mesons recorded in a pho- 


tographic emulsion are 7-mesons formed in the air? 
An experimental study of this question by the method 
of photographic emulsions is extremely difficult, 
since these emulsions are always enveloped in 
wrapping material when they are exposed. Hence 
the question as to which part of the recorded mes- 
ons comes from the air and which part is formed in 
the wrapping material represents a definite experi- 
mental difficulty. By means of an elementary calcu- 
lation, however, we can obtain the necessary infor- 
mation on the current of 7-mesons coming from the 
air. 

The number of 7-mesons with energy less than 
E, originating in the atmosphere within a depth of 
x g/cm” from the boundary of the atmosphere is 
equal to 


25 


n(E) \ So ¢- Hle—(—H/r (¢ ix)" dt dE, () 


0 


where n(E) is the differential energy spectrum of the 
generated 7-mesons, S,e~*/! is the number of nu- 


1 ; : 
cleons with energies greater than E, at depth t, E. 
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is the threshold energy for the formation of mesons; 
exp {—(x—t)/A} is the probability that a meson 
originating at depth ¢ will reach depth x without 
undergoing a nuclear interaction; (t/x)” is the prob- 
ability that a meson formed -at depth ¢ with momen- 
tum p,, will reach depth x without undergoing disin- 
tegration. Here. 


= Zpltn| aD = ZofMnl?/tne (E® + 2mpC?E)”, 


where z=6.4x10° cm in the stratosphere, , and A 
are the respective ranges of the nucleon and meson 
for nuclear interaction. For air and also for the 
wrapping material and the glass backing of the pho- 
tographic plates, we take A, = A = 60 g/cm? and 

1 =2X. For a condensed medium of the type of car- 
bon, formula (1) takes the form 


x 


Wi \ ot ele (And dE. (2) 


0 


Calculation shows that the 7-mesons originating 
in the air and slowed down and stopped in the photo- 
graphic emulsion amount to less than 1% of such 
mesons formed in the wrapping material and the 
glass backing of the photographic plate. Hence the 
basic sources of the 7-mesons observed in photo- 
graphic emulsions exposed to cosmic rays are the 
dense absorbers situated in direct proximity to the 
detector. 


2. CHANGE IN THE NUMBER OF 7-MESONS 
UPON PENETRATION FROM AIR INTO LEAD 


Refs. 1-3 are devoted to the study of the penetra- 
tration effect of 7-mesons at mountain altitudes. — 
However, it is not possible to make an unambiguous 
conclusion from these references as to the change in 
the number of slow 7-mesons as a function of the 
thickness of the absorber. Moreover, the results of 
Refs. 1-4 and 5 do not agree among themselves, and 
there are no data on the penetration effect for 7-mes- 
ons in the stratosphere given in the literature, un- 
less we count the brief communication of Blau et 
al.©, in which no experimental results are reported. 
The results given in Ref. 7 also seem quite doubtful. 

We have carried out experiments studying the 
penetration effect of 7-mesons. Electron sensitive 
photographic plates of type NIKFI were exposed in 
the stratosphere at an altitude of 25—27 km and at 
a mountain elevation (2.5 km). In one of the strato- 
sphere experiments (Fig. la) some of the photo- 
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graphic plates were placed inside a hollow lead 
hemisphere with walls 2 cm thick and in an aperture 
made in the center of a solid hemisphere of lead of 
radius 8 cm, while the rest, kept far away from 
dense absorbers, were exposed without lead shield- 
ing and with thin shields. A schematic of the 
arrangement of the photographic plates in the other 
ee ee ee 


Pb Cu 
fod 
Pb 
A 
Pb 
8 
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stratosphere experiment is given in Fig. lb. Lead 

absorbers in the form of slabs of dimensions 

9x5 x2 cm and 9x5 x3 em and thin absorbers of 

thickness 3—4 g/cm? were used in this experiment. 
In the mountain experiment the photographic plates 

were placed inside cylindrical absorbers made of 

lead (with walls of thickness 0.2, 2 and 6 cm) and 


C 
Paraffin 
Le 


b 


FIG. 1. Schematic of the stratosphere experiments. 


aluminum (with walls of thickness 0.8 cm), and after- of u-mesons by p> e decay. 


wards were exposed at a distance of 7 m from the 
earth. To reduce shrinkage, the photographic plates 
were placed inside a flat-sided glass vessel of 
thickness 1.5—2 mn, filled with nitrogen. In the 
stratosphere experiments the photographic plates 
were exposed without an absorber and with thin 
shields at a distance of 2.5 and 5 m above the con- 
tainer. 

The reduced restlts of the two stratosphere ex- 
periments and one of the experiments at a mountain 
elevation are given in Table 2. This table also in- 
cludes p-mesons. It should be noted that not all of 
the p-mesons are p-mesons. A certain part of the 
negative 7-mesons (~ 27%) does not give observable 


stars®, and they are counted as p-mesons. Moreover, 


a certain part of the p-mesons is connected with the 
decay of 7 *-mesons generated in the absorber (local 


origin). Taking account of these factors leads to the 


estimate of the number of p-mesons which is given 
in the last column of Table 2. This estimate cor- 
responds appreximately to an estimate of the number 


It is clear from Table 2 that 1) the number of slow 
m7-mesons increases strongly with increasing thick- 
ness of the lead absorber, while the number of 
p-mesons is almost independent of the change in the 
thickness of the lead; 2) a very strong increase in 
the number of 7-mesons occurs when the photo- 
graphic emulsion is surrounded by a layer of lead of 
small thickness, while a further increase in thick- 
ness does not lead to a strong increase in the num- 
ber of 7-mesons; 3) no notable dependence of the 
penetration of 7-mesons on height above sea level 
is observed. 

It follows from these results that 7-mesons are 
generated directly in the absorber surrounding the 
photographic emulsion, with low-energy mesons 
(having a range in lead less than 4 g/cm?) being 
the most abundant among those generated. The fact 


that the form of the penetration curves for slow 
mesons in the stratosphere and at a mountain eleva- 
tion are the same is probably due to the fact that 
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TABLE II. 
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No. of the | Altitude Thickness Area Number of mesons identified 
ater | above of the examined, 
<*PCrr) sea level; lead 
ment km shielding 
Tate 2 55 54 
o5aia 64 57 
i 27 40+ 6.3 5S 46 
57 + 8.3 56 42 
682.2 = he 
26 5.0 = ee 
28+ 5.3 _ — 
~ 26 2244.7 = ee 
32+ 5.6 = we 
30 + 5.5 = 22 
7 102 102 
16 72 69 
2.5 22 98 94 
30 85 79 


*III and IV indicate the positions of the photographic plates relative to the lead absorbers 


(see Fig. 1). 
Relative 


No. 
0 


40 


ee | 
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FIG. 2. Number of 7-mesons generated: x, experiment 
No. 1, 0, experiment No. 2, A, mountain experiment. 


they arise basically as secondary particles. The 
number of generated mesons is shown in Fig. 2 as a 
function of the thickness of the lead absorber. 

We can obtain an idea of the form of the energy 
spectrum of the generated 7-mesons from the pene- 
tration curve. The energy spectrum of the 7-mesons 
formed in the nuclei of the emulsion has been inves- 
tigated by Camerini et al.? and Yagoda!®. Ace ording 
to the results of Ref. 9, the energy spectrum of the 
m-mesons in the energy region 200—1100 Mev may 
be represented by the expression P(E dE ~E" 1:4 dE 
(E is the total energy), and in the region of small 
energies by the expression !° P(E, )dE, Eee dE, 
eS is the kinetic energy). On the assumption of a 
spectrum of the form: 


P(E)dE = AE~ ‘dE 
P(E)dE =BE° *dE 


for E>40 Mev 
for E <40 Mev 


(3) 
(4) 


the expected penetration curves were calculated for 
values of y of 1.5, 1.3 and 1 (the corresponding 
curves in Fig. 2 are indicated by the numbers 1, 2 
and 3). It is clear from a comparison that in the 
region of small thickness the experimental points 
systematically go beyond the limits of the calculated 
curves. We are inclined to think that in the region 
of small energies the energy spectrum of the 7-mes- 
ons is different from the spectrum (4) which we as- 
sumed. It should be pointed out, however, that the 
dependence of the angular distribution and the scat- 
tering of 7-mesons on their energy may essentially 


GENERATION OF SLOW z-MESONS BY COSMIC RAY PARTICLES 


influence the number of stopped 7-mesons. Taking 
account of these factors in the calculation of the 
transition curve does not seem possible to us at the 
present time. But there seems no doubt that mesons 
of small energy, with ranges in lead of less than 

4 g/cm”, are abundantly represented among the 
mesons generated by cosmic rays. 


3. DEPENDENCE OF THE CROSS SECTION 
FOR GENERATION OF 7-MESONS ON THE 
ATOMIC WEIGHT OF THE MATERIAL 
OF THE TARGET 


It is shown in Ref. 11 that the stratosphere data 
on the dependence of the cross section for formation 
of slow mesons on the atomic weight of the absorber 
can be explained by the essential role of the number 
of nucleons (in which number &nucleons are to be 
counted) which take part in the collisions. 

It should be pointed out that taking account of the 

difference in stopping power of carbon, copper, and 
lead does not change the general conclusion just 
made, since according to the data on the penetration 
effect the number of stopped 7-mesons is almost the 
same for lead thicknesses of 3—4 and 23 g/cm? 
(see Table 2). The results of our stratosphere ex- 
periments on the cross section for the formation of 
m7-mesons in various nuclei confirm the results ob- 
tained by Abraham and Coldsack ”. 

Thus, the conclusions made in Ref. 1] relative to 
the formation of slow 7-mesons in heavy and light 
nuclei by cosmic rays in the stratosphere must be 
considered correct. 

In this connection it is interesting to study the 
formation of slow 7-mesons in various nuclei at 
mountain altitudes. The formation of 7-mesons in 
various elements at a mountain altitude was studied 
in Ref. 13. According to the results of this reference, 
the cross section for the generation of 7-mesons 
falls with increasing atomic weight of the target ma- 
terial. This fact cannot be accepted without a sup- 
plementary confirmation, since according to the re- 
sults of Gregory and Tinlot!4, at an altitude of 
3240 m the greater part (~ 90%) of the protons which 
produce nuclear interactions have energies less than 
1 Bev, while only ~ 10% of the nuclear interactions 
may be ascribed to protons with energies greater 
than 1 Bev. It must be presumed that the neutrons 
in the cosmic radiation at mountain altitudes pos- 
sess approximately these same energies. It is clear 
from this that the average energy of the nucleons of 
cosmic rays at mountain altitudes cannot be much 
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greater than the energy of the protons used in Refs. 
15 and 16. 

As is well known, the results given in Refs. 15 
and 16 lead unambiguously to the conclusion that 
the cross section for the generation of 7-mesons at 
a proton energy of approximately 400 Mev is pro- 
portional to the geometrical cross section of the 
nucleus. Hence it was expedient to set up a 
special experiment at a mountain altitude for an in- 
vestigation of the formation of 7-mesons in light 
and heavy nuclei. The experiment was set up at an 
altitude of 2500 m and the duration of the exposure 
was two months. Thin absorbers of lead and alumi- 
num were used as generators, and photographic 
emulsions of type NIKFI of 400p thickness were 
used as detectors. The absorbers were in the form 
of cylinders. The generator thicknesses were cho- 
sen to make the ionization ranges of the mesons in 
these substances equal. The use of thin absorbers, 
with thickness approximately equivalent with 
respect to ionization range, obviated the necessity 
of introducing corrections connected with nuclear 
and electromagnetic absorptions. Taking account of 
such corrections is difficult at present, since the 
energy spectrum of the low energy 7-mesons gener- 
ated in various substances at the given altitude has 
as yet been little studied. In order to guarantee the 
cleanness of the experiment, all the photographic 
emulsions used were removed a distance of 7 m 
from the surface of the earth. The average decay 
range of 7-mesons with energies less than 50 Mev 
is about 6 m. Hence when the detector is taken a 
distance of 7mfromthe surface of the earth, the contri- 
bution which 7-mesons formed in the surface layer make 
tothe number of recorded events is strongly dreceased. 

The reduced results of the mountain experiment 
are given in Table 3. It is clear from the table that 
the number of 7-mesons, relative to 1 g/cm? of 
material, decreases somewhat more weakly with 
increasing atomic weight than would be expected 
from the A“ law. The relative cross section for 
generation O,)/op , calculated from the data of 
Table 3, is equal to 0.16 + 0.04. The corresponding 
relative cross section to be expected on the basis 
of the A” law is 0.25. It is clear from this that the 
cross section for the generation of mesons by cos- 
mic ray particles at mountain altitudes increases 
with increasing A somewhat more rapidly than the 
geometrical cross section of the nucleus. If we 
attribute definite significance to this fact, then it 
shows that cosmic ray particles at mountain alti- 
tudes are capable of generating mesons not only by 
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TABLE Ill 
Absorber Number of Number of 
= > 7 mesons 
Absorber ag ee veteniidae per cm day 
g/cm g/cm? : B/ cm 
a = 0.040 + 0.03 = 
Al 2,2 6.330.026 | 0,132 +0.02 
Pb 4,45 0 5222 0005 0.108 - 0.01 


collision with surface nucleons, but also as a re- 


sult of collisions with volume nucleons of a nucleus. 


The results of our mountain experiments are in 
agreement with the results of work carried out in a 
cloud chamber?!?. 

Using the results of Gregory and Tinlot 14 we 
can calculate the effective relative cross section 
for the generation of mesons, assuming that 90% of 
the cosmic ray nucleons at mountain altitudes 
generate mesons with cross section proportional to 
A‘ 2%, where a = 4 %/1.5. Then the expected 
relative cross section calculated on the basis of 
these assumptions is given by o, )/op, = 0.18, 
which agrees with the experimentally observed 
magnitude of the relative cross section. 


4. ON THE NATURE OF COSMIC RAY 
PARTICLES THAT GENERATE 
SLOW 7-MESONS 


In order to determine the nature of the meson- 
generating particles, we studied the altitude de- 
pendence of the meson production. For this pur- 
pose photographic plates were exposed at various 
altitudes under 2 cm of lead. Out of all the strato- 
sphere flights made to determine the altitude de- 
pendence of the production of 7-mesons, only those 
flights were used in which the drift time exceeded by 
4 or more times the time of ascent and descent of 
the apparatus. Only in these cases can we ascribe 
the observed intensity to a definite height. The 
data from two stratosphere experiments and one 


mountain experiment have been reduced. The re- 
sults concerning the altitude dependence of the 
number of 7-mesons is the following: 


Altitude above 
sea level, km 


ee) 23.5 2G 


Number of 7-mesons 
in 1 cm? 


in 1 min x 10°° 1.96 0.42 625+96 6251481 


The absorption ranges for meson-generating par- 
ticles have also been determined for two altitude 
intervals: 23.5—2.5 km and 27—2.5 km; they are 
equal respectively to (127 11/7) g/cm? and 
(130 +11/7) g/cm?. It should be noted that the ab- 
sorption range of the meson-generating particles 
assumes a value intermediate between that for the 
range of particles generating penetrating showers 
(118 g/cm?) and that for the range of particles which 
give rise to ordinary stars (140 g/cm?). Although 
the statistical error does not allow us to make a 
choice as to which of these processes plays the 
main role, it seems quite probable that we should 
consider slow mesons to be generated both in show- 
ers and in ordinary stars. 

In conclusion we give the results of an investiga- 
tion of the ratio of positive and negative 7-mesons, 
which may yield information on the nature of the 
generating particles (Table 4). Table 4 yields the 
following results: 

l. An increase in the ratio a /am both in the 
stratosphere and at mountain altitude is observed 
with increasing energy interval of the 7-mesons, 


TABLE IV. 
Absorber Altitude above sea level 26—27 km Poe eae 
thickness = 
e/om? Pb target C target: Pb target 
mt 7 | ata 7 He Th iat me | ra | Trl te 
3—)d 29 48 0,60 == = = 6 18 0.33 
es! 13 22, 0,82 — — — 18 39 0 
20 ae a ed 16 SGM) OS 50 een = a 
26 es » e 26 40) 0, 87 ae a. = 
70—80 37 37 | = — — 13 21 0.62 
114 (18) — — — — - — 30 4 0.73 
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which is (roughly) determined by the thickness of 
the absorber. 

2. The negative “charge asymmetry” is signifi- 
cant for low energy 7-mesons. 

3. The ratio 7*/7~ changes only slightly in 
going from a heavy element (Pb) to a light element 
(C). 

4. The magnitude of the ratio 7*/7~ increases 
in going from a mountain altitude to the strato- 
sphere. All these regularities are easy to explain, 
if we take account of the fact that an overwhelming 


part of the slow 7-mesons is generated by neutrons. 


The participation of protons in the formation of 
m-mesons increases with increasing energy of the 
7-mesons. 
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Construction of the Thermodynamic Potential of Rochelle Salt 
from the Results of the Optical Investigation of Domains 


V. L. INDENBOM AND M. A. CHERNYSHEVA 
Institute of Crystallography of the Academy of Science, USSR 
(Submitted to JETP editor November 22, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 697-701 (April, 1957) 


From the experimental temperature dependence of the monoclinic parameter 7) and the 
specific heat cp, the thermodynamic potential of Rochelle salt can be constructed with ac- 
curacy to terms of the order of 7*. The advantages of the optical method of determination 
of the monoclinic parameter are analyzed in comparison with the electrical and mechanical 
methods. Results of calculation of the thermodynamic potential surface from the tempera- 
ture dependence of the angle of spontaneous rotation of the optical indicatrix are given. 
The possibilities of a rigorous construction (without interpolation) of this surface from 
data of the optical investigation of domains are pointed out. 


S GINSBURG HAS SHOWN], the theory of piezo- 
electric phenomena can be developed on the 
basis of the general theory of phase transitions of 
the second kind2. In the general theory it is demon- 
strated that in the vicinity of the Curie point 7=0, 
the expansion of the thermodynamic potential in a 
power series of the parameter 7 which character- 


izes the degree of asymmetry of the system has the 


form 
O= 0, Ay + Cy = (1) 


Ordinarily it is assumed that in expansion (1) we 
can confine ourselves to only the terms written 


576 


down, for which4 = a(T —Q), and C = const. (here- 
inafter the pressure is assumed constant). The fol- 
lowing expressions are then obtained for the tem- 
perature dependence of the asymmetry parameter 
and of the heat capacity. 


For T >90: 


7=0, Cp=Cy,; 


(2) 
For T<0: 72=—A/2C, Cy=Cyp,+-Ta?/2C. 


Here cp =-T#?®,/0T?. The jump in the specific 
heat at the Curie point is evidently Ac, =@a’/2C. 

In the theory of ferroelectricity, the polarization 
P is chosen as the asymmetry parameter and the ef- 
fect of an external electric field F is taken into ac- 
count by adding the term —PE to the thermodynamic 
potential [Eq.(1)]. In the case of Rochelle salt 
there is only one ferroelectric axis, parallel to the 
x axis. Therefore the additional term has the form 
-PE,. 

Considering a characteristic property of Rochelle 
salt, namely, its having two Curie points, Ginsburg! 
showed that the function A(T) in this case must be 
described by a cup-shaped curve whose points of 
intersection with the abscissa coincide with the 
Curie points. Only in the neighborhood of these 
points can we assume A = a(T — @) and have confi- 
dence in the correctness of expressions of the type 
of Eqs. (2). 

The question arises whether it is permissible to 
piece together the form of the function A(T) and in 
general the complete contour of the thermodynamic 
potential over the entire ferroelectric interval from 
the experimental data. First of all, let us forego 
the simplifying assumptions made in the derivation 
of Eqs. (2) and assume simply ® = O(T, 7”). The 
dependence of the asymmetry parameter on tempera- 
ture is found from the conditions d®/dn = 0, and 
#®/dn* > 0, whence there follow two solutions: 

7 = 0 for (0/dn7),, =9 > 0 (outside the piezoelec- 
tric interval) and n =n, where 7,(7) satisfies the 
equation (9®/dn’) 1 =0 = 0,(®/A(y?)?) , =o > 0 (in 
the piezoelectric interval). Differentiating ® twice 
with respect to temperature along the the equil ib- 
rium curve 7 = 7(7), we obtain the expression for 
the specific heat 


g dy?\2 82 
= — a Se |) 
ee a 2 a9 /2 


If 7 and c, were known as functions of tempera- 
ture it would be possible to set up the position of 
the equilibrium curve of the phases in (®, n,T) 


(3) 
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space. Unfortunately, reliable data even on the 
magnitude of the jumps of the specific heat at both 
Curie points? are not available. Meanwhile, these 
data already would allow one to determine the 
character of the temperature dependence of the co- 
efficient C in the expansion Eq. (1). Actually, 
from Eq. (3) it follows that at the Curie point 

(T =, n = 0) 

Ace e() shay = 20 (| C(8). (4) 
In the case C = const., the value of the jump at one 
Curie point can be predicted from the known jump 
of the specific heat at the other Curie point. 

We set aside for the time being the question of 
the rigorous construction of the surface 
® = OT, 7) and note that this surface can be found 
from the two known functions 7 = n(T) and Gasenul ys 
naturally, only by way of interpolation. 

Thus if we confine ourselves to terms of the or- 
der 7* in the expansion Eq. (1) (which, as Ginsburg 
noted! is apparently fully admissible) for Rochelle 
salt these two functions permit us to find the coef- 


ficients A(7) and C(T). For C = const. in the Curie 


interval 


AG = — 268 (7) = 2 (22 Be 
a i a 2a (FY) P (T)-G) 

There remains to find the temperature depend- 
ence of the asymmetry parameter. The monoclinic 
angle, the spontaneous polarization, or the spon- 
taneous deformation can serve as this parameter— 
the monoclinic parameter—for the given case of 
Rochelle salt. It turns out, however, that X-ray de- 
termination of the monoclinic angle4 gives only 
semi-quantitative results and studies of the macro- 
scopic polarization5;, © or of the macroscopic defor- 
mation? on specimens which consist of domains of 
opposite signs do not permit one to strictly dis- 
tinguish the changes in characteristics of the indi- 
vidual domains, which interest us, and the effects 
brought about by the motion of domain (twin) bound- 
aries, 

Use of the optical method8, 3 which permits one 
to obtain an individual characteristic of the do- 
mains, appears more reliable. Here it is convenient 
to take as the asymmetry parameter the angle of ro- 
tation of the optical indicatrix about the x axis, 
proportional to the spontaneous deformation of the 
domain. This angle is simply determined from the 
angle 2a between the positions of extinction in 
neighboring domains?. 


CONSTRUCTION OF THE THERMODYNAMIC POTENTIAL OF ROCHELLE SALT 


The results of a preliminary study of the temper- 
ature dependence of the asymmetry parameter cho- 
sen in this manner (the monoclinic parameter) are 
brought to light in the dissertation of one of the au- 
thors3: the results of a more careful investigation 
were reported at the recent conference (June of this 
year) on ferroelectricity. 

The measurement of the angle between the posi- 
tions of extinction in the components of a twin (of 
adjacent antiparallel domains) was carried out by 
means of a bi-quartz plate. In connection with the 
observed dispersion of the extinction positions, the 
measurements were carried out with a 540 my filter 
(transmission bandwidth 10 mp). 

The results of the measurements carried out on 
one of the specimens are presented in Fig. 1. Each 


Sh) ap AB Sh SU 0 y 8 2 6 


FIG. 1. Temperature dependence of the angle be- 
tween the positions of extinction in adjacent domains in 
a Rochelle salt crystal. 


point corresponds to the arithmetic mean of not less 


than five readings. The monoclinic parameter of 
Rochelle salt crystals in the interval between the 
Curie points varies continuously and reaches a 
maximum value at a temperature which lies midway 
between the Curie points (about 3°C). In accord- 
ance with Eqs. (2) the curve displays in the vicin- 
ity of the Curie points characteristic parabolic por- 
tions, which are linear if one plots the curve 

7? = 7°(T). The latter curve also characterizes the 
temperature dependence of the coefficient A. 


We calculated the coefficient C from the jump in 


specific heat (5 cals/mol)9+5 at the upper Curie 
point to be approximately 5.10’ cal/mol (the mono- 
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clinic parameter expressed in radians, 7 =a°7/180). 
Since the maximum value of the monoclinic param- 
eter iS Mma, = 1.4 x 10°, the maximum change of 

the value of the thermodynamic potential brought 
about by a deviation of the system from the sym- 
metrical state amounts to A® = ~C1* ax =—2 cal/mol. 

The surface of the thermodynamic potential cal- 
culated according to Eq. (1) is characterized in 
Fig. 2 by a contour plan corresponding to constant 
values of the thermodynamic potential (relative to 
®,). Curves outside the ferroelectric interval are 
obtained by extrapolation. The general form of the 
three dimensional model of the surface ®=9(T, 7) 
constructed from this data is shown in Fig. 3. In 
the ferroelectric region the “gorge” goes over to a 
“valley” with two depressions of depth 2 cal/mol. 

Conversion from one monoclinic parameter to an- 
other (for example, to the polarization P, or to the 
deformation ¢,,) corresponds simply to a change in 
one of the scales of the model. The slope of the 
curves obtained in cross-sections for T= const. 
gives the value of the generalized force pertaining 
to this parameter (for example, the electric field in- 
tensity E, or the tangential stress tyz), while the 
curvature of these curves gives the corresponding 
moduli (for example, the dielectric constant of the 
crystal or the shear modulus). 

The effect of a mechanical-stress field or of an 
external electric field is taken into account by add- 
ing to the thermodynamic potential terms of the type 
-P,E, and ~ey,t yz which is equivalent to a rota- 
tion of the base of the model about the temperature 
axis. This causes the equilibrium positions on the 
potential wells to shift until the slope exceeds a 
certain critical value and one of the equilibrium po- 
sitions becomes unstable. At this instant one of 
the domain systems in the specimen must complete- 
ly disappear. 

The above points to the possibility of a rigorous 
construction of the thermodynamic potential surface 
(without interpolation) directly from the optical 
characteristics of the domains measured on loaded 
crystals. By such means, evidently, it is possible 
to obtain experimental points on any portion of the 
surface with the exception of the region of unstable 
equilibrium adjoining the temperature axis, in which 
in general the system of domains under study fades 
out. 

In conclusion the authors express deep thanks to 
V. I. Ginsburg for his interest in the work and for 
his valuable comments during its discussion. 
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FIG. 2. Chart of the thermodynamic potential surface. The 
numbers on the contours are in cal/mol. The zero contours are 
set off by broad lines. The portions of the contours outside the 
ferroelectric region are obtained by extrapolation and are 
marked by dashes. The dot-dash curve gives the experimental 
temperature dependence of the monoclinic parameter. 


FIG. 3. Three dimensional model of the thermodynamic 
potential. The scale is 0.5 cal/mol per step. The zero con- 
tour consists of the straight line parallel to the temperature 
axis, and of an oval curve which envelops the potential 


wells intersecting at the Curie points (denoted by Q, and Q, 
in the figure). 
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The Effect of Fast Neutron Irradiation on the Recombination 
of Electrons and Holes in Germanium Crystals 
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P. N. Lebedev Physical Institute of the Academy of Science, USSR 
(Submitted to JETP editor November 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 702-705 (April, 1957) 


It is found that irradiation of germanium crystals with fast neutrons leads to an increase 
of the rate of volume recombination. The probability of recombination trapping of charge 
carriers by defects which appear as a result of irradiation is estimated. The strong effect of 
neutron irradiation on the lifetime of carriers can be used to record and measure integral 


fluxes of fast neutrons. 


| STRUCTURAL DEFECTS OCCUR in crystals 


The number of germanium nuclei displaced owing 


® under the influence of fast neutrons. The disturb- to scattering of fast neutrons by the lattice sites as 


ance of the periodic structure changes the mechan- 
ical, electrical, and optical properties of the crys- 
tals. The changes of the electrical conductivity of 
germanium and of silicon subjected to the action of 
fast neutrons have been studied by many investiga- 
tors, in particular Lark-Horowitz! and Fan *, and 
have been utilized in a dosimeter proposed by 
Cassen®. 

Structural defects in crystals of semiconductors 
serve as recombination trapping centers for elec- 
trons and holes. The effective capture cross-sec- 
tion for holes by defects formed in the bombardment 


of germanium by electrons with energy above 0.5 Mev 


was estimated in our work* and came to 0.7. 10° '6 
cm?, i.e., close to the capture cross-section of 
thermoacceptors, according to the data of Kalish- 
nikov and Ostroborodova?. 

The purpose of the present work is to estimate 
the effect of germanium-crystal neutron-produced 
lattice defects on the recombination of electrons 


and holes. 


a result can be calculated on the basis of data on the 
transverse cross-sections for the interaction of fast 
neutrons with Ge nuclei®. According to Ref. 6, the 
transverse cross-sections for the scattering of 
germanium nuclei by fast neutrons with energy L 

in the range 0.4—3.5 Mev are respectively 


E,Mev 0.4 1.0 15 2 3.5 14 
7, barns 5.5 5.0 3.5. 3.3,43.5, 92" 


As a consequence of the fact that the energy 
transferred to a germanium nucleus by fast neutron 
can amount to a significant figure (0.054 Es sec- 
ondary and higher atomic displacements can occur. 
Ref. 7, gives a method of calculating the total num- 
ber N, of Ge atoms displaced as a result of primary 
energy transfer. Allowing for the possibility that an 


*The atlas of transverse cross-sections contains no 
data on 0, for is = 14 Mev. The value 2 x 10°?” cm? is 
obtained by extrapolation. The accuracy of the estimate 
is not lower than + 50%. 
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incident atom takes up the position of a displaced 
atom’, Ny is expressed as 


Na = [Em/ (Em Sank Ea)| 
X [0.766 + 0.352 In (Em / 4E.)], 


where E is the maximum energy which a fast neu- 
tron transfers to a nucleus; FE =E, 4mM/(m + M)?, 
where m is the mass of the neutron and M is’ the 
mass of the germanium neucleus; Ej is the mini- 


i 


E_,Mev 0.01 0.05 0.1 
ie AOSD) SONG: 


Na 


The range of the germanium atoms in the crystal 
is small. On account of this, groups of vacant lat- 
tice sites and interstitial atoms situated close to 
one another arise during neutron bombardment along 
with the usual isolated Frenkel defects. ?' 

2. We carried out experiments on fast neutron 
bombardment of single crystals of n-type germanium 
with specific resistances of 24 and 35 (cm. and 
initial bulk lifetimes at room temperature equal to 
650 +50 and 1400 + 200 microseconds. Crystals 
were obtained in our laboratory by a drawing tech- 
nique. Both crystals were irradiated simultaneously. 
They were placed at equal distances (2.0 +0.4 cm.) 
from the tritium target which served as the source 
of neutrons. 

The temperature of the crystals during the time of 
the experiment did not exceed room temperature by 
more than 10°C. In one of the specimens studied, 
the lifetime of the charge carriers was measured 
immediately before and after irradiation. A bridge 
method!°+11 was used for the measurement. The 
lifetime +, of the carriers before the beginning of 
irradiation was 1400 + 200 p sec; after irradiation 
it fell to 420 + 10 psec. 

In the second specimen a p—n junction was ob- 
tained by fusing on some indium. The measured 
quantity, from which it was possible to judge the 
change in recombination rate, was in this case the 
short-circuit current between the p and 7 regions, 
flowing upon illumination of the opposite face by a 
light flux of constant intensity (see Fig. 1). The 
results of the measurements are given in the table. 

Dark current, which could have been due to ion- 
ization in the germanium on account of the y back- 
ground and of the rearrangement of the electron 
shells of the displaced atoms, was not observed 
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mum energy which must be transferred to a Ge atom 
in order to displace it from a lattice site. Accord- 
ing to data obtained in experiments on bombarding 
germanium with fast electrons, the energy L, is 
22.5 ev®, where only defects which are stable at 
room temperature are taken into account. In the fol- 
lowing it is assumed that the effect of self recovery 
of defects during the time of irradiation can be dis- 
regarded. 

For neutrons with energies E from 0.01 to 14 
Mev, Ny in a germanium crystal comes to 


O55, 1 B) 10 14 
3.03 3.59 3.83 3.95 


FIG. 1. l—lamp, 2—glass ampoule, 3— germanium 
photocell, 4—deuteron beam,, 5—germanium crystal, 
6—tritium target, 7—lead. 


Number of neutrons |Number of defects| Short circuit 


per cm, nx 10" per cm?. current LU ma, 
0 0 0.87 
0.45 0.15 -. 1040 0,80 
0.95 0,34 - 1010 O, 735 
1.44 0.50 - 1020 0,708 
4,.95 0.69 - 1010 0.649 


Number of neutrons | Number of defects} Short circuit 


per cm’,n x10" per ax. current I>. ma, 
2.40 0.85 - 1010 0,615 
Bs 1.15 + 1020 0,578 
3,80 1,35 - 1013 0.540 
Meare 1,55 - 1020 0.510 
5,0 1.78 - 1010 0.481 


a a 
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with apparatus having a sensitivity of 10°? amp. 
The mean intensity of the 14-Mev neutron flux 
amounted to ~ 1.10’.neutrons/sec. per square cm. 
of surface of the specimen. Experiments were 
pereted out with a set-up used neutron spectro- 
metry |? . The additional flux pf the neutrons scat- 
tered on slowed down by the lead surrounding the 
tritium target was taken into account in the calcu- 
lation of the total number of defects formed in the 
crystals. 

Owing to the fact that with the comparatively 
small integral neutron fluxes used in our experi- 
ments, the concentration of carriers gould be con- 
sidered constant, the initial lifetime t,, the life- 
time after irradiation t, and the concentration of 
formed defects n are connected by a simple 
relation?: 


(I/t)- (1/7) #n, 0, 6. 


Considering that the defects formed trap carriers 
separately, i.e. act on the recombination independ- 
ently of one another, then taking the thermal speed 
of the holes as v_ = 1.1 x 10” cm/sec, we obtain 
the value of the cross-section for recombination 


trapping 0. 
6 =(1 +0.5) x 10°35 cm?. 


For an estimate of the change of the recombina- 
tion rate from the drop of the short circuit current, 
the following considerations were used. Let us ex- 
amine the scheme shown in Fig. 2, the crystal with 


the fused-on p—n junction having a thickness d. The 


FIG. 2. 1—light, 2—nickel collar, 


germanium, 4—indium. 


3— n-type 


generation of surplus carriers by the light proceeds 
in a layer close to the surface, thin in comparison 
with d. Let the total number of holes generated by 
the light in unit time be G. The short circuit cur- 
rent /_, can be expressed as /5- = qaG, where q is 
the electron charge, and athe effective quantum 
yield or collection coefficient of the carriers ‘4, In 
the one-dimensional case !5, under the condition 
that the reciprocal value of the linear absorption 


coefficient of light 1/k > 1/L; 1/k > s/D,,, where 


L is the diffusion length of the holes, s is the rate 
of surface recombination, and Bs 
coefficient, we have 


is the diffusion 


aD, 
ae (1—sL/D,) e~ WL] +sL/D,)e%" 


The formula for a can be reduced to the simple ex- 
pression a= Ae¢/L, where A = const., under the 
following conditions: d/L >.2, L <5 x 10°2cm, and 
and with surface recombination rates such as are 
obtained on etching germanium in hydrogen peroxide. 
For constant G, the ratio of /s,. after irradiation to 
the original value /° = qa,G, 


Teel lee = a/ ay. 


Calculating a, with a reasonable assumption about 
the value of s established by means of a surface 
treatment, on the basis of known data on the origi- 
nal diffusion length L) in the non-irradiated mate- 
rial, one can determine a, and consequently L and 
t, knowing the measured ratio I,, tol’. With the 
lower limit of possible values for s equal to 150 
cm /sec, @turns out equal to 1.05 x10 a) 
s = 600 cm/sec. 6 = 1.29x10°§ cm? 

The dependence of the reciprocal value of the 


em?; for 


short circuit current on the integral radiation dose 
is presented in Fig. 3, calculated on the basis of 
the last formula and experimental values for L, and 


fede 


td 
4g rel. uns 


0 rf y 6 6-10" n/ cm 


FIG. 3.1—s = 300 cm/sec; 0 = 1.1x10°* em’; Oo —ex- 
perimental points. The ordinate is labeled / 2 (relative 
units) and the abscissa in labeled neutrons/cm’. 


The relation between 1// and the integral radia- 
tion dose can be utilized for the determination of 
dosage of fast neutrons starting with neutron fluxes 
of the order of 5x 10° neutrons/cm* sec. Dosime- 
teric apparatus, based on the change in lifetime of 
carriers in germanium crystals can have a sensitiv- 
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ity of Cassen’s dosimeter’, based on the measure- 
ment of electric conductivity of crystals. The sharp 
difference in recombination trapping cross-sections 
for the cases of defect formation by fast neutrons 
and £-particles found in our experiments is ex- 
plained, apparently, by the high hole-trapping effi- 
ciency of an agglomeration of defects. 

On the basis of available data one can not also 
exclude the possibility of local melting of the 
germanium upon displacement of a germanium nu- 
cleus, to which a neutron transfers an energy of 
several hundred kev, inside the crystal. Rapid 
cooling of a small region’? can lead to the appear- 
ance of additional defects of the crystal lattice 
which are not taken into account in the Snyder- 
Neufeld theory’ which we used to calculate the 
number of displaced atoms. 

The authors express their sincere thanks to B.M. 
Vul for valuable comments, and also to F. L. 
Shapiro for discussion of a series of questions and 
for affording us the opportunity to work with a fast 
neutron source. 
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The distribution in range of slow mesons created by cosmic rays on lead and graphite 
nuclei at effective energies on the order of 5 Bev and higher has been investigated by a 
method described in Ref. 1. Some peculiarities of secondary interactions of penetrating 
particles of electron-nuclear showers at the same energies are also examined. 


1. INTRODUCTION 


E HAVE CARRIED OUT, at an altitude of 

3860 m above sea level, experiments investi- 
gating the energy spectrum of slow z+ 
erated in electron-nuclear showers. We used the 


method of delayed coincidences in conjunction with 


“mesons gen- 


a hodoscope. 

The: present article gives the basic results ob- 
tained. A study of the generation of comparatively 
slow mesons during nuclear interactions of cosmic 
ray particles with matter was carried out for pri- 
mary particles in an average energy range of ™5 
Bev or higher. The experimental method used has 
been set forth in detail in Ref. 1 and partially in 
Ref. 2. Schematic diagrams of the apparatus used 
in the present work are given in Figs. 1 and 2. 

Let us carry out the analysis of the experimental 
data which is involved in the classification of the 
phenomena registered by the apparatus. Analyzing 
the hodoscope photographs, we may divide all the 
showers into several types according to the follow- 
ing characteristics: 1) a double 6-shower, the cri- 
terion for which is the presence of operated coun- 
ters only among the directing group M1 and M2 and 
only in immediate proximity to each other; 2) show- 
ers with air accompaniment, among which we in- 
clude events where at least one charged particle 
has passed through a group of counters located 2-3 m 
to one side of the main apparatus; 3) showers ac- 
companied by the operation of several counters 
placed over the main apparatus, but without having 
a charged particle go to the side group of counters, 
have been conditionally classified as narrow show- 
ers; 4) all the remaining showers have either been 
included in the group of electron-nuclear showers 


or else have been put in the category of cases dif- 
ficult to interpret if the picture observed in the ho- 
doscope could not be explained as a nuclear inter- 
action in the layer of material between counters 

M1 and M2. Cases of secondary interaction (pro- 
duced by a radioactive particle belonging to a regis- 
tered shower) in the hodoscope may be recognized 
during visual analysis of the hodoscope photographs. 
The distribution of the showers according to the 
different categories with various filters present in 
the apparatus is given in the table. 

The first and second lines of the table give the 
data relative to sparse (n << 3) and dense (n > 4) 
electron-nuclear showers, while the third line 
gives data relative to electron-nuclear showers 
with secondary interactions a) from charged shower 
particles, b) from neutral shower particles. The 
fourth and fifth lines give the number of sparse 
double 5-showers and dense double 5-showers (the 
density being estimated from the number of acti- 
vated counters). The sixth and seventh lines give 
the number of narrow and extensive air showers, 
and, finally, the eighth line gives the cases that 
are difficult to interpret. 

An analysis of the results given in the table 
shows that it is possible to collect a great deal of 
experimental material by means of the present 
method. 

If they are related to the corresponding nuclear 
ranges, the numbers of electron-nuclear showers 
produced in the Pb and C filters per time unit are 
experimentally equal and amount to ~9 per hour 
(for dense showers). This shows that these filters 
are not essentially different in their effectiveness 


in registering such showers. 
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1A 


=2M2 | COOOCOCOOO | 


FIG. 1. Arrangement of counters and filters in the apparatus (basic variant). 


SG 


TG—top group of counters; SG—side 


group of counters (for recording wide showers); Ml—upper directing group; M2—lower directing group (all the indi- 
cated counters are connected to an ordinary hodoscope of type GK-3, groups M1 and M2 separate out the cases 
where > 2 particles pass through); 0—IV are rows of counters connected to the double screen of a hodoscope of type 
GK-5; A is an interchangeable filter (Pband C) in which the showers under investigation are generated; B and D are 
interchangeable filters (Pb or Fe) which determine the ranges of the mesons registered by the counter trays of the 
type GK-5 hodoscope; the filters d are fixed filters (of 2.5 cm thickness) which are sources of the decay electrons. 


The working dimensions of all the counters are 33 x 300mm. 


FIG. 2. Arrangement of counters and filters in the experiment for the study of the vertical return current. The desig- 


nations are the same as in Fig. l. 
2. SECONDARY INTERACTIONS IN SHOWERS 


The currents of neutral and charged radioactive 
particles produced in electron-nuclear showers have 
been compared for the configuration of counters 
shown in Fig. 1. We determined these currents by 
means of the number of secondary nuclear interac- 
tions in the filters of the hodoscope. In 220 hours 
of measurements with iron filters of total thickness 
160 g/cm? present in the hodoscope, 260 cases of 
secondary nuclear interactions from nuclear parti- 
cles were obtained. If we also take into account 
the presence of neutrons which do not interact in 


passing through the filters (assuming the interaction 
cross section to equal the geometric ones) the total 
flux of fast neutrons becomes N, = (6 + 0.65) hr™!. 
Relative to a single electron-nuclear shower, this 
number amounts to ny = (0.2 + 0.025), Reasoning 
in an analogous manner about the interactions with 
charged particles, after the exclusion of 5-showers, 
we obtain N, = (16.8 + 1.2) hr7* and 

nc = (0.62 + 0.043). Here we use ny and nN to in- 
dicate the average number of neutral and charged 
radioactive particles, respectively, in a single 


shower emitted within the limits of a definite angle 
with respect to the vertical. Assuming that the 
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number of fast protons in electron-nuclear showers 
is equal to the number of fast neutrons, that is, 0.2, 
we find the number of 7 +-mesons to be ~ 0.4. The 
basic result of the given measurements is the fol- 
lowing: 0.2 of the particles in a shower consist of 
fast neutrons (with minimum energy on the order of 
0.5 Bev), 0.2 of the particles are protons with the 
same energy, aml 0.4 of the particles are 7-mesons. 
Here all the fluxes are with respect to a compara- 
tively small interval of angle with the vertical and, 
hence, also with respect to the primary particles. 

The intensities obtained for the fluxes of second- 
ary radioactive particles of various kinds agree sat- 
isfactorily with the absorption ranges for the radio- 
active component in air and in dense materials. Ac- 
tually, it is known that the average ranges for the 
absorption and interaction of the radioactive com- 
ponent in a material A, andA,, are connected by 
the simple relationship 


T/A, = G7A,)0=n,), 


where n, is the average number of radioactive par- 
ticles. If we substitute A, = 60 g/cm’, Aq = 2A, for 
air and A, = 3A, for dense materials, it turns out 
that on the average ~ 0.5 secondary high-energy 
radioactive particles are generated for each interac- 
tion in air, and that all of them must be stable par- 
ticles, that is, nucleons. For a dense material the 
number of nucleons turns out to be % rather than 4, 
and unstable radioactive particles, that is, fast 
mesons, must also be included. Under the actual 
conditions of our experiments, the energies of the 
secondary interactions are selected to be much less 
than those of the primary interactions and, more- 
over, tertiary interactions are taken into account. 
All this, when summed up, leads to the conclusion 
that the total number of secondary radioactive par- 
ticles in a dense material turns out to be 0.8 in- 
stead of the expected *%4. In the present instance 
the definiteness of the results is not great enough 
to permit their being used except as an order of 
magnitude. 

In order to obtain a comparison of the intensity 
of the generation of mesons in different materials 
(C and Pb), the results on the decay of mesons in 
sparse (n, < 3) and dense (n, > 3) showers in the 
different configurations of the experiment were 
added up (n, is the number df penetrating particles). 
During the same time interval 108 and 240 decay 
events were found in C and Pb, respectively. 

These results (taken relative to one hour of meas- 
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urement) give the following values for the number of 
mesons decaying in the apparatus: 0.22 + 0,02 for C 
and 0.36 + 0.02 for Pb. 


The results obtained show that for generating 


particles having the same energies (Ege, ~ 5 Bev) 
the total number of comparatively slow mesons 


(with energies up to 800 Mev) generated by them in 
nuclear acts depends weakly on the atorhic number 
of the nucleus. 


3. DETERMINATION OF THE RANGE SPECTRUM 
OF THE 7 *-MESONS 


Both variants of the apparatus were used in the 
measurements (see Figs. 1 and 2). The treatinent of 
the experimental results in determining the spectrum 
of the meson ranges in the showers was begun with 


the choice of groups for the meson decays. The 
place of the decays was determined to an accuracy 


of the thickness of a single filter. After determining 
the location of the meson decays on each of the pho- 
tographs, we were able to unite in a single group all 
the cases with given range R;, where i = 1, 2,3,... , 
8 is the number of filters located between the points 
of generation and decay of the meson. 

On grouping the direct results of the experiment 


we obtained the number of decays N(R;) correspond- 
ing to various ranges R; and for a definite time of 


measurement. After this, with the aid of special con- 
trol experiments and statistical methods of treating 
the hodoscope photographs, we carried out an evalu- 
ation of the following effects concerned with the ap- 
paratus: 

1. Accidental delayed coincidences. The probabil- 
ity of such a “decay” is not greater than one case in 
1000 showers for the data used in the calculations. 

2. Effect of the occupancy of the counters of the 
hodoscope rows by prompt shower particles on the 
registration of mesons (as a result of this effect, 
mesons decaying at different distances from the 
place of generation of the shower are registered with 
different efficiencies). 

3. Difference in the “transmission factor” of the 
different counter rows of the hodoscope. A special 
control experiment (without filters in the hodoscope) 
permits the determination of the so-called geometri- 
cal factor for each row, that is, the correction factor 
which takes account both of the difference in the 
distances of the rows from the point of generation of 
the shower and of the angular distribution of the 
shower particles. 

Corrections were also applied to the nuclear in- 
teractions. These consisted of, first, allowances 
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for the nuclear absorption of 7-mesons in the filters 
of the apparatus (with effective cross section 

F =0.7 Oy peom) and, second, allowances for the 
secondary generation of 7-mesons in these filters by 
radioactive particles (the number of which amounts 
to no less than % per shower). 

After introducing all these corrections and taking ac- 
count of the effectiveness of the apparatus in regis- 
tering the stopped mesons, we obtained the range spec- 
trum of the 7+-mesons generated in C and Pb. The 
weak dependence of the form of the generated spec- 
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tra on the nature of the nucleus permits the results 
obtained for lead and graphite to be combined in or- 
der to obtain greater statistical accuracy. The aver- 
aged range spectra of the mesons. is shown in Fig. 3 
for the direct and return vertical fluxes. It should be 
kept in mind that owing to a certain indefiniteness in 
the corrections for the secondary nuclear interac- 
tions, the form of the spectrum for path lengths ex- 
ceeding the average range of the nuclear interactions 
also becomes somewhat indefinite. 


0D 
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FIG. 3. Average range spectra for the direct and return fluxes of 7+- 
mesons generated in graphite and lead: a(portion of the curve for 
R < 100)—direct flux, b—return flux 


We have compared the spectrum which we have ob- 
tained for the ranges of the 7+-mesons in the direct 
current with the results of other authors3-5. A com- 
parison of photographic plate data (for the strato- 
sphere) with the results of our experiments gives (on 
taking account of secondary interactions) satisfac- 
tory agreement, in spite of a considerable difference 
in the conditions of measurement. Actually, our ap- 
paratus recorded showers with higher average energy 
than in the experiments with photographic plates, ow- 
ing to the presence of a control system which selec- 
ted showers for which the numbér of penetrating par- 
ticles was not less than two. A comparison with the 
momentum spectrum obtained at a height of 3200m by 
the mass spectrometer method4 and with the range 
spectrum obtained by the method of delayed coinci- 
dences5 showed a rather significant deviation from 
these spectra. This difference is connected primarily 
with the fact that in the mass spectrometer® and in 
the apparatus used in Ref. 6 the particles studied 
were generated by nucleons of comparatively small 
energy, while we chose interactions of higher energy 
in our apparatus. From the comparison of our results 
with those referred to, we can conclude that the en- 
ergy spectrum of slow mesons becomes harder with 


increasing energy of the generating component. It fol- 
lows from this that the meson energy spectra studied 
by different methods depend to a very high degree on 
the “hardness” of the control system of the apparatus. 

The amount of the return current of 7+-mesons in 
electron-nuclear showers was also determined and 
found to be 24 +7% of the primary current. This re- 
sult does not contradict (to within the limits of error 
of the experiment) the photographic plate data. 


4, INTENSITY OF GENERATION OF SLOW 
MESONS FOR DIFFERENT NUCLEAR 
INTERACTION ENERGIES 


To explain how the form of the meson spectrum 
depends on the average energy of the generating 
particles, we determined the number of very slow 
mesons (with range of 20 g/cm? air equivalent) rela- 
tive to the number of “fast” mesons (that is, mesons 
decaying in the remaining rows of the hodoscope) as 
a function of the energy of the electron-nuclear 
showers. In this determination, the electron-nuclear 
showers were grouped by energies according to the 
number of particles in these showers. The results 
obtained (after applying the corrections for the ap- 
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FIG. 4. Meson range distribution curves for showers of different 
densities: a—for dense showers (n > 3), b—for sparse showers(n<3). 
n is the number of counters triggered (in row M2). 


paratus) are displayed as curves in Fig. 4. From 
these curves it may be established that 7*+-mesons 
with ranges of up to 20 g/cm? make up as much as 
20% of the total number of 7*-mesons for sparse 
showers (n < 3) and about 15% for denser showers 
(n > 3), with an accuracy of the order of 20% in 
both estimates. 

To clarify the same question, the relative num- 
bers of slow mesons were compared for the cases 
where the generation of the mesons was accompan- 
ied by the passage of an air shower and the cases 
where the generation of the mesons occurred in the 
absence of an air shower. The probability of the 
appearance of a slow 7+-meson (with range of up 
to 20 g/cm?) is (5.8 + 1.15) x 10° in the first case 
and (11.6 + 0.9) x 10% in the second. From the ex- 
periments of Liubimov et al.© and Zatsepin et al.7, 
it follows that the average energy of generating 
particles accompanied by an air shower is several . 
times greater than the average energy of generating 
particles not accompanied by such a shower. Ana- 
lyzing the data given above, we can say that as the 
energy of the generating particles is increased, the 
number of slow mesons decreases approximately 
twice as fast. 

This result was double checked. For this purpose 
while processing the experimental material we se- 
lected and set aside data on showers with two or 
more penetrating particles, the half angle of separ- 
ation of which was of the order of 15°. In such a 
case the number of slow mesons relative to a single 
shower amounted to (4.4 + 1.2) x 10°, while for 


cases in which the average energies of the generat- 


ing particles are 3—5 Rev it amounts to 

(11.6 + 0.9) x 10%. The energy of the generating 
particles of the shower selected as indicated above 
is calculated from 


cot O, =y,=V%o+t 1)/2 


where y, = E,/Mc?, and is of the order of magnitude 
of 2 x 10° ev. From the results obtained it is evi- 
dent that on going over to primary energies of the 
order 2 x 10'° ev, the number of slow mesons rela- 
tive to a single shower is smaller by at least a fac- 
tor of two than the number of such mesons which 
are observed for particle energies of 3-5 Bev. 


From the curves shown in Fig. 4 it is clear that 
in the interval of ranges up to 100 g/cm? the num- 
ber of mesons depends weakly on the total number 
of particles in the shower, while for mesons with 
larger values of range this dependence is stronger, 
and the total number of mesons increases consider- 
ably with the number of particles. A dependence of 
such a nature is partially explained by secondary 
generation of slow mesons by shower particles, and 
not merely by changes in the energy spectrum of the 
mesons in the act of primary interaction. 

If we consider the simplest model of a nucleon- 
nucleoncollision and take account of the fact that 
the meson distribution is isotropic in the center of 
mass system, we find that for an energy of the gen- 
erating particles of the order of 10 Bev the probabil- 
ity of generation of a slow meson (with range 
~ 20 g/cm’) is not greater than 7% (since these me- 
sons emerge at an angle of not less than 150° in the 
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center of mass system). In the experiment this por- 
tion amounts to 15—20%. However, the results at 
our disposal do not yet allow us to decide to what 
extent such a discrepancy should be attributed to 
the doubtfulness of the simplest statistical model 


and to what extent it should be attributed to intranu- 


clear or extranuclear cascade processes. 
CONCLUSIONS 


1. In the present work the range spectrum for the 
return component of 7+-mesons generated in lead 
nuclei has been determined and compared with the 
range spectrum in the direct current. The return 
meson flux was found to amount to 24 + 7% of the 
direct meson flux. 

2. It has been established that the number of 
a7*-mesonswith a range of the order of 20 g/cm? 
depends weakly on the energy of the generating 
particles, decreasing somewhat with increase in 
this energy. 

3. It has been shown that for measured energies 
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of the generating particles (not higher than 5 Bev) 
the number of slow mesons formed also depends 
weakly on the atomic number of the nucleus. 
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A photographic method for the measurement of high temperatures and the absorption 
coefficient of radiation by the gases in a plane shock wave is described. Results of the 


measurement of the temperature and absorption coefficient of a plane shock wave in air 
are presented for wave velocities between 6.4 and 8 km/sec. In strong shock waves in 
heavy inert gases the experimentally measured temperatures are much lower than the cal- 
culated values. It is suggested that this phenomenon is due to screening of the shock 
wave front by a layer of gas heated by radiation from the shock front. 


INTRODUCTION 


URING THE PAST FEW YEARS, methods have 


been developed to obtain powerful shock waves 


using explosives. Calculated temperatures up to 
70000 °K at pressures of the order of 104 kg/cm? 
may be obtained in the wave front by propagating 
such shock waves is argon (Py =1 kg/cm”, 

[’, = 273°K). In spite of the difficulties associated 


with explosion experiments, the investigation of 


of strong shock waves is of great interest for the 
study of the properties of gases at such high tem- 
peratures and pressures. 

At the present time, many perfected techniques and 
instruments are available in experimental gas dy- 
namics for the investigation of rapidly-occurring 
processes. However, comparatively little attention 
has been paid to the development of methods of 
temperature measurement. Most of the work devoted 
to the luminosity of gases in a shock wave has been 
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limited to the investigation of the character of the 
radiation and to very approximate temperature esti- 
mates. 

Optical methods based on the temperature depend- 
ence of the radiation from a body are most conven- 
ient for the measurement of the temperature of a gas 
under the conditions of a compression shock. It 
should be noted, first of all, that the luminous spec- 
trum of a gas compressed by a strong shock wave is 
continuous. Therefore, methods which are widely 
used for measuring the temperatures of transparent 
flames (using the radiation of spectral lines) are not 
suitable for the determination of the temperature of 
a gas in a strong shock wave. These methods may 
be applied only with weak shock waves in which 
the compressed gas layer is still semitransparent in 
the spectral region in which measurements are being 
made, and at relatively low temperatures limited by 
the standard light source. Color and brightness 
methods are the most widely used for the measure- 
ment of the temperature of bodies with continuous 
radiation spectra. The color method has been used 
to measure the temperatures of explosion products’, 
of adiabatically compressed gases” and of technical 
flames®. However, the accuracy of this method, 
while satisfactory at temperatures on the order of 
5000 °K, is insufficient at 100OO°K and above, be- 
cause the relative distribution of energy in the vis- 
ible region of the spectrum becomes only slightly 
sensitive to temperature changes. It was concluded 
from a comparison of the various known methods of 
optical pyrometry that the brightness method was 
the most suitable for the determination of the tem- 
perature of the gas in a shock wave, this method 
providing the greatest accuracy at high tempera- 
tures. Since the measurements are carried out over 
a narrow region of the spectrum, there is no neces- 
sity for an accurate determination of the sensitivity 
of the radiation receiver over a broad region of the 
spectrum, which is one of the basic difficulties in 
the comparison of the intensities of radiation of dif- 
ferent wavelengths. The method does not require 
the use of complex spectral apparatus, and may be 
put into practice with the usual instruments widely 
used in the study of rapid processes. 


PHOTOGRAPHIC METHOD OF HIGH 
TEMPERATURE MEASUREMENT 


The photographic method of high temperature 
measurement is based on the determination of the 
ratio of brightnesses in a narrow spectral interval by 
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the corresponding blackening of a photographic film.* 
compared with a standard with a known brightness 


temperature. The unknown temperature is found from 


the equation 


(1) 


where 7’ is the brightness temperature of the stand- 
ard, T is the temperature of the body under study, 
Nis the effective wavelength of the spectral interval 
used, tis the ratio of the brightness of the stand- 
ard to the brightness of the body being investigated 
a is the absorptivity of the body, C, = 1.438 cm-deg. 
A luminous body whose brightness temperature 
can be measured in an independent way (tempera- 
ture tube for calibration of optical pyrometers, the 
crater of a voltage arc, or any stable source of 


(e@| AT _ 1) / (eCal Mo 2s) eva 


“black” or “grey” radiation of high brightness) may 
be used as a standard. For increased accuracy it is 
advisable to use a source whose temperature is 

near that being measured. In most of our experiments 
the sun was chosen as a standard. 

The basic instrument for the measurement of the 
high temperatures arising during the shock compres- 
sion of gases is the high-speed two-objective photo- 
chronograph with a rotating mirror developed by the 
author in 1948. The optics of the instrument are 
shown in Fig. 1. The image of the phenomenon 
being studied is focussed in the plane of slit D by 
objective O, (f=75 cm, 1: 6.3). The part of the 
image cut out by the slit is projected by objective 
O, (f= 7.5 cm, 1: 2) on the photographic film P 
after reflection from rotating mirror M. A red light- 
filter # which combined with the photographic film 
form a simple monochromatization system is placed 
in front of objective O,. Film blackening is kept 
withing the limits of the rectilinear part of the char- 
acteristic curve of the film by a suitable diaphragm 
over the first objective. When the mirror rotates, 
the image of the illuminated slit moves across the 
film with the velocity v = 47Rn, which for a given 
R is determined by the angular velocity of the mirror 
n. The maximum velocity with the image moved 
across the film (sweep velocity) was 2.4 km/sec. 
Control of the slit width and the sweep velocity 
varied the exposure time between 10°!5 and 107? 
sec. The process being studied was synchronized 


*The photographic pyrometer for the measurement of 
nonstationary temperatures in the range 1000— 1400°K 
proposed by Male‘ in 1951 was based on the same 
principle. 
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FIG. 1. Optical schematic of the photochronograph 
with a red filter for recording high temperatures in rapid- 


ly occurring processes. 


mirror 


FIG. 2. Schematic of the photochronographic recording 


of solar film density. 


with the mirror position by the rotating spark switch 
C, rigidly attached to the axis of the mirror, and by 
the two regulating contacts C, and C, included in 
the circuit of the electrodetonator. The circuit is 
completed by closing push-button K. 

Photography of the standard S (the sun) was car- 
ried out on the same apparatus, equiped with a spe- 
cial shutter (Fig. 2). Blind B has a rectangular slot 
5 mm wide. Initially (extreme left position) the film 
is covered by the blind. When triggered a spring 
mechanism moves the blind from left to right with 
a velocity of 2 m/sec. The angular velocity of the 
mirror is chosen such that the velocity of the image 
of the slit over the film is ~ 0.5 km/sec. With this 
relation between the sweep velocity and the blind 
velocity, a new part of the film is illuminated during 
each revolution of the mirror. By obtaining on one 
film two series of images taken with different ex- 
posures H, and H,, we may determine the tangent of 
the slope angle of the characteristic curve y, which 
is necessary for the calculation of brightness ratios 
from density differences: 


y =(d,—d,) / log (H, /H,)- 


At the instant of photographing, the brightness 
temperature of the sun was measured by an optical 
pyrometer with a vanishing filament and an additional 
neutral filter. 

The films of each series of experiments and the 
photographs of the sun were developed together. 

The results were thus protected from the influence of 
the photographic solutions. The photochronograms 
were prepared with a Zeiss nonrecording photoelec- 
tric microphotometer. 

In photography it is usually assumed that the ex- 
posure within the limits of the image (neglecting 
atmospheric absorption) is independent of the dis- 
tance to the object of the photograph and is deter- 
mined only by the transmission of the optical sys- 
tem. This assumption is valid if the distance L 
between the object of the photograph and the instru- 
ment is considerably greater than the focal length f 
of the optical system. When L is comparable with f, 
it is necessary to take into account the difference 
in effective transmission which is determined by the 


ratio 


In our work in which the shock wave is photographed 
at a distance of 10—20 m, and the standard (the sun) 
is practically at infinity, this condition must be 
taken into account. 

It is well known that the photographic effect is a 
function of two independent variables; the illumina- 
tion E and the exposure time ¢. However, the inves- 
tigations of Kartuzhanskii and Meikliar® have shown 
that for exposure times less than 10° sec the reci- 
procity law holds—the blackening of the photograph- 
ic emulsion is determined by the product of the il- 
lumination and the exposure time. This simplifies 
considerably the use of photographic recording for 
short-duration processes because deviations from 
the reciprocity law need not be investigated. To 
guarantee these conditions in all our experiments, 
the time during which light acted on the photograph- 
ic film did not exceed 10°° sec. 

The wavelength A of the part of the spectrum in 
which measurements of brightness ratios are made 
enters into Eq. 1, used for the determination of the 
temperature 7’. Wye singled out a narrow region of 
the spectrum by using the combination of a red glass 
light filter with a lower transmission limit A,=0.57 
and photographic film with an upper sensitivity 
limit A, = 0.66. The sensitivity of the photographic 
film v, and the transmissivity of the red filter + 
are plotted against wavelength in Fig. 3. The por- 
tion of the figure with double crosshatching repre- 
sents the working spectral interval, extending over 
~ 0.09 u. In this case the effective wavelength for 
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FIG. 3. Sensitivity of the photographic film and trans- 
missivity of the red filter as a function of the wavelength 
A; vis the sensitivity of the film in relative units and 


tis the percentage transmissivity of the red filter. 
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the determination of the temperature 7’ from the 
known temperature 7’, may be calculated from the 
ratio of the respective light fluxes F and F’) pass- 
ing through the red filter and received by the light- 


sensitive emulsion. 
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where 6. ,, and 6, 7, are the spectral brightnesses 
at the temperatures T° and T » respectively, calcu- 
lated by Planck’s formula 


by pe Cyn? (CHAE — 14, 
C, = 3,71-10°% erg-cm2/sec. 


Knowing the ratio F/F,, we find the value of the 
effective wavelength A satisfying the equation 


F/ Fy = (e€21*To_1) / (e€ 2! AT — 1), 


In the high temperature region (7 > 8000°K) the 
effective wavelength A changes only slightly with 
changes of the measured temperature, and a single 
value may be used for calculations. For the filter 
and photographic film described by Fig. 3, the 
effective wavelength was 0.625 » at measured tem- 
peratures on the order of 10000°K and at a standard 
brightness temperature 7, =5500 °K. 


APPLICATION OF THE PHOTOGRAPHIC 
METHOD TO THE MEASUREMENT OF THE 
AIR TEMPERATURE IN A PLANE SHOCK WAVE 


Three series of experiments were carried out, 
differing from one another by the velocity of the 
shock wave. The experimental setup is shown in 
Fig. 4. In one series of experiments a plane shock 
wave in air was created directly by the explosion 
products of a cylindrical charge of explosive 120 mm 
in diameter (Fig. 4a). In the other series (Fig. 4b) 
the shock wave velocity was decreased by placing 
an aluminum of organic-glass plate 2 mm thick in 
front of the charge. The axis of the charge was 
always situated parallel to the axis of rotation of 
the photochronograph mirror. A plane fixed mirror 
was placed in front of the charge at an angle of 45° 
with respect to its axis. With this arrangement the 
instrument records simultaneously the variations of 
wave front brightness and the velocity of propagation 
of the shock wave. A photochronogram of an ex- 
periment of this type is shown in Fig. 5. The sun 
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mirror ‘ 


to the photochronograph 


eS 


to the photochronograph 


FIG. 4, Experimental setup for the simultaneous measurement of the temperature and 


propagation velocity of a shock wave in air. 


a—shock wave in air created directly by ex- 


plosion products; b —shock wave created by a plate of organic glass or aluminum, accel- 


erated by explosion products. 


was photographed on the same apparatus using two 
different exposure times. The photographic condi- 
tions (diaphragm, slit width, sweep velocity) were 
selected such that the film density lay within the 
limits of the rectilinear part of the characteristic 
curve of the film. A fixed mirror whose reflection 
coefficient was practically equal to the reflection 
coefficient of the mirror in the actual experiment 
was used to aim the sun onto the entrance objec- 
tive. By appropriate choice of the charge dimensions, 
the shock wave parameters were constant during the 
10—12 microseconds following the instant at which 
the detonation wave left the end of the charge. 


The film density in region 1 (Fig. 5) was used to 
determine the air temperature behind the shock 
wave front. The absorptivity of the shock wave 
front was calculated from the increase of the inten- 
sity of the luminosity using the method described 
below. The temperature in the shock wave was also 
determined from the film density of photographs 
taken in a direction perpendicular to the axis of the 
charge (region 2 in Fig. 5). In this case the absorp- 
tivity was taken to be unity in accordance with the 
measurements presented below.* 

The results obtained from the photographs in the 
three series of experiments are presented in Tables 
1, 2, and 3. Both values of temperature are given in 
the tables: J. calculated from photometric data in 
region 1, and 7, calculated in region 2. The mean 
values of the temperatures from all three series of 
experiments are plotted graphically in Fig. 6. The 


*Temperature measurements using the photometric data 
in region 1 are more reliable. With photography in a direc- 
tion perpendicular to the propagation of the wave front, 
the radiation passes through a region of lateral discharge, 
which may lead to error in the determination of tempera- 


ture. 


solid points refer to measurements of 7,, made in a 
direction parallel to the propagation of the shock 
wave front, and the circles refer to T, measured 
laterally. Also shown on the figure is the tempera- 
ture dependence of the shock wave velocity, cal- 
culated by Davies®. The dissociation of oxygen and 


TABLE I. Air temperature in a plane shock wave. Ex- 
perimental setup as in Fig 4a (V=8.5 km/sec). 


V, km/sec. eee ies 
7.93 41900 10640 
8.12 42050 40870 
8.22 9650 9120 
8.10 410900 9800 
8.18 11430 42050 
8.24 9550 9750 
8.13 10260 9850 
8.03 40600 10320 
8.03 40100 9800 
7.93 41850 40300 
7.95 10420 40200 
7.91 11100 10640 
7.92 42320 40300 
8.10 10260 9650 

Arithmetic mean 
8.05 10900 10235 


nitrogen molecules and the formation of nitric oxide 
at high temperatures is taken into account in the 
calculations. Since at present the dissociation 
energy of nitrogen remains a subject of discussion, 
calculations were carried out for two probable val- 
ues of the dissociation energy. The upper branch of 
the curve was calculated with an assumed dissocia- 
tion energy Dy =9.76 ev, and the lower curve re- 
sults from the value Dy, = 7.38 ev. The experimen- 


tal results are in satisfactory agreement with the 
theoretical calculations. One might suppose that 
the data obtained, might decide between the two 
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FIG. 5. Photochronogram of the experiment described in 
Fig. 4. 


a 6 


Fic. 8. a— Photochronogram of the experiment described by Fig. 7a; b—photochrono- 
gram of the experiment described by Fig. 7b. 
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TABLE II. Air temperatures in a plane shock wave. Experimental 
setup as in Fig. 4b; plate material—organic glass (V=7.1 km/sec). 
eee Oe 


V, km/sec T, oS | i, °K 
7.08 9500 8650 
7.05 8780 8450 
VA 10100 9000 
15 8700 8150 

Arithmetic mean 
7.1 9270 8560 


*Values of the absorptivity of air for the calculation of T. in this 
series of experiments was determined by interpolation between the 
absorption coefficients obtained for shock wave velocities of V=6.4 
and 8.05 km/sec. A direct determination of the absorption coefficient 
by the increase of brightness of the shock wave front was not possi- 
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ble because the film density was too slight. 


conflicting values of the dissociation energy of the 
nitrogen molecule. Unfortunately, the measuring 
accuracy achieved thus far and the insufficient num- 
ber of experiments does not allow us at present to 
solve this problem uniquely.* 

An analysis of the possible sources of error in 
the photographic method of measurement of high 
temperatures indicates that the accuracy of the 
method is +6% at 7500°K, +13% at 25000°K, and 
+ 16% at 50000°K. The experimental error depends 
to a considerable extent on the magnitude of the 
temperature being measured, the ratio of the meas- 
ured temperature and the standard temperature, and 
also on the effective wavelength of the spectral 
interval being used. Temperature measurements jn 
the short-wave part of the spectrum provide greater 
accuracy than inthe red end. However, the use of 
the red region of the spectrum has substantial ad- 
vantages (smaller absorption of radiation in the 
atmosphere and optical parts, and simplicity of the 
monochronizing arrangement). The experimental 
error may be reduced somewhat by a more accurate 
determination of the standard temperature and of the 
angular velocity of the mirror of the photochrono- 
graph, and by making more precise the effective 
wavelength and the characteristic curve of the 
photographic film. According to our estimates, it is 


*After the completion of these experiments an article 
by Christian et al’ appeared, in which measurements of 
the mass and wave velocities of shock waves in nitrogen 


were used to determine the dissociation energy of nitrogen. 


According to these experiments, the higher value of 


D,, = 9.76 ev is correct. 
N, 


possible to decrease the probable error in the tem- 
perature measurement by a factor of 1.5—2. 


MEASUREMENT OF THE ABSORPTION 
COEFFICIENT AND THE ABSORPTIVITY 


To determine the true temperature of a body 
according to Eq. (1), it is necessary to know its 
absorptivity a. In many cases the determination of 
the absorption coefficient of radiation by gases at 
high temperatures is also of considerable interest. 


TABLE III. Air temperatures in a plane 
shock wave. Experimental setup as in 
Fig. 4b; plate material—aluminum (V= 6.4 


km/sec). 

V km/sec - AS r °K 
6.22 7310 8530 
6.46 7600 8300 
6.51 8180 9670 
God 7200 7500 
6.32 7220 7850 
6.40 7300 8480 

Arithmetic 
mean 
604 7480 8390 


Experiments to determine the absorptivity were 
set up according to the scheme shown in Fig. 7. 
Here, the front of the plane shock wave created by 
the explosion of a cylindrical charge of explosive is 
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FIG. 6. Theoretical dependence of temperature on the 
propagation velocity of a plane shock wave in air, and 
experimentally measured temperatures. Solid circles re- 
present measurements in the direction of propagation of 
the shock wave front (T_); open circles represent lateral 


measurements (T ). eh) 7.38 ev; 2 9.76 ev. 
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illuminated by an auxiliary source of light in the 
direction of the arrow. In the first experiments 
(Fig. 7a) the auxiliary source of light was a shock 
wave in air from the same kind of charge, located 
behind the shock wave being studied. The principal 
and the illuminating charges were triggered simulta- 
neously. On the photochronogram of this kind of 
experiment (Fig. 8a) the density of portions 1 and 2 
corresponds to the brightness of a shock wave in 
air from the principal and auxiliary charges, and 
portion 3 corresponds to the brightness of the shock 
wave the auxiliary charge photographed through the 
shock wave being investigated. 

If the absorptivity of the layer of gas under 
study differs from unity, an increase of brightness 


mirror 


to the photochronograph 


to the photochronograph 


FIG. 7. Experimental setup for the measurement of the opacity of air in a plane shock wave. 


would be observed in region 3. In these first ex- 
periments it was noted that the absorptivity of the 
air in a shock wave (V = 6.4 to 8 km/sec) was 
equal to unity within the limits of photometric error, 
with the direction of photography perpendicular to 
the direction of propagation of the wave front. 

In order to obtain more precise results, additional 
experiments were performed in which the luminosity 
of a shock wave front in argon was used to “illumi- 
nate” the shock wave in air (Fig. 7b). A plane 
wave in air was created by a cylindrical charge of 
explosive enclosed in a duraluminum container in 
whose walls three apertures (a, b, c) were made. 
Apertures b and c are located at the bottom of the 
container, opposite one another. An additional 
charge was placed perpendicular to the axis of the 
principal charge. The additional charge was deter- 
minated by a container with a transparent organic 
glass bottom. This container was filled with argon 


at atmospheric pressure. The axis of the additional 
charge coincided with the centers of windows b and 
c. Both charges were triggered simultaneously. On 
the photochronogram of this kind of experiment 

(Fig. 8b) we see first the brighter luminosity of the 
shock wave front in argon (the sweep direction is 
indicated by arrow 2), then the luminosity of the 
shock wave in air through window a (region 4), and 
finally, the luminosity or argon observed through the 
shock wave in air (region 3). Since the brightness of 
the shock wave in argon is greater than the bright- 
ness of the wave in air, this variant of the method 
substantially increases its sensitivity. It is clear 
from the photographs presented that the layer of 

air under investigation, compressed by the shock 
wave, is not transparent. Photometric results which 
give the same value of film density in regions 3 
and 4 confirm this conclusion. 


The large value of the absorption coefficient in 
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the shock wave leads to complete opacity of the 
gas layer, even when it is very thin. Therefore, the 
determination of the absorption coefficient by the 
methods described is quite difficult. It is possible 
only when the width of the wave front is very small 
(a fraction of a centimeter). However, this require- 
ment is not realizable in practice because of the ex- 
tremely rapid discharge during the explosion of 
charges of small diameter. 

The absorption coefficient and the absorptivity of 
gases under shock compression were determined by 
us using the following method, based on an 
examination of the variation of brightness of the 
shock wave front in the direction which it is propaga 
ting (Fig. 9). Let us assume that the parameters 
characterizing the shock wave (velocity, temperature, 
etc.) remain constant.* As the shock wave propa- 
gates, the thickness of the compressed gas layer 
continuously. The transmissivity of layer 1, “as- 
sembled” by the shock wave during the time ti—ty, 
is given by the relation f= (64-5 ror similar- 
ly, for layer 2, Bo= (by 1 9 Og) /b, , Here, Bo is 
the brightness of the wave front at the instant to, by 
and 6, are the brightnesses of layers 1 and 2 respec- 
tively, by ; is the brightness of the wave front at 
the instant t,, and by 12 is the brightness of the 
wave front at the instant ¢,. If the intervals ¢, —¢ 


0 
and t,—¢, are equal, then b, = b,, and 
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Thus, the transmissivity g’ of a gas layer of thick- 
ness 1’, “assembled” by the shock wave during the 


FIG. 9. Propagation of a plane shock wave in a gas. 


time At = (¢,—t,) =(¢,—¢,), may be found from 
three successive measurements of the brightness of 
the wave front, if the interval between measurements 


*This condition may be guaranteed during the initial 
stages of propagation ot the shock wave by suitable choice 
of the size of the explosive charge. 


is At. For a homogeneous layer of gas the trans- 
missivity if g’=e~' , from which the coefficient of 
absorption x may be determined if the thickness of 
the absorbing layer / ’ is known. 

F’or a layer of of arbitrary thickness J, the trans- 
missivity g = rg = gi t/a (since /~t). The last 
formula makes it possible for us to calculate the 
transmissivity of the gas layer “assembled” by the 
shock wave during the time ¢ (considered from the 
instant the shock wave starts to propagate) and 
consequently, its absorptivity a = 1—g’!/! = 
=l-~g’t/At, which is necessary for the determina- 
tion of the temperature using Eq. 1. 

Measurements of the absorptivity and the absorp- 
tion coefficient in a shock wave by the method sug- 
gested above are easily accomplished using the 
apparatus as used to determine gas temperatures, 
without any auxiliary sources of light. The method 
is applicable only to plane shock waves where 
conditions may be chosen such that the gas-dynamic 
parameters remain constant. 

In Fig. 10, the solid curve shows the increase of 
intensity of the luminosity of the shock wave front 
(V =8.05 km/sec) observed in the direction in which 
it is propagating. This curve is the mean result of 
13 experiments. Photometry was done at intervals of 
0.5 mm of film in the sweep direction. This corre- 
sponds to a shock wave front movement of 2.8 mm 
(~ 0.35 p sec). 
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FIG. 10. Increase of the intensity of the luminosity of 
a plane shock wave front in air at T= 10900 °K; solid 
line—results of film photometry (mean of 13 experiments); 
dotted line—calculated curve corresponding to the value 
%= 8.7 cm’. 


The transmissivity of the layer “collected” by 
the shock wave during At = lp sec is determined 
by Eq. 2: 

_» Crratl bed aat 
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where the values of been hee and bee Me; are 
calculated from the corresponding density differences 


log (O¢4.a¢ / 04) = (depae — dt) / 1, 


log (O¢~az / bz) = (de—at — :)/%. 


To increase the accuracy, it is necessary to de- 
termine g, , at various parts of the curve and to 
take the mean of these values. The initial portion, 
which is outside the limits of the region of propor- 
tional blackening, must be excluded from consid- 
eration. 

The calculated variation of intensity based on values 
of the absorption coefficient obtained in this way is 
shown by the dotted line in Fig. 10 (the calculated curve 
was made to fit the experimental curve at one point). 
Except for the initial portion, the calculated and 
the experimental curves are in almost complete 
agreement. Using this method, we determined the 
absorption coefficient for radiation (A = 0.625 p) 
with shock wave velocities in air V = 6.4 km/sec 
(T = 7480°K) and V = 8.05 km/sec (T = 10900 °K). 
The initial air pressure in both cases was one at- 
mosphere. Values of the absorption coefficient 
x /cm ! obtained experimentally, and also calcula 
ted with the known Kramers formula, taking account 
of the formation of nitrogen oxides, are presented in 
Table 4. The shock wave compression p/ Po was 
assumed to be 10. The deviation of our results 


TABLE IV. Values of the absorption coefficient of air 
in a shock wave for A = 0.625. 


*The subscripts following the experimental values of 
the absorption coefficient indicate the number of -ex- 
periments. 


from the values calculated by Kramers’ formula may 
by partially explained by the insufficient accuracy 
of the temperature determination,. Thus, if the ab- 
sorption coefficient measured at V = 6.4 km/sec is 
referred to the temperature 7= 9200°K (this results 
from calculations based on Dy = 9.76 ev), the de- 
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viation is substantially decreased (%,, ....=0.55 
cm’ !), It should also be kept in mind that the appli- 
cation of Kramers’ formula to non-hydrogenlike 


atoms or ions may lead to significant errors®»?, 


TEMPERATURE MEASUREMENTS IN HEAVY 
INERT GASES IN STRONG SHOCK WAVES 


From a theoretical consideration of the processes 
involved in a shock compression, it follows that the 
highest temperatures may be obtained by propagating 
a shock wave in heavy monatomic gases!°. Using 
the method described above, experiments were car- 
ried out to verify the calculated temperatures of 
inert gases in shock waves. Shock wave tempera- 
tures were measured in argon, krypton, and xenon. 
For the determination of temperature, the absorp- 
tivity of the shock wave front was assumed to be 
unity.* 

The results of calculations of the temperature in 
a shock wave front as a function of its propagation 
velocity, taking account of energy loss in ioniza- 
tion and thermal radiation, are presented in Fig. 11. 
Also shown in the figure are experimentally meas- 
ured temperatures in the shock wave front. Compar- 
ing the experimental points with the calculations, it 
is clear that all the measured values lie below 
those calculated. This discrepancy can not be ex- 
plained by errors in the method used to measure 
temperature. The experimental error in the temper- 
ature interval under consideration did not exceed 
+20%, while the experimental value of temperature 
is lower than the theoretical value by a factor of 
3 in krypton and by a factor of 3.5 in xenon. it 
should be noted that the experimentally observed 
temperatures, the theoretical calculations nothwith- 
standing, decrease in the order argon—krypton— 
xenon. 

The most probable explanation of this interesting 
fact was proposed by Zel’dovich!!. It is based on 
the assumption that a layer of gas in contact with 
the shock wave front is opaque owing to heating by 
radiation emanating from the wave front. A consid- 
erable part of the radiated energy at high tempera- 
tures is absorbed in the atmosphere directly in 
front of the shock wave front. If it is assumed that 
under these conditions the absorption of radiation 


*A sufficient basis for this assumption is the extremely 
sharp increase in the intensity of the luminosity during 
the initial period of propagation of the shock wave, attest- 
ing to a large value of the absorption coefficient. 
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FIG. 11. Temperature of heavy inert gases in the front 
of a strong shock wave. Experimental values: O~—argon, 
[_]—krypton, A —xenon. 


may be explained on the basis of photoexcitation 
and photoionization of the gas, then at compara- 
tively low temperatures behind the wave front (up 
to ~ 10000°K), when the heat flux is small and the 
principal part of the radiation is produced in the 
region of the visible spectrum, there is practically 
no absorption. At higher temperatures where the 
principal part of the total radiation is produced in 
the region of characteristic absorption of the gases, 
the absorption of radiation must lead to heating of 
the gas in front of the shock wave front. 

The radiation energy produced in the region of 
wavelengths from 4 =0 toA= A,, may be calculated 
by Planck’s formula 


Cyd (e227 — 1) 1g 
ime 
Cy do3 (eC2i0T — 1) a. 


An 
co 
The calculated fractions of the total black-body ra- 
diation energy, produced in the wavelength region 
between A = 0 and A = 0.11 p (corresponding approx- 
imately to the limit of opacity for argon, krypton, 
and xenon under normal conditions), are presented 
in Fig. 12. 

Let us now estimate the heating of the gas in 
in front of the shock wave front by radiation emana- 
ting from the wave front. As an example we consid- 
er a Stationary wave in xenon with V = 17.5 km/sec 
in a system of coordinates moving with the wave 
front. Gas flows into the wave with velocity V, and 
radiation E leaves the surface of the wave front 
(Fig. 13). The velocity V = 17.5 km/sec in xenon 
corresponds to a temperature behind the wave front 
T = 106000°K (see Fig. 11) and the flux of radiant 
energy is E =oT'*= 7.15 x 10!5 erg/sec-cm”. Hence, 
the energy absorbed by the gas in front of the 


599 
(esas swam ac 
Cem cease 


i 
apes) Aaa ale 
aaa 


710 °K 
FIG. 12. Ratio of the energy radiated by a black body 
in the spectral interval A = 0 to A= 0.111 to the total 
energy radiated, as a function of temperature. 
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FIG. 13. Schematic for the calculation of the heating 
of the gas in front of the shock wave front by radiation 
emanating from the front. 


shock wave front is, according to Fig. 12, 

E SHS =6 72610" erg/sec-cm?, This energy is 
distributed among NV =nV = 4.72 x 1025 atoms 

(n = 2.7 x 10/9 is the number of atoms per cm® of 
gas at standard conditions). The energy per atom is 


E/N = 1.43 x Tans erg. 


Let us assume that the mean value of the heat 
capacity during the rise of gas temperature is 
C =«/T’, where « is the energy falling on one gas 
atom, calculated by taking account of ionization and 
by assuming that the heating occurs at constant vol- 
ume up to the temperature 7’=E’/Nc. By the meth- 
od of successive approximations, we find for the 
temperature of the incoming flow, T= 63000°K. 
Such heating of the gas by radiation from the shock 
wave must lead to a rounding out of the temperature 
jump at the wave front. The temperature distribution 
in this case will be approximately as shown in 
Fig. 14. With the increase of the temperature of the 
gas in front of the shock wave front, the absorption 
coefficient increases and an optical thickness on 
the order of several units is realized under these 
conditions when the thickness of the layer is a 
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FIG. 14. Temperature distribution in the gas in front 
of the shock wave front. 
fraction of a centimeter. Optical methods of tem- 
perature measurement are not applicable in this 
case because they give only the value of some 
effective temperature of the opaque gas layer that 
screens the shock wave front located behind it. 

Similar effects of the “saturation” of the bright- 
ness temperature have been repeatedly observed by 
many investigators. In Glaser’s experiments “ on 
the measurement of the temperatures of condenser 
spark discharges in argon at high initial pressure, 
an increase of the specific power from 0.21 x 10- 
to 0.42 x 10/5 erg/sec-cm® led to a marked temper- 
ature rise from 20000 to 40000°K. However, a 
further increase in specific power to l x 1022 
erg/sec-cm® did not increase the measured tempera- 
ture. A similar “saturation” of the measured tem- 
perature was definitely established in experiments 
by Azarkh, Voinov, and the author on condenser 
spark discharges in argon with an initial pressure of 
20 kg/cm*. Here, a change of the energy of the 
discharge circuit from 0.75 x 10° to 1.5 x 10° ergs 
led to an increase of the measured temperature from 
32000 to 37000°K. Increasing the energy of the 
circuit still further to 2.4 x 10° ergs left the maxi- 
mum value of the temperature practically unchanged 
at 37000°K. Vul’fson, Libin, and Charnaia?? also 
observed the existence of a limiting brightness 
during pulsed discharges in inert gases. 

The above limitation on the possibilities of op- 
tical pyrometry depends on external conditions 
(density, pressure) as well as on the individual 
properties of the substance (excitation and ioniza- 
tion potentials), and the limits of applicability of 
optical methods must be established in each spe- 
cific case, based on the concrete experi mental 
conditions and accuracy requirements. 


CONCLUSIONS 


1. The photographic method of measurement of 
high temperatures in strong shock waves uses a 


SH. MODEL’ 


of the shock wave front with the density of the im- 
age of a temperature standard, over a narrow inter- 
val of wavelengths. The method permits simulta- 
neous measurement of temperature and shock wave 
velocity. Methods were developed to use the photo- 
chronograms for the determination of the coefficient 
of absorption of radiation in the front of a plane 
shock wave. 

2. The temperatures measured in plane shock 
waves in air were 7480°K for a shock wave velocity 
of V = 6.4 km/sec, 9270°K for V = 7.1 km/sec, and 
10900°K for V = 8.05 km/sec. The temperature 
measurements were accurate to within + 10%. The 
experimental results were in satisfactory agreement 
with theoretical calculations. The coefficient of 
absorption of radiation (A = 0.625.) in the front of 
a plane shock wave in air was 1.66 cm? at 


T = 7480°K, and was 3.7 cm! at [= 10900°K. 


3. The temperatures definitely established in the 
front of strong shock waves in heavy inert gases 
were several times lower than calculated. An ana- 
lysis of the possible causes of the observed dis- 
crepancy indicated that at very high temperatures 
the heating of the gas located in front of the wave 
front by radiation from the shock wave strongly in- 
fluences the measurement results. The gas layer 
heated by the radiation becomes opaque and screens 
the “hotter” front of the shock wave. The tempe- 
ture of this layer is always lower than the true tem- 
perature of the wave front. 

In conclusion, the author expresses profound 
thanks to his principal coworkers Z. M. Azarkh and 
F. O. Kuznetsov who carried out a large number of 
laborious experiments and reduced the experimental 
results. The author also thanks the sponsors of the 
work, Prof. V. A. Tsukerman, Prof. Ia. B. Zel’dovich, 
and Prof. D. A. Frank-Kamenetskii, for valuable 


advice and constant help during the investigation 
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Measurements were carried out at room temperature on the dependence of paramagnetic 
absorption on the intensity of a stationary field parallel to a high frequency (v =9.377 <10° cps) 
field. The experimental absorption curves are in good agreement with Shaposhnikov’s spin ab- 
Sorption theory!, This made it possible to determine the internal field constant and the iso- 
thermal spin relaxation time for several gadolinium salts, and to determine in absolute units 
the absorption coefficient of Gd,(SO,),.8H,O as a function of the intensity of the stationary 


field. 


ARAMAGNETIC ABSORPTION has been exper- 

imentally studied in a number of salts by Gor- 
ter and his coworkers2, Garif‘ianov3, and Sitnikov4, 
over the frequency range of 10°-10° cps with the 
high frequency field parallel to the stationary field. 
Garif‘ianov and Sitnikov made their measurements 
at room temperature at frequencies of the order of 
6 x 10® cps (using electronic circuitry) and with 
fields from 0 to 6000 oersteds. Their experiments 
indicated that the experimentally determined absorp- 
tion as a function of the strength of the stationary 
field, with fixed frequency of the variable field, is 
in good agreement with the values obtained from 
Shaposhnikov’s theoretical formula! for spin absorp- 
tion if the isothermal spin relaxation time t, , enter- 
ing into this formula, is considered to be independ- 
ent of the strength of the stationary field. This 
made it possible for the authors of Refs. 3 and 4 to 
use Shaposhnikov’s formula for the experimental 
determination of the internal field constant b/C 
(b is the magnetic heat capacity constant and C is 
the Curie constant). 

The above-mentioned experiments (Refs. 2-4) 

were conducted at frequencies considerably lower 


than the reciprocal of the isothermal spin relaxation 
time (¢ 2). For a more complete study of spin ab- 
Sorption at room temperature, the author> performed 
similar experiments at frequencies for which 

tsv 2 l. This was accomplished by using centime- 
ter wave techniques. 'ligh-frequency power from the 
generator was sent through a coaxial waveguide into 
a cylindrical resonator in which an H,,, wave was 
excited. From the resonator the power went to an 
indicator with a germanium detector and a mirror 
galvanometer. It is well known that the magnetic 
field of an H,,, wave is axially symmetrical, and 
that near the center of the resonator the lines of 
force are directed along the axis of the cylinder in 
the form of acable. The field near the center of 
the resonator is therefore quite uniform. Our exper- 
imental setup differs from others known to us in 
that we are able to perform absorption measure- 
ments in arbitrary units for any angle between the 
stationary and the high-frequency fields, made pos- 
sible by a rotating flange in the coaxial guide join- 
ing the resonator and the generator. A more detailed 
description is given in Ref. 5. The powdery para- 
magnetic substance was thoroughly dried and then 
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hermetically sealed in a polystyrene flask. The 
flask was fastened to the bottom of the resonator 
by a polystyrene rod in such a way that the para- 
magnetic substance was near the center of the 
resonator. 

It was shown by Cummerow et al.7 that it is pos- 
sible to determine experimentally the dependence on 
H of a quantity d, proportional to the imaginary part 
of the magnetic susceptibility x" 

d(H) =ay" (H) = V «/%m —1, (1) 
where a, and a,, are the respective gal vanometer 
readings in the absence and in the presence of mag- 
netic absorption in the sample, and a is a constant 
which depends on the construction and tuning of 
the apparatus. 

It was established earlier by the author5 that at 
frequencies for which t,y > 1, paramagnetic absorp- 
tion decreases monotonically as the strength of the 
stationary field is increased, and the form of the 
experimental curve is described well by Shaposhni- 
kov’s theoretical formulal, 

loo = (= Fysofll 40 — FP, 
where F = H?/(H? + b/C) and x 


cae Feat teas 
netic susceptibility of the sample if it is assumed 


is the static mag- 


that t, is independent of H. Eq. 2 makes it possi- 
ble to determine the quantities b/C, t, and the con- 
stant aexperimentally, i.e., allows usto determine the 
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Cd,(SO,); 8H,0: O—experimental points for T=291°K 
and vy = 9.15 x 10? cps. Solid line—theoretical curve from 
Eq. 2, for b/C = 3.4 x 10° (oer. and t, = 0.25 x 10° sec. 


A. I. KURUSHIN 


relation x" = \"(H) in absolute units. This is ac- 
complished by taking any three values of the quan- 
tity d(H) at three values of the field, and using 

Eq. 2 to solve the system of three equations in the 
unknowns b/C, t, and a (assuming that t, is inde- 
pendent of ). If, for example, we take the value 
d,(H,) =d, at H, =0, d,(H,) = d,/2 (H, is the half- 
width of the curve) and d,(H,) = d,/3, we obtain 
(see Ref. 5): 


b/C SY (Hy = 2H (ERS T ae) 


co = VAS + 2 (b/C) HB — (6/0)? (6/Cy», 


a= (1 +) di /yoes (5) 


so that 


7" (H) = yorsvd (H)/(1 + a9) dy. (6) 
It must be borne in mind that for a sufficiently 
accurate determination of the values of b/C and t, 
we require very accurate knowledge of the values of 
H, and H, (differences of high powers of H occur in 

Kq. 3). With the usual calibration of the field to 
within 20-25 oersteds at field strengths in the range 
of 1000-2000 oersteds (as in our experiments), the 
values of b/C and +, obtained from Eqs. 3 and 4 
have a comparatively large error (of the order of 
30-40%). 

In the present work, the absorption in parallel 
fields was determined experimentally in arbitrary 
units for hydrated halide salts of gadolinium at 
room temperature at the frequency v = 9.377 x 10° 
cps. All of the absorption curves for these salts 
are similar in form to the curve for gadolinium sul- 


phate shown in the figure for the frequency 
v =9.15 x 10° cps (this curve was obtained by us 


earlier5), the only differences being the magnitude 
of the initial absorption (at H = 0) and the width of 
the curves. The constants b/C and t, for these 
salts were determined by the method described 
above, and are given in the table. Our values of 
b/C and tv, for Gd,(SO,), - 8H,O agree with those of 
other authors within the limits of experimental error 
(see Ref. 2). We found no data on b/C and coaLOT. 
the other salts in the literature. 

Using Eq. ©, we transformed our experimental 
curves to absolute units. The specific static sus- 
ceptibility of Gd,(SO,), - 81,0 at room tempera- 
ture is X = 13.4 x 10°. © Values of b/C and ct, « 
(see table) were found from the experimental curve 
using Eqs. 3 and 4. Substituting the values of b/C, 
Ts, and y into Eq. 6, and dividing the left and 


PARAMAGNETIC ABSORPTION AT HIGH FREQUENCIES 


Frequency, sh = 0 
Substance BESS = r x Sj 
Seb ee 

Gdo2(SO,4)3 - 8 H,O 9.15 3.4 | 0.25 
GdF3 9.377 6.0 | 0,16 
GdCl3 - 6 H,O 9.377 Dik OAs 
GdBrg - 6 H,O 9.377 BI Only 
Gdlz - 6 H,O 9.377 dROM ROSS 


right hand sides by the number of ions per cubic 
centimeter, we obtain per ion: 


y= 6-10 = Je 
1 
where? = 0.7 (O)=—=dp.u 77(Q) = 0,6+105 cm’. 


(7) 


cm’; 


Values of y"(H) in absolute units, calculated 
from Eq. 7, are plotted along the right side of the 
ordinate in the figure. Having determined the ex- 
perimental setup constant a by experiments in paral- 
lel fields using the method described above, we may 
then use this constant for the construction of ab- 
sorption curves in absolute units for any angle be- 
tween the high frequency and the stationary fields. 

We also performed measurements of paramagnetic 
absorption at room temperature with perpendicular 
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fields (paramagnetic resonance), using the sub- 
stances indicated in the table. With stationary fields 
up to 8000 oersteds, all of these substances exhibi- 
ted a single resonance absorption peak with a g- 
factor in the neighborhood of 2. A particularly 
strong paramagnetic resonance effect was observed 
in Gdl, - 6H,0. 

In conclusion, the author expresses thanks to 
I. G. Shaposhnikov for suggesting the subject and 
maintaining interest in the work. 
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A Source of Polarized Nuclei for Accelerators 


E. K. ZAVOISKII 
(Submitted to JETP editor December 14, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 731-735 (April, 1957) 


A possible method of obtaining beams of polarized nuclei by making use of the 
Lamb shift of the metastable level is described. 


HE SPIN DEPENDENCE of nuclear forces 

over a broad range of energies has in the re- 
cent past been studied intensively in experiments 
on the scattering of nucleons by nuclei. It is well 
known that such experiments require double scat- 
tering of the nucleons because contemporary accel- 
erators produce unpolarized beams. 

It can be shown by a relatively easy calculation 
that all types of accelerators (electrostatic acceler- 
ators, linear accelerators, cyclotrons, proton syn- 
chrotrons and cosmotrons) are able to accelerate po- 
larized particle beams: without depolarizing them. 


An accelerator which can produce polarized parti- 
cles whose spins form any given angle with the 
beam direction would enable us to perform many 
polarization experiments without double scattering. 
Certain proposed sources of polarized protons 
for accelerators! make use of atomic hydrogen 
beams that traverse a strongly inhomogeneous mag- 
netic field after which the polarized atoms are ion- 
ized outside of the magnetic field by collisions 
with electrons. The calculated intensities of such 
sources do not exceed 1 ya of proton current. Since 
in the majority of accelerators large particle losses 
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occur during acceleration (accelerator currents com- 
prise 10* to 10° of the ion source current) the re- 
sulting currents will be extremely small except in 
the case of electrostatic accelerators, where parti- 
cle losses are insignificant. Such sources also re- 
quire a very high vacuum (10-10 mm Hg) in the 
ionization region of the atomic beam and are not 
adapted to pulsed operation. 

We shall show that it is possible to construct 
sources of polarized protons and some other nuclei 
by making use of the Lamb shift of the 2Sy and 2Py 
levels and the metastability of the first of these 
levels. 

It must be mentioned first of all that the Lamb 
experiment with a beam of atomic hydrogen can pro- 
duce polarized proton beams if the hydrogen atoms 
with polarized electron spins in the metastable state 
are removed adiabatically from the magnetic field 
and ionized by either light or electrons. This is ap- 
parent from the fact that when the polarized atomic 
beam leaves the magnetic field it consists of 50% 
pure and 50% mixed states, and after ionization of 
the metastable atoms outside of the magnetic field 
a 50% polarized proton beam is obtained. It is thus 
possible to obtain 100% polarized protons if a rf field 
is used to keep only the atoms of the pure states in 
the beam and to ionize these. This method does not 
require a high vacuum in the region where the meta- 
stable atoms are ionized. 

Let us consider a more efficient method of polar- 
izing protons. An electron beam passes through a 
space filled with atomic hydrogen in a homogeneous 
magnetic field H = 540 oersteds subject to the con- 
ditions that: 1) the population of the 2S levels is 
considerably greater than that of the P states, and 


2) the ionization is due principally to the 2S¥ atoms. 


A resonance field in the gas can result in practical- 
ly pure 2S1/ states thus leading to almost 100% po- 
larization of the protons. 

The polarized protons can be extracted from the 
space by the usual method and directed into the ac- 
celerator. It is known that a magnetic field of 540 
oersteds mixes one of the 251 sublevels with a 
2P¥ sublevel, as a result of which all the remaining 
atoms in the metastable state are polarized with re- 
spect to their electron spins. 

Moreover, at the resonant frequency one of the re- 
maining mixed metastable states makes a transition 
to the corresponding 2P', sublevel and then to the 
1S¥ ground state during the P-state lifetime tp. 


In this way atoms are polarized in a 2S y state. The 
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palarized 251, atoms can be ionized either by light 
in the range 3700 A > A 31216 K or by by electrons 
in the energy range 13.4 ev > V 23.4 ev. We shall 
denote by ny the number of hydrogen atoms per cm’, 
p the hydrogen pressure, 7, and op the cross sec- 
tions for electronic excitation of hydrogen atoms to 
2Sy and 2Py, % states respectively, tp the 2Py 
lifetime, t, = €tp the lifetime of the metastable 
2Sy, state under the givenconditions, nj andnj the 
equilibrium concentrations of hydrogen atoms in 2Sy 
and 2P, states, and n, and np the number of atoms 
per second which enter 2S, and 2Py states per unit 
volume. We thus have 
ns = LUE po Np Si Ups (1) 
where 7 is the number of acts of emission and reso- 
nance absorption during the transitions of hydrogen 
atoms from the P to the 1S ground state and vice 
versa. n depends on the gas pressure and size and 
shape of the gas-containing vessel. The factor ’ 
in the first equation of (1) takes into account the 
fact thatthe field H and the resonant rf field re- 
move ¥ of all the metastable atoms from that state. 
We obtain from (1) 
n3 | np = 0,25805 (1 — &)/n3p, (2) 
where & is the fraction of metastable atoms in the 
pure state eliminated by the rf field. In first approx- 
imation we can set k = 0. The order of magnitude 
will be obtained in Ea. (3). 
To obtain an estimate of o, and a, we can use 
Bethe’s calculations in the Born approximation and 


neglect exchange effects. These calculations give 
eae = 0.1 and o, =~ 10°” cm? when the energy of the 


electrons is near the threshold*. The exchange ef- 
fects can evidently only increase o,. 

The magnitude of € depends essentially on the 
electric field intensity E in the gas, the velocity of 
metastable atoms in the magnetic field H, the ion 
concentration, and the gas density. The dependence 
of € on E is given by the Lamb-Retherford formula. 

b= (0? 4 Yk) VE (3) 
where V is the matrix element of the energy of the 
perturbing field and fw is the splitting of interact- 
ing levels. The hyperfine splitting has little effect 
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on €. The dependence of & on the velocity v of the 
atoms in the field H/ is also given by (3) since the 
moving atom is acted on by the electric field 

E =v xH/c. 

The dependence of € on the ionic concentration 
is given by (3) if we use for the electric field the 
familiar expression £ = en’, where e is the elec- 
tron charge and n, is the concentration of ions (or 
electrons) in the gas. 

The relation between € and the gas pressure p 
can be represented by 


eS E/<ro, (4) 


where L is the mean free path of a metastable atom. 


Eq. (4) is valid only when the linear dimensions of 
the gas vessel are greater than L. 

In (2) 7 can be estimated in accordance with Hol- 
stein’s paper? from which it follows that 7 depends 
on the pressure, the linear dimensions of the hydro- 
gen vessel, and the mean free path of photons at 
Lyman frequencies. Thus for a cylindrical tube of 
radius R 


4 = (1/1,6)k, RV = Ink R, (5) 


and for a layer of gas between parallel walls separ- 


rated by the distance / 


= (1/1,875) Aol Vrlnk, Z , (6) 


where kK, = an ,/V T, ais aconstant and T is the 
temperature. 

We shall now consider the density W of rf energy 
required to polarize the metastable hydrogen atoms. 
The probability 1/t., of a transition resulting from 
the absorption of a quantum of frequency «, is, of 
course, 


1 mew 
ele) Che 


@ 


l(je, rl) 1? (7) 
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where the required density W must be determined 
from the condition w = w, and 


Za /Stp <1 (8) 


in order that the hydrogen shall consist mainly of 
pure metastable atoms. 

The value of W determined from (7) and (8) will 
correspond to the fraction ¢ of metastable atoms 


affected by the rf field: 


o= 1 —exp (—&tp/t). (9) 


We shall now determine the part played by depo- 
larization of protons as a result of the interaction 
of the magnetic moments of metastable atoms and 
protons with hydrogen atoms. In order to estimate 
the relaxation time ¢ we use the calculations of 
Gurevich3, which can give only the order of mag- 
nitude for hydrogen: 

t=h?a,v/15S(S+ 1)utng (10) 
where a, is the atomic radius, is the Bohr magne- 
ton and S is the atomic spin. 

The value of t obtained for the relaxation time of 
proton magnetic moments must be considerably larg- 
er than given by (10) for electron spins, and proton 
depolarization will be brought about largely by 
charge transfer to neutral atoms. 

A numerical estimate of t according to (10) for 
electrons shows that depolarization due to magnetic 
interaction is negligible even at relatively high gas 
pressures*, 

Let us now consider the part played by charge 
exchange in the depolarization of protons extracted 
from the gas. We denote by / the linear dimensions 
of the gas volume from which polarized protons are 
pumped. Denoting the charge-exchange cross sec- 
tion of the protons by a4, they will undergo charge 
exchange 0.5/n yao times in their path, so that when 


0.5 Inyoo < 1 the depolarization of a proton beam 
is given by 


Ne ae [ny So, (11) 
since after the charge exchange the proton spin can 
with equal probability be parallel or antiparallel to 
the field H. A similar estimate can be made of the 
order of magnitude of proton depolarization in the 
gas through charge exchange with the hydrogen at- 
oms. Denoting the mean proton lifetime in the vol- 
ume of gas by ¢, we obtain the number 7 of proton 


charge exchanges: 


n i o.Ny Ut. (12) 


The lifetime t, evidently depends on the electric 
field strength in the gas, the spacing of the elec- 


* Van Vleck’s formula also gives a large value for 


the relaxation time ¢. 
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trodes, and the dimensions of the hydrogen- 
containing vessel. 

Let us consider the ionization of metastable at- 
oms by light of wavelengths 3700 A > Az 1216 A, 
We assume that the gas container is illuminated 
and the photon flux density is V, so that the num- 
ber n+ of protons formed per second per cm’, with 

n+ <nzg, will be 
he 
* = 0,252" | op, (A)dNpas 
Ar 


(13) 


where opr) is the photoionization cross section of 
a metastable hydrogen atom, A, = 3700 

A, = 1216 A. and dN »» is the photon flux density in 
the wavelength interval dA. A similar calculation is 
made of electronic ionization of metastable atoms 
for a given electron velocity distribution. 

The preceding calculations enable us to choose 
the optimum conditions for the intensity and polari- 
zation of a proton source. Thus, for given geometry, 
Eqs. (2), (4), and (5) or (6) determine the hydrogen 
pressure, after which all other parameters of the 
source are easily obtained. These equations show 
that the source intensity is limited principally by 
the diffusion of resonant emission in the hydrogen, 
which results in a large increase of the P level 
population. 


There are several experimental methods of reduc- 


ing the effect of resonant Lyman radiation diffusion. 


For example, the region of the gas where intense 
excitation of 251 and 2P levels occurs (in a gas 
discharge, part of a Wood tube etc.) can be sepa- 
rated from the ionization region of 2S atoms by ap- 
ertured plates which easily pass metastable atoms 
and greatly reduce the resonant radiation through 
absorption in the walls of the apertures[Kq. (6)]. 
The mean free path of the metastable atoms must 
exceed the thickness of the plate. Atoms in P 
States cannot pass through the plates because of 
their very short lifetime. This arrangement pro- 
duces in the space behind the plate a large concen- 
tration of atoms in metastable states with a small 
admixture of atoms in P states. 
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The strong diffusion of Lyman radiation can also 
be employed to polarize protons. Two procedures 
are possible: 1) An increased concentration of pure 
2S / states as a result of rf-induced or spontaneous 
transitions from 2P states and the ionization of at- 
oms in metastable states, and 2) the use of the low 
population of 25 compared with 2P¥ levels, which 
apparently should occur at relatively large hydrogen 
pressures when 7 > 1 and € <7. In the latter case 
P states can be excited by electrons with less than 
13.4 ev of energy, but the applied magnetic field 
must be such that one of the hyperfine sublevels of 
the 2P¥ state will overlap or be close to a 251 
hyperfine sublevel in order that the population of 
pure 2P'4 states shall greatly exceed that of the 
mixed states. If under these conditions the hydro- 
gen atoms are ionized only out of P states by Ly- 
man radiation (which is of great density because 
(n> }) or by electrons, the protons will be polar- 
ized. The degree of polarization depends on the 
relative populations of the 2P¥ and 2P¥ levels and 
for equal concentrations cannot exceed 9%. The 
use ofradio frequencies which reduce the population 
of mixed P states through transitions to 2S can 
greatly increase the degree of polarization. 

We note in conclusion that protons issuing from 
the source will move parallel to the axis of quanti- 
zation (the magnetic field 1); but auxiliary magnet- 
ic or electric fields can produce any desired angle. 


! adtiasevieh, Beliaev and Polunin, Abstracts of Re- 
ports at the Moscow Conference on the Physics of High- 
Energy Particles, 1956; R. L. Garwin, Bull. Am. Phys. 
Soc. Series II, 1, 61 (1956). 

a7, Holstein, Phys. Rev. 83, 1159 (1951); 72, 1212 
(1947). 

a Gurevich, J. Exptl. Theoret. Phys. (U.S.S.R.) 6, 
544 (1936). 
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; An analysis is made of the mesonic decay of a hyperfragment according to the scheme 
AoH* + p+ p+n-+x--+ Q, where Q = 35.9 + 0.7 Mev. 


I N THE SYSTEMATIC scanning of a stack of 30 
Ilford G5 pellicles provided by Professor Powell, 
which had been exposed in Italy at 25 km for 8 hours 
during the autumn of 1955, we observed the mesonic 
decay of a tritium hyperfragment with the 7~-meson 
coming to rest in the emulsion. Since there are few 
known decays of this type which permit a relatively 
exact measurement of the A° particle binding 
energy ‘~* we wish to add this case to the available 
data. 

A slow singly-charged particle hf is ejected from 
the primary 10 +0. star (see the projection drawing), 
is stopped in the same pellicle, and produces a sec- 
ondary three-prong star. The range of Af is 360 p, 
its mass is greater than a proton mass as estimated 
either from the gap count and range or from the scat- 
tering and range (the second difference D, as meas- 
ured on the basis of D = 0.5, is 0.23 + 0.10 p). 

A single charge is found for Af from the gap count, 
range, and grain density. 

The two short-range particles of the secondary 


607 


star (tracks 1 and 2) have identical ranges 12 +0.6y. 
The charge which results from comparison of the 
grain densities of tracks | and 2 with the grain 
densities of a particle tracks from Be® and ThC’ 
decay gives z = 1. Track 3 belongs to a 7~-meson 
with 15,700 range. This 7~-meson passed through 
8 pellicles and produced a one-prong o star at the 
end of its range. The details of the measurements 
are given in the tables. 

The combined momentum of particles 1, 2 and 3 is 
91.2 +1.2 Mev/c. If it is assumed that an equal and 
opposite momentum was borne off by a neutron we 
obtain the following decay scheme: 


SH*¥ > pptptn+m +Q, 


where Q = 35.9+0.7 Mev. Hence we obtain for the 
A° binding energy in tritium 

Bao = —1.2 41.2 Mev. 
The most accurate values of B,° for similar 


3H* +p +p+n+a~ decays are 1.4 +0.6}, 
0.4 +0.77; 5.4+1° and —3.0 +0.84 Mev. 


Of 
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TABLE I. Hyperfragment track 


‘ Dip angle Macs’ (reer 
= : By per 
Primary arene Range, |in ae Proof of Z| meas- | nucleon in 
velope stoppin 
US nomena be oh ee ppinge urement Mev 
10+ 0 Unob- | 360+5 | 10°40’ /1) Scattering | 1 | > Mp ~4,2 
frat served (a, R) (if H?) 
2) Grain den- 
sit =) ee Mp 
Bi! 
(g, R) 
TABLE Il. Secondary star 
Total Type 
4| Range,| experi- Sitag: Dip Error | Polar Error sat Measured| Energy 
@ mental |8"8 |iangle 0 | A @ le» | Aq |parti- in Mev 
i b west in % & angle w Y nit mass 
| 
1 12 | + 0.6 |~ 2.5} —15°20' | +30’| 214°30’ | 4+ 1°] p — On 
2 12} +06 |~2.5} 427° +40’| 55° + 1°) p — ORS 
3 | 15700 | + 500 |~ 2.4} +17°40'| +6’ 18°40’ | +10’ | = 2307" 3) 29, Osis RO 
—d 
in lmm 
of track 


The decay scheme 4H* > p +d +n +77 cannot be 
entirely excluded. In this case the large negative 
values —4.7+1.2 and —4.4 + 1.2 Mev are obtained 
for B,o depending upon whether track 1 or 2 is the 
deuteron. The decay 4H* >p+p+n+n+7~ into 
5 particles also cannot be excluded but possesses 


small probability. 


In our reduction of the data we used values of 


constants taken from Shapiro’s survey article®. 
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A theoretical mode] of a modulation optical interferometer designed to measure the an- 
gular dimensions of a source is considered. Expressions have been obtained for the fluc- 
tuation limits of sensitivity and precision. Experiments are described which indicate that 
the theoretical sensitivity and precision limits can be obtained in practice. The influence 
of atmospheric perturbations in a stellar modulation interferometer is estimated. 


1. STATEMENT OF THE PROBLEM 


W* DESIGN ATE as an optical mudulation inter- 
ferometer an interferometer arrangement where: 
(a) one or more of the parameters of the system (for 
example, the position of one of the mirrors) change 
periodically with time and thereby give rise to peri- 
odic changes in the interference pattern, which de- 
pends on some physical quantity to be investigated, 
and (b) these changes generate through a photo- 
electric process an electrical signal which is then 
separated by suitable electrical filter. 

The sensitivity (resolving power) of this arrange- 
ment is determined by its optical parameters and the 
smallest detectable electrical signal. It is well 
known that in an expedient design the second of 
the factors is determined solely by the fluctuations 
and not by the technical imperfections of the sys- 
tem (as for example, the amplifier drift). The small- 
est detectable electrical signal (the fluctuation lim- 
it of sensitivity) can be made as small as desired if 
a filter with a high time constant is used. This 
means that in principle the sensitivity (resolving 
power) of a modulation optical interferometer with 
given optical parameters can be made as high as 
desired?. 

A similar statement can be made also with re- 
spect to the precision with which an optical quan- 
tity surpassing the threshold value can be measured 
with the modulation optical interferometer. With 
proper design, the measurement error of the instru- 
ment is determined by the fluctuation error and can 
be made as small as desired by increasing the ob- 
servation time. The modulation optical interferome- 
ter can also be used to measure small periodic (or 
transformed into periodic) changes in the relative 


motion of two light beams’? (cf. also survey, Ref. 
3). The fluctuation limit of sensitivity of these 
measurements has been calculated theoretically and 
attained experimentally by Bershtein*. Under rela- 
tively simple realizable conditions this limit is on 
the order of 10°? or even 10°° A. It should also be 
pointed out that in a similar problem Tolansky® was 
able to obtain the maximum possible sensitivity on 
the order of tens of Angstrom units by means of mul- 
tiple beam interferometry in conjunction with a visual 
analysis of the interference pattern. 

A number of applications of the modulation optical 
interferometer and related arrangements is described 
in the literature (see for example, Refs. 6 and 7). 
Equally as important as interference measurements 
where it is required to determine changes in path 
differences are measurements where it is required to 
determine changes in the intensity contrast of an 
interference pattern caused by changing one of the 
system parameters. Measurements of this type are 
used to obtain information on the size of a light 
source (Michelson’s stellar interferometer) or of the 
degree of its monochromaticity. A modulation op- 
tical interferometer properly designed can also be 
used for measurements which will be discussed in 
this paper. 

It is of interest to estimate for a certain model of 
the modulation optical interferometer the theoretical 
fluctuation limit of detectable changes in intensity 
of the interference pattern, and thereby obtain an 
estimate of the fluctuation limit of resolution and of 
the fluctuation error in measuring the intensity of 
the interference pattern. It is also of interest to in- 
vestigate experimentally the attainability of the 
theoretical values of the fluctuation limits of sen- 
sitivity and precision. 
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2. THEORETICAL MODEL OF THE MODULATION 
INTERFEROMETER 


We will consider a sufficiently simple theoretical 
model of a modulation interferometer designed to ob- 
tain information on the size of a light source. In the 
choice of the theoretical model consideration was 
given to the fact that it was contemplated to use this 
model as a basis for an experimental setup (as was 
indeed done). Partly because of this a readily real- 
izable practical arrangement of the Rayleigh type 
interferometer was chosen. 


Mult. 


obturator 


FIG. 1. Theoretical model of the modulation optical 
interferometer designed to measure the angular spread of 
a light source. 


Consider a distant light source of angular dimen- 
sion ¥ observed through an (optical) objective. If 
the objective is covered by a non-transparent screen 
with two parallel slits, separated from each other by 
a distance s, a system of interference fringes will 
be observed in the focal plane of the objective. 
The intensity distribution of the interference fringes 
is uniquely given by the separation of the slits, i.e. 
the base s and the angular dimension of the source. 
Consider now that in one of the interfering light 
beams a section is created with a periodically vary- 
ing optical path length. We will refer to this opera 
tion as the modulation of the interference fringes. 

It can be realized, for example, by an oscillating 
plano-parallel glass plate covering one of the slits. 
The modulation of the interference fringes leads to 
intermittent time variations of the interference pat- 
tern. If now a slit which is parallel to the interfer- 
ence fringes and is narrow compared with their width 
is placed in the focal plane of the objective and the 
light beam passing this slit directed to the cathode 
of a photo multiplier, the photo-multiplier current 
would reproduce as atime function the spatial in- 
tensity distribution of the interference pattern. 

Let us now assume that the screen covering the 
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objective has three slits a, @,, and a, (as shown 

in Fig. 1), and that a mechanical closing structure 
(obturator) covers alternately slits a, and a, with 
frequency F,. In this case the length of the base s 
will be the variable quantity. We will refer to this 
operation as base-length modulation. We will assume 
that in the light beam common to both bases modu- 
lation of the interference fringes is accomplished as 
before. At afinite angular dimension of the light 
source, i.e. Y > 0, the modulation of the base length 
s leads to periodical changes in the intensity con- 
trast of the interference fringes and consequently 
to modulation of the photomultiplier current with a 
modulation frequency F,. The depth of this modula- 
tion depends on the angular dimension of the source 
and the geometry of the arrangement. For a point 
source (Y = 0) the modulation is absent, since the 
intensity contrast is equal to unity in either base. 

Suitable electronic apparatus permits determina- 
tion of the site of the light source from the presence 
of periodic amplitude modulation in the variable 
component of the photocurrent. The electronic ap- 
paratus (see Fig. 1) may, in particular, consist of an 
amplifier 7 tuned to the frequency with which the 
interference slits are passing by the slit of the 
photomultiplier, an amplitude detector 2, and a 
narrow-band filter 3 to separate the frequency F, of 
the baselength modulation. In this arrangement the 
smallest detectable electrical signal of frequency 
F’, at the detector output determines the threshold 
value of the angular dimension of the light source 
and, consequently, the limit of the resolving power 
of the setup. 

This raises an additional problem. Suppose the 
angular dimension of the source exceeds the mini- 
mum detectable value; with what accuracy can it be 
measured? The unknown accuracy is obviously de- 
termined by the smallest detectable changes in the 
modulation depth of the electrical signal. The 
smallest detectable change will be a minimum if a 
null method is used to measure the electrical sig- 
nal. This will exclude the effect of slow drifts in 
the amplification of the instrument (see, for exam- 
ple, Ref. 8). The precision of the measurements is 
then determined by the same factors as the thres- 
hold value of sensitivity—by the amplifier and filter 
fluctuations and bandwidths. 

In our arrangement the null niethod can be accom- 
plished by varying the width of the slit a,. The 
variable portion of the photocurrent which corre- 
sponds to base s, is proportional to the width of 
this slit (we will denote the width of any slit with 
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the same symbol as the slit itself). It is obviously 
possible to choose such a slit width a, <a, which 
will compensate for the increase in the variable 


component of the photocurrent due to shifting from 
bases s, to s,. The instrument at the filter output 


will then read zero. This will also eliminate at suf- 
ficiently high modulation frequencies F, (in practice, 
20 — 30 cps) the effect of slow drifts in the amplifi- 
cation of the system. The width of the slit a, can be 
callibrated directly in values of the angular dimen- 
sion of the source. 

A close analysis of Fig. 1 makes apparent one 
intrinsic shortcoming of the system, which fortuna- 
tely can be easily removed. The point is, that when 
a, # a, the “dc” component of the photocurrent 
will also be modulated and with it, consequently, 
the shot noise of the photo-multiplier. Such modu- 
lation of the internal noise is extremely undesirable 
in modulation systems. In our system this modula- 
tion can be eliminated, for example, in the following 
way. A new slit, a,, is cut through the screen not 
far from slit a,. This slit is covered with a thick 
plano-parallel glass plate in order that the oscilla- 
tions of the light waves passing through this slit 
are incoherent with the oscillations of the waves 
passing through the other slits. With a proper 
choice of a3, the modulation of the “de” component 
of the photocurrent is eliminated. The slit a, is not 
shown in Fig. 1. 

To conclude the theoretical investigation it is 
necessary to express the fluctuation limit of sensi- 
tivity (the smallest detectible angular dimension of 
the source) ¥,, and the fluctuation error |AW/ " 
(of the measurement) in terms of the optical and 
electrical parameters of our model. It would be of 
interest to consider this problem from the general 
statistical point of view which is at present exten- 
sively used in problems of radio-signal detection 
(see, for example, Refs. 9 and 10). However, we 
will restrict ourselves in this paper to a simpler 
approach using the signal to noise ratio. We shall 
assume arbitrarily, as is customary in problems of 
this kind, that the limiting value of the signal 
which can be detected is approached when the sig- 
nal to noise ratio at the output of the system is 
unity. The smallest detectable angular dimension 
Bey of the source will thus be determined as the 
value which results in a signal to noise ratio of 
one at the output of the system (provided that the 
system is balanced for Y = 0). In a similar way we 
will determine the relative fluctuation error 
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In the analysis of the system it is convenient to 
introluce instead of the angular dimension W of the 
light source the normalized dimension y, defined as 
¥/,, where VW, = A/s,, and s, is the length of the 
larger base (i.e. the distance between the slits a, 
and a,). We will, as before, refer to Ypy a8 the 
fluctuation limit of sensitivity and to [Ay/ yl, = 
= |Aw/ ey as the relative fluctuation error 
of the measurement. In the analysis we shall as- 
sume that the source is monochromatic. More de- 
tailed calculations show, however, that the obtained 
results can be adapted also for sources with rather 


broad spectral bands (practically up to 500—700 A). 


3. THE BALANCE CONDITION 


If the shot noise of the photomultiplier is neg- 
lected the current i of the photocathode is the sum 
of the dark current i, and a component proportional 
to the light flux striking the photo-cathode through 
slit b (see Fig. 1). Slit 6 is assumed to be narrow 
compared with the width of the interference fringes 
and even more so compared with the dimensions of 
the Fraunhofer diffraction pattern produced by slits 
a, and is located near the common center of these 
images. The light flux striking slit 6 through each 
slit a is therefore proportional to the square of the 
width of the respective slit. 

Applying the general theory of interferometry, we 
obtain for the base s,, i.e. when the slits a, and a, 


are open, 


i =I {ap +- aj + 2ayayV,U, cos ¢(t)} + ta (1) 
and for the base s,, when the slits a,, a, and a, are 


open, 
b= 14a, as a A 20d. V 0 cos 6 (Fete (2) 


Here / is the value of the photocurrent when only 
one of the slits a is open and its width is unity; V, 
and V, are the values of the intensity contrast of 
the interference pattern for s = s, and s = s, respec- 
tive ly, given by 


V = sin [7 y(S/S,)]/ 7 y(S/S,); (3) 
U, and U, are the values of the function 
U= sin [7y(S/S,)]/7y{S/S,), (4) 


for s = s, and s = s, respectively, which describes 
the leveling off of the variable component of the 
photocurrent because of the finite width of slit 5. 
The parameter y is the ratio of the width 6 to the 
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width of the interference fringes at base s,. The 
function y(t) describes the modulation of the inter- 
ference fringes. 


It is obvious that when 


ra (5) 


the modulation of the quasi-constant component of 
the photocurrent will be absent. Ifin addition, 
a, = Q,, then 


2 yo 
a,+a,;=a 


i =i, {2+ 2m(t) cos p(t)} +i), (6) 


where 


VU sy iS e's; 
(7) 


m(t)= 
éV,U, ifs =s,, 


Here i, =1a?, and €=a,/ay. 

We will assume that ¢(¢) is a linear sawtooth 
function of time with an amplitude gy, = 27n, where 
n is a sufficiently large number. In this case we 
may write approximately 


(8) 


cos ot) = cos wot, 


where @ = 87n/T. 

The system will obviously be balanced when 
m (t) is independent of time. Denoting by &, the 
value of & at balance, we obtain 


VU, = bo VU, , (9) 


or, using equations (3) and (4), 


sin wy “sin wy 


So = (Sa / $1)” sin wy (Sg /S1) sin mh (Se / Sy) * 


(10) 


4. DETERMINATION OF FLUCTUATION 
LIMITS OF SENSITIVITY AND PRECISION 


We will now consider with what accuracy it is 
possible to satisfy condition (10) in the presence 
of shot noise in the photomultiplier. (The shot 
noise of the photomultiplier is under usual condi- 
tions of the experiment several orders of magnitude 
higher than the noise in other part of the system). 
We will therefore trace the useful signal and the 
noise through all sections of the system shown in 


Fig.l: 


(a). Photocathode Current. Taking the shot noise 
into consideration and taking equation (8) into ac- 
count, equation (6) becomes 


S.M. KOZEL 


i =i, {2 + 2m (t) cosw yt} tig tin (11) 
where i, is the noise component of the photocurrent. 
Since the signal component of the current is a 

function of time, the noise 7, is a nonstationary 
random process. However it can be shown that in 
our case the noise at the amplifier output is the 
same as if the photocurrent were a stationary ran- 
dom process with a mean square spectral density 
G, (f) corresponding to the case when m = 0. More- 
over (see, for example, Ref. 11), 


G,(f) = 2e (1 + B) (2%, + i), (12) 


where e is the electron charge and B is a constant 
which, according to Chichik**, can be assumed to 
be equal to 1.5. 

(b). Detector Input Voltage. The regular portion 
of the photocurrent establishes a voltage at the 
detector input which, apart from its phase, can be 
represented by 


E, cos @ot, E, = 2i,K,m(t). (13) 


In this equation K,(f) is the frequency response of 
of the instrument portion up to the detector. For 
simplicity we will assume that K,(f) is arectangle 
of width Af. In writing equation (13) the assump- 
tion was made that Af > F,. 

The spectral density G, (f) of the noise voltage 
at the detector input within the band Af is given by 


GC. (f) = 2eK{ (14.8) (2i, +7,). 
Outside of this band G (f) = 0. 


(c). Detector Output Current. Assuming specifi- 
cally that the detector is linear and denoting the 
slope of its characteristic by S we obtain, using the 
result obtained by Bunimovich’?: 


fig (t) = (So/V Qr) [ag (t) + e-244], (15) 
Gis(Fo) = Gi(0) = (S?o? / 4x Af) (6, + 6;). (16) 


In these equations /)¢(t) is the regular component 
of the low frequency detector current; Gis (F) is the 
spectral density of the low frequency current fluc- 
tuations (the condition Af > F, is assumed); 

Gis (F,) is practically equal to Gis (0); o is the norm 
of the noise voltage at the detector output, given by 


(14) 


o =(6,(f) Af)”; (17) 
q(t) is a shorthand notation for 
q(t) =E,(t)/oV 2 (18) 


a is a constant coefficient equal to 2/7, and 6, 
and b, are time averages of the functions 
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b, (q) = (8/m)[1-1.5 em 79) 40.5 e7 8 2900) 
(19) 
b, (q) = 1.5 e779 4)_ 0,5 e349 (t), 


Expanding /;(t) into a Fourier series and taking 
into account that Aq(t) < 1, the following approxi- 
mate expression is readily obtained for the ampli- 
tude J, of the first harmonic (of frequency F,): 


I, =2n7 2 i, K,Sa(1—e~*%°) [ EV,U,—V,U,], (20) 
where q, is the time average of q(t): 
q(t) = 4, + Ag(t). (21) 


In the sense of the problem we assumed Aq < 1, 
since otherwise it would be possible to detect the 
amplitude modulation without any filter. Consider- 
ing that Agq(t) is small we may also in calculating 
Gis (F,) replace q(t) in (19) by its time average q. 
This gives 

Gis (Fo) = (S?o? / 4x AF) 


(22) 
<(2,5 — 2,3 e—*% + 0,8 e-3%% ), 
In the determination of gq, it is natural to assume 
that the balance condition (10) is satisfied. Then, 


Gcsie [e(1+ B)(2i,+ ig) Af}-” foo; (23) 


where &o9 is a shorthand notation for V,U,. It should 
be noted that by its definition €,, is equal to & for 
s = 0. 

(d) Filter Ouput Voltage. The amplitude of the 
sinusoidal voltage of frequency Ff, at the filter 


output is 
A = K,I,. (24) 
The dispersion of the filter output noise is 
0, = K76,,(F)AF, (25) 


where AF is the filter bandwidth. 

(e) Fluctuation Error of the Measured Angular 
Dimension of the Source. In accordance with the 
assumption made in Section 2 we will determine the 
fluctuation error [A y/ wy | , from the condition of 
equality of signal and noise at the filter output, 
i.e. from 


A? /2= oF. (26) 
Setting €= €, + A € and taking into account equa- 
tions (20, (22), (24), (25), and (26), we obtain after 


some simple transformations 


AR/toln = 7X (am) [Fe], 20 
where , 
— 4G —3475\ |? 
iE (2.5—2,3¢ ae 90) (28) 
ago (1 — ee) 


|A eye. I represents the normalized fluctuation 
error of the measured quantity €, for a given angular 


spread of the source. |A y /y I is readily obtained 
from this quantity. 


From equation (10) it follows that 
AE/€,=7 yleot a y—(S,/5,) cot 7y(S,/S,)] (Ay/y),(29) 


from which 


|Ay/yl , = 4X (aq) ¥(y)LAF/Af1#, — (30) 
where, 
lis, /S,) cot yS2/S,-cotmy] (31) 


It is obvious that equation (30) is correct for values 
of y only which are not too close to either zero or 
unity. 


[¥/dl 2 
as 
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FIG. 2. The fluctuation error |A Wp as a function of 


TAU 


the relative angular dimension y of the source with the 
photocurrent io as a parameter. The values of ip are: 
1—5x 10726, curve 2— 10-!5, curve 3— 10°!%, and curve 


4-10" amp. 


(f) Fluctuation Limit of Sensitivity. To determine 
Wry We will rewrite equation (20). We will first 
assume that the apparatus is balanced for a point 
source. Then, €= €, = U,/U,. Taking U, in equa- 
tion (20) outside the parenthesis and setting it 
equal to unity, we obtain, approximately 


(32) 


ly= =] = ig ky Se (1 —e-*%) [V2 —V,]. 
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In view of the relatively small value of 7 yin 
comparison with unity, we may expand V, and V, in 
a power series in terms of 7 y and neglect all terms 
of order higher than 2. This gives, 


V,-Vi= (4) 9? y? 1=(5,/8,)21. (33) 


According to our previous assumption the signal 
is considered detected when the signal to noise 
ratio at the filter output is not less than unity. If 
this condition for signal detection is written down, 
we obtain after some simple transformations 


Y= U1 (S,/3,)? I> SUX (ag)] 4 1AF /Af1%. (34) 


In Fig. 2 the fluctuation error |A y/y| fl is shown 
as a function of y for several values of i). Fig. 3 
shows the fluctuation limit of sensitivity y,, as a 
function of the photocurrent i, (lower graph). The 
following values for the parameters are assumed for 
the plots: B = 1.5, i, = 2x10°"° amp, Af = 1 eps, 
s,/s, =, and y = 0.35. (This value of y is an op- 
timum from the point of view of signal to noise 
ratio.) 


ha 

z G \2 Y) , 
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FIG. 3. The fluctuation limit of sensitivity yy as a 


function of the photocurrent igo. For the upper curve 
i, = 4x107!5 amp, B = 6.5; for the lower curve i,=4x10% 
a 


amp, 3 = 125. 


5. THE EXPERIMENT 


The described thoretical model was adapted as a 
basis for developing the experimental setup. A more 
detailed arrangement of the setup is shown in Fig. 


oT 
\ 


FIG. 4. Schematic diagram of the experimental set-up. 


The light source used is a calibrated slit x illu- 
minated with a very strong motion-picture projection 
lamp. The light beam from the collimator illuminates 
diaphragm D. Four parallel slits are cut through the 
diaphragm. The widths two slits, a, and @,, can be 
varied by means of micrometer screws. The interfer- 
ence fringes are modulated by means of a plane 
parallel plate p, on which angular oscillations are 
imparted from a mechanical oscillation generator 
MOG. Plate p, is used for compensation of the con- 
stant difference of the (optical) path lengths. The 
modulation of the base length is produced by means 


of a obturator of frequency F, = 23 cps. The inter- 
ference fringes formed in the focal plane of the ob- 
jective O, are projected with large magnification on 
the slit of the photomultiplier. The width of this 
slit is only a fraction of the width of the interfer- 
ence fringes and is such to give the optimum condi- 
tion for y, i.e. y = 0.35. 

For visual control of the position of the interfer- 
ence fringes an adaptor A behind the microscope is 
used. By means of a tilting prism P this enables to 
observe the interference pattern through a viewing 
telescope. When the prism is tilted back the light 
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beam passing through the slit b and a green filter 

F (AA =~ 500 A) strikes the photocathode of a 
FEU-19-M multiplier. The voltage of the photo- 
multiplier load is applied to the input of amplifier J. 
This amplifier is tuned to the frequency f, = 1100 
cps .with which the interference fringes are passing 
(the slit b) and has a bandwidth Af = 100 cps. The 
photomultiplier output voltage is applied to linear 
detector 2. A sinusoidal signal of frequency F, = 23 
cps appears at the output of the detector. The 
balance is accomplished at the output of a narrow- 
band filter tuned to the frequency F,, comprising a 
heterodyne filter which consists of a preliminary 
filter 3, a balancing detector 4 and a dc filter 5. 

A reference voltage is applied to the balancing de- 
tector from a generator, the rotor of which is rigidly 
coupled with the obturator. The phase of the refer- 
ence voltage can be varied by rotating the stator of 
the generator. Its value was chosen to obtain maxi- 
mum sensitivity for the filter. The bandwidth of the 
heterodyne filter, determined by the dec filter, was 
set equal to 1 cps. 

We made experimental estimates of sensitivity 
and precision with which the angular dimension of 
a source can be measured. The result of these 
measurements is shown in Fig. 3, where the small- 
est detectable values of y are shown as a function 
of the photocurrent i,. A comparison with the 
lower graph of the same figure, which gives the 
theoretical values of the fluctuation limit of sensi- 
tivity calculated for the parameter values assumed 
in Section 4, shows a wide discrepancy in the re- 
sults. This discrepancy can be explained by the 
fact that the photomultiplier used in the experiment 
had parameters inferior than assumed in the theoret- 
ical calculations. Measuring the spectral density of 
the shot noise of the photomultiplier used in the 
experiment at 1100 cps it was found that 
i, =4x10°** amp and B = 6.5. The theoretical de- 


pendence of Yip O” i, for the corrected values of i, 


and B is shown in the upper graph of Fig. 3. 

The result of experimental estimates of the error in 
measuring the angular dimension of the source is 
shown in Fig. 5. Also shown in the same figure are 
the theoretical curves of the fluctuation error calcu- 
lated for the parameters of the experimental set-up. 
The agreement between the experimental and theor- 
etical results can be regarded as satisfactory. The 
theoretically found fluctuation limits of sensitivity 
and precision can thus be attained also in practice. 

An essential advantage of the modulation inter- 


Ag) 
lap WW 2 


FIG. 5. The fluctuation error |Ay/4l as a function of 
the relative angular dimension yof the source. B =6.5; 
ty = 4x107'* amp. Curve J and points marked @ are for 
ig = 4x 10714 amp; curve 2 and points marked O—for 
io = 4x 10-8 amp. 


ferometer is its noise rejection with respect to 
shifts of the interference fringes due to changes in 
path differences of the interfering beams. Such 
shifts may result, in particular, from mechanical 
disturbances of the interferometer. Based on theor- 
etical considerations it may be expected that the 
modulation interferometer is insensitive to random 
shifts of the interference fringes provided the fol- 
lowing conditions are fulfilled: (1) the mean square 
value of the shifts is less than or equal to the width 
of the fringes and (2) the correlation time of the 
shifts is much larger than t = 1/Af. 

These theoretical considerations have also been 
confirmed experimentally. In a number of investi- 
gated cases where the presence of mechanical dis- 
turbances made the interference pattern completely 
indistinguishable in visual observations the modu- 
lation interferometer was still practically able to 
utilize completely its theoretical possibilities. 


6. SOME REMARKS ON THE POSSIBILITY OF 
USING THE OPTICAL MODULATION 
INTERFEROMETER TO MEASURE 
ANGULAR DIAMETERS OF STARS 


It is well known that the idea of using the inter- 
ference principle for measuring angular diameters 
of stars was first expressed by Fizeau in 1868. 
Later this idea was developed further by Michelson, 
who proposed the so-called stellar interferometer, 
in which the folded optical paths made it possible 
in principle to increase indefinitely the dimensions 
of the base and, consequently, to increase indefi- 
nitely the resolving power of the interferometer 
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(see, for example, Ref. 13). In 1920 Michelson was 
able to measure the angular diameters of some of 
the bigger stars. Equipment was used with base 
lengths of 6 and 18 meters. Michelson considered 
that a further increase in the base length is pre- 
vented by the atmospheric and mechanical disturb- 
ances which impose an upper limit on the practically 
realizable base values and at the same time estab- 
lish the lower limit of the measurable angular dia- 
meters. This consideration is in accordance with 
the capabilities of visual observations. 

Some years ago Bershtein and Gorelik pointed out 
in their notes** that the application of radio-phys- 
ical methods to analysis of the interference pattern 
of an optical steller interferometer may substan- 
tially widen its potentialities. One of the steps in 
this direction may be the application of the bal- 
anced modulation interferometer described above. 
Of special importance here is the previously 
mentioned stability of the modulation interferome- 
ter with respect to phase fluctuations of the inter- 
ference fringes. 

It is of interest to estimate the potentialities of 
the modulation method in its application to the 
stellar interferometer when atmospheric disturb- 
ances are considered. Below we will give a brief 
report on the results of these estimates. 

In our calculations we used a theoretical model 
of the modulation stellar interferometer which was 
in principle very close to the model shown in 
Fig. 1. Since stars can be replaced as uniformly 
luminous disks we have, instead of equation (3), 


Vea y L227 US7 S41) Lecen USIS:; (35) 


where J,(X) is the Bessel function of first order, 
and y now denotes the quantity ¥,, /1.22A. In ad- 


dition, making use of a folded path of the rays it is 
possible to obtain in the modulation stellar interfer- 
ometer the same width of the interference fringes 
for both bases s, and s,. The indicated distinguish- 
ing characteristics are not essential. Their effect 
is that the values of Yfy and |A v/y| , obtained for 
theoretical model of the stellar interferometer in the 
absence of atmospheric disturbances differ by no 
more than 5 to 10 percent from the corresponding 
results for the investigated model. These can there- 
fore be used also for the stellar interferometer. 


The photocathode current i, can be calculated 
from the following approximate equation: 


i, = 3°10°'4-2.57-™ A, (36) 


where m is the visual star magnitude. This equa- 
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tion was obtained under the assumption that the 
investigated model has geometrical dimensions of 
the same order as the latest version of Michelson’s 
stellar interferometer. The sensitivity of the photo- 
cathode was assumed to be 3x10 ° amperes per 
lumen. 

The following was found concerning the effect of 
atmospheric disturbances: 

(a) There is no sense in using modulation inter- 
ferometer unless the average turbulence angle ¢, is 
much smaller than A/l, where / is the linear dimen- 
sion of the interferometer mirror (the notation of 
Danjon and Kude’*S is used). It should be pointed 
out that the corresponding condition is apparently 
even more stringent for the common stellar inter- 
ferometer. 

(b) If the condition t, KA/I is fulfilled it is 
always possible, at least in principle, to choose 
such parameters (for example, the modulation fre- 
quency /,) that the phase fluctuations of the inter- 
ference fringes, which are caused by the fluctua- 
tions in the optical path lengths in the passage of 
the light through the turbulent medium, have a neg- 
ligible effect on the results of the measurement. 

(c) As to the intensity fluctuations, the calcula- 
tions show that they increase the spectral density 
of the noise component of the photocurrent from the 


value given by Eq. (12) to 
i686 (\f—fo |), 


where g(f) is the spectral density of the relative 
intensity fluctuations. This result is obtained under 
the assumption that the intensity fluctuations in the 
various paths of the interferometer are independent 
of each other. 


(37) 


A number of experiments on the investigation of 
&(f) is described in the literature (see, for example, 
Ref. 16 and 17). On the basis of these studies it 
was possible to estimate g(|f—f, |) for frequencies 
close to fj, i.e., for frequencies in the pass band 
of the amplifier. For good atmospheric conditions 
it may be assumed that in the region of the ampli- 
fier pass band g(|f—f,|) is 3x10‘ eps. 

It is convenient to introduce the ratio of the 
spectral density of the photocurrent fluctuations 
brought about by the atmospheric disturbances to 
the spectral density of the shot noise in the am- 
plifier pass band. Denoting this ratio by C and as- 
suming for 6 the value 1.5 we obtain 


C =2-10"* i, = 62.57". (38) 


It can be shown that under the atmospheric condi- 
tions discussed above for very bright stars the 
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fluctuation limit of sensitivity y,, and the fluctua- 
tion error in measuring the angular quantity 
[A w/w| fl are given approximately by 


Yr = (Yp)? (14 C)%, 
A y/yl = lA w/y|%,(1 + C)%. 


In the above equations the index 0 refers to the 
ideal case of quiet (undisturbed) atmosphere. The 
effect of “atmospheric” noise is, as should be ex- 
pected, stronger for the bright stars than for the 


(39) 
(40) 


weak stars. For m =0, for example, “atmospheric” 
noise increases the fluctuation error in measuring 
the angular quantity by 2.65 times, and the smallest 
detectable angular dimension by 1.63 times. At a 
very quiet state of the atmosphere the effect of at- 
mospheric disturbances is even smaller. 

Comparisons with visual observations show that 
the use of the modulation optical interferometer to 
measure the angular dimension of a light source 
does not under readily realizable experimental con- 
ditions result in a large increase of the resolving 
power. However, the theoretical possibilities of 
the modulation interferometer may be fully realized 
under conditions of strong disturbances (noise rejec- 
tion). This, in part, implies that the modulation 
stellar interferometer can have much larger bases 
than are permissible in visual observations. 

I would like at this point ot express my thanks 
to Professor G. S. Gorelik for his constant interest 
in this work. 
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The total cross sections and angular distributions for the reactions of 7° production in 
p-p and p-n collisions have been measured at various energies. The total cross sections 
at 660 Mev were found to be ofp = (3.6 $0.2) x 10°” cm? and op, = (7.0 £1.1) x 10°” cm’, 
In the energy range 390—660 Mev, the total cross section for the p+ p>7 +p +p reac- 
tion is proportional to the 5.5 power of the maximum 7° meson momentum. The 7° meson 
angular distribution, which is appreciably anisotropic at the proton energy 450 Mev, be- 
comes isotropic as the energy is increased to 660 Mev. 


1, INTRODUCTION 


ECAUSE THE LIFETIME of the 7° is short, in- 

formation about the total production cross sec- 
tion for 7° mesons and their angular distribution can 
be obtained from a measurement of the absolute flux 
and angular distributions of secondary particles— 
y-rays from the decay of the 7° mesons. Previous 
experiments!-8 have determined only the differen- 
tial cross sections for the yield of y—rays from the 
decay of 7° mesons produced in the reactions: 


p+p—>°+p-+p (I); 
f cding fa) 
|p +1 (b) 


(Il) 


Ne oe ( ee i 


Since the angular distributions of the y—rays were 
not investigated in these experiments, in order to 
determine the magnitude of the total cross section 
it Was necessary to make various assumptions as to 
the nature of the angular distribution of the 7° 
mesons, which materially reduced the reliability of 
the results obtained. 

The investigation of reaction (I) is beset with 
great experimental difficulties, since the cross sec- 
tion for this reaction is small, due to the fact that 
the transition in the S state for the protons and p 
state for the 7° mesons is forbidden by conservation 
laws. Measurements of the differential cross sec- 
tion at 340! and 430—480 Mev4-? have shown that 
the total cross section for reaction (I) increases 
sharply with energy. The rapid increase of the 
cross section for this reaction continues into the 


*The results of this paper were reported at conferences 
in Moscow (May, 1956) and Geneva (June, 1956). 


proton energy region 500—660 Mev8. The cross sec- 
tion for reaction (II) was measured at two proton en- 
ergies: 3402-3 and 660 Mev8. The angular distribu- 
tion of the 7° mesons produced in the reaction (II, a) 
was measured at the neutron energy 400 Mev?. The 
angular distribution of the 7° mesons in reactions 


(D and (II, b) have not yet been investigated. 

The energy distribution of the 7° mesons may be 
obtained from measurements of the energy spectra 
of the y-rays produced upon their decay. Appropri- 
ate experiments have been conducted only for 7° 
meson production in heavy nuclei?’4’®. A study of 
the y-ray spectra also permits one to infer the char- 
acter of the angular distribution of the 7° mesons. 
Thus in Ref. 3 and 6 analysis of the y-spectra ob- 
tained led to inferences concerning the anisotropy 
of the angular distribution of the mesons in reac- 
tion (II) at proton energies of 340 and 470 Mev. 


We have measured the yield of y-rays from the de- 
cay of 7° mesons produced in reactions (I) and (ID 
at various angles, in the proton energy range 390— 
660 Mev. These measurements allowed us to deter- 
mine the absolute total cross sections, excitation 
functions and 7° angular distributions for the indi- 
cated reactions. 


2. EXPERIMENTAL METHODS 


The setup of the experiments described below is 
depicted in Figure 1. Neutral pions were produced 
in a target bombarded by protons of the internal cy- 
clotron beam, with a maximum energy of 680 Mev. 
The y-rays from the 7° meson decays proceeded 
through a steel collimator in a four meter concrete 
wall to a lead diaphragm. A y-ray telescope was 
placed at a distance of three meters from the dia- 
phragm. 
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FIG. 1. The experimental setup. 1—vacuum chamber of the synchrocyclotron, 2—circulat- 
ing beam of protons, 3—internal target, 4—trial rod, 5—y-ray beam, 6—steel collimator, 7— 


lead diaphragm, 8—y -telescope 


The selection of the indicated experimental ar- 
rangement was dictated by the advantages associ- 
ated with the use of the high intensity internal pro- 
ton beam. The proton current through the graphite 
target reached (1.6 +0.1) x10** (protons/sec)/ 
(gm/cr?). With so high a beam intensity, one can 
place the telescope at a large distance from the tar- 
get (~20m) and be adequately shielded from stray 
radiation. At this distance, the magnetic field of 
the accelerator clears the y-ray beam thoroughly of 
charged particles. The high intensity of the inter- 
nal beam makes possible the use of a calorimetric 
method for measuring the proton current. With this 
method, one need not consider the dimensions and 
density of the targets, and consequently one is rid 
of the errors associated with the measurement of 
these quantities. 

Since the amplitude of the free radial oscilla- 
tions of the particles in the cyclotron is large, the 
internal beam is appreciably non-monoenergetic. 


The mean energy dispersion of the particles bom- 
barding the target reaches 10 Mev. Therefore, for 
an accurate determination of the cross section, it 
is necessary to know the energy spectrum of the in- 
ternal beam protons. An attempt at the experimental 
determination of the spectrum was undertaken in 
Ref. 10. The spectra obtained, at proton energies 
of 400, 550 and 660 Mev, proved to be identical 
within the limits of experimental error. They are 
presented in Fig. 2. The mean square deviation of 
the energy from its maximum value was found to be 
22 Mev. The dotted curve in Fig. 2 represents the 


normal distribution corresponding to this standard 
deviation. 


y-Telescope 


The y-rays arising from the decay of 7° mesons 
are distributed over a broad energy interval. A de- 
tector suitable for the investigation of 7° meson 


I5 Thats 


AE, Mev 


FIG. 2. The energy dispersion of the internal beam 
protons F(AE,) (in relative units), AE, is the deviation 
“of the proton energy from the maximum possible. 


production processes must efficiently count y-rays 
with energies from 10—15 Mev and higher, i.e., it 
must possess a very low energy threshold. In addi- 
tion, it must not be sensitive to other forms of radi- 
ation—neutrons, protons, etc. A y-telescope.which, 
in addition to scintillation counters, contains a 
Cerenkoy counter, satisfies the above require- 
ments. However, such a telescope has not been of- 
ten applied to absolute y-ray flux measurements, 
because the efficiency of the Cerenkov counter is 
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appreciably less than unity and is difficult to calcu- 
late. Thus, in references 7 and ll, the Cerenkov 
counter was used only for measurements of the rela- 
tive y-ray flux; for getting absolute measurements, 
a telescope containing only scintillation counters 
was used. A y-telescope will be described below 
whose efficiency can be experimentally determined. 
The y-telescope used contained a scintillation 
counter and a Cerenkov counter, placed in two 
separate blocks (Fig. 3). By varying the distance 
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between the blocks, it was possible to vary the tel- 
escope angle from 3° to 45°. In the first block a to- 
lane crystal, of dimensions 50 x 50 x 90 mm, was 
placed, with two photomultipliers attached; in the 
second block were a plexiglass radiator, of dimen- 
sions 105 x 115 x 40 mn, and two photomultipliers. 
A removable lead converter was set in front of the 
scintillation counter. Electrons and positrons, pro- 
duced in the converter by high energy y-rays and 
continuing through the telescope counters, are regis- 


FIG. 3. The layout of the y-telescope. 1—collimated 


y-ray beam, 2—lead converter, 


3—area of the converter 


irradiated by y-rays, 4—crystal scintillator, 5—light 
conductor, 6—plexiglass radiator, 7~—connection posi- 


tions of the photomultipliers. 


tered by a quadruple coincidence scheme with a 
resolution time of 2 x 10°° sec’?. 

Since the fringing field of the accelerator satis- 
factorily clears the beam of charged particles, it 
was not necessary to place a counter, in anti- 
coincidence with those of the y-telescope, in front 
of the converter. The telescope count, without the 
converter, was 7—12% of that with the converter 
present. . 

At small angles with respect to the direction of 
motion of the bombarding protons, an appreciable 
quantity of high energy neutrons is contained in the 
y-ray beam, which raises the telescope count some- 
what. For an estimate of the background associated 
with the neutrons, a5 cm thick lead absorber was 
placed in the beam, with “good geometry”, clearing 
the y-ray beam almost completely of neutrons. 
Measurements indicated that the y-telescope is 
slightly sensitive to fast neutrons. At 660 Mev the 
neutron background was 3% of the total count. 


Measurement of the Efficiency 


The total efficiency of the y-telescope is given 


by 
|i Od ee ll if (1) 


where yp is the absorption coefficient in lead of the 
y-rays studied, d is the thickness of the lead con- 
verter, € is a coefficient measuring the decrease 

in the efficiency due to scattering and absorption 
of electrons and positrons in the converter and 
counters, f, and f, are the efficiencies for the count- 
ing of electrons and positrons by the scintillation 
and Cerenkov counters. The magnitude of p de- 
pends on the spectrum of the y-rays counted, and 
therefore was measured for each value of the energy 
and angle of observation. For these measurements, 
a lead absorber was inserted into the y-ray beam, 
and the telescope counts with and without absorber 


were compared. In this way the quantity (1~e-#4) 
was determined to an accuracy of 2%. 
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One of the principal difficulties of a measure- 
ment of the absolute y-ray flux is the determination 
of €. Due to the fact that the ratio of the counts 
“with converter/without converter” was large, and 
the efficiency of the telescope was high, the thick- 
ness of the converter was usually chosen to be 
close to a radiation length. As a consequence, the 
energy threshold of the telescope is high and is ap- 
preciably less than unity and can be calculated only 
by the Monte Carlo method. Whend is decreased, & 
rapidly approaches unity and can be measured. The 
determination of € was carried out in the following 
way: the dependence of the telescope count on the 
thickness of the converter was measured, and a 
small thickness d, was chosen such that the devia- 
tion of the experimental points from the curve 
(1~ e-#¢) was not large, i.e., the telescope had a 
low energy threshold. This dependence is given in 
Fig. 4 at a proton energy of 660 Mev and for angles 
of observation of 0°, 30° and 180°. As is seen from 
Fig. 4, there is a strong dependence on the angle 
of observation, which is related to differences in 
_the y-ray spectra. The magnitude of d, was chosen 
to be 0.05 cm. For the determination of €, at this 
value of d, the dependence of the count on the mag- 
nitude of the telescope angle was measured (the 
distance between the telescope counters was in- 
creased). Typical curves, obtained at 660 Mev, 


n (rel. units) 
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are given in Fig. 5. In the above described manner 
€(d,) was determined to an accuracy ~1%. 

For the measurement of the relative y-ray flux, 
we used a lead converter of thickness 0.2 em. Un- 
der these conditions the spectral efficiency of the 
telescope Ky =(1-e-#4) is 0.170 +0.003 at 0° and 
660 Mev; when the angle is increased to 180°, oy 
decreases to 0.134 + 0.002. 

In order to increase the efficiency of the counter, 
we used a photomultiplier with a large multiplica- 
tion factor and operating with a non-uniform distribu- 
tion of the voltage between the dynodes at a total 
voltage of 3.5 kv. Also, amplifiers with distributed 
parameters (70 Mc band-pass, amplification factor 
~7) were introduced between the coincidence 
scheme and the photomultipliers. It should be re- 
marked that due to the low intensity of the Cer- 
enkovy radiation, the efficiency f, is appreciably 
less than unity even in the sloping portion of the 
counter characteristic. 

For the measurement of the efficiency f, we 
switched from a quadruple coincidence scheme to 
one of triple coincidence between any three of the 
four telescope photomultipliers. Under these condi- 
tions the sensitivity of the channels remained con- 
stant. Since two photomultipliers are adjoined re- 
spectively to the plexiglass radiator and to the scin- 
tillator, the exclusion of one of them does not 


o 


iy 4 d, gm/cm* 


FIG. 4. The variation of the efficiency of the y-telescope with the thickness of the lead 
converter d. The scales along the abcissa are chosen such that, for the angles indicated, 
the magnitudes of pd are the same. The values of : used in the construction of the scales 


are given in Table 2, The curve a is that of (1- eHd), 
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FIG. 5. The coefficient & as a function of d at the proton energy 660 Mev, measured at 
the angles 0°, 33° and 180° in the laboratory system. 
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FIG. 6. The efficiency of the telescope counters as a function of the voltage on the pho- 
tomultipliers. 
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change the geometry of the telescope. Consequent- 
ly, by measuring the increase in the y-ray count 
when one switches from a quadruple to a triple co- 
incidence scheme, it is possible to determine the 
ineffectiveness of the excluded photomultiplier and 
its channel. With a view to checking the data, the 
method was used for the determination of the effi- 
ciency of a scintillation counter, which should not 
differ much from unity in the region of the plateau 
of the counter characteristic. We obtained: 

f, = (99 + 1)%. The efficiency of the Cerenkov 
counter was appreciably less: f, =~ 80% (see Fig. 6). 
At 0° the magnitude of f, was somewhat larger than 
at 180°, which, seemingly, is explained by the dif- 
ference in the average number of electrons coming 
out of the converter. By the above described method, 
the magnitude of f,f, was determined to 2%. The ac- 


+. 1+—__1—_}, A 


000 
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curacy of the measurement of the total efficiency 


Fy was = 3%. 


Measurement of the Proton Current 


The proton current through the target, which was 
placed inside the accelerator chamber, was meas- 
ured from the heating of the target by means of a 
calibrated battery of 40 copper-constantan thermo- 
couples. The sensitivity of the “thermobattery” 
was measured in a special evacuated assembly to 
better than 1%, and was (2.38 + 0.02) x 10}? 
Mev/sec mv. The thickness of the heat conductor 
which held the target, was chosen to be sufficient- 
ly large so that the target was not heated more than 
50°—70°. As the measurements carried out in the 
evacuated assembly indicated, the loss by radia- 
tion under these conditions is not appreciable. 
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For an estimate of the radiation loss, the ratio of 
the y-ray flux to the heat flux through the target at 
different intensities of the internal beam was also 
measured. In the flux interval investigated this 
quantity was constant, to an accuracy =1%. Prior 
to this, it had been shown that the counting charac- 
teristic of the y-telescope was linear. 

The heat generated by the protons in the target is 
the sum of the ionization loss ¢,,. The first quan- 
tity is well known!3,14, The quantity ¢,, was calcu- 
culated on the basis of the spectra of particles— 
light stars, measured by E. L. Grigor’ev and L. P. 
Solov’ev. For carbon, at 660 Mev, it was found 
that €,,/e = 0.15 + 0.05. The indicated error repre- 
sents the maximum error of the calculation. 

Since this gives the largest contribution to the 
error in the absolute cross section, we undertook 
an experimental determination of the ratio €,, /e. 

By placing an aluminum target, exposed to the pro- 
tons, at various distances from the center of the 
accelerator, the energy dependence of the yield of 
the reaction Al?’(p, 3pn)Na** was measured. The 
products of the reaction were identified from the 
well known}5 half life of the Na. A comparison of 
the excitation function for the above reaction in 
the region 260—€60 Mev with those measured in 
Refs. 16-18 gives, at 660 Mev and after convert- 
ing to carbon, €,,/e = 0.16 + 0.06. 

The differential cross section for the production 
of y-rays isgiven by 

do}, [dQ = nz (1 +e,,/2) A (1 +9) /mF, NO. a 


where n is the number of y-rays counted per unit 
time by the telescope, m is the heat flux through 
the target, « is the specific ionization loss (per 
gm/cm?), 6 is a small correction measuring the ab- 
sorption of the y-rays counted in the target and in 
air, Q is the solid angle of the counter, A is the 
atomic weight of the target material, and N is Avo- 
gadro’s number. The quantities N, A and « are tab- 
ulated. The mean square error associated with the 
measurement of the remaining quantities in Eq. (2), 
after numerous measurements, comes to 5.2%. 


Measurement of the y-ray*Production 
Cross Section in Hydrogen 


By a difference method, the y-ray production 
cross section was measured by means of the expo- 
sure of polythene (C!J,), and graphite targets. The 
small thermal conductivity of polythene does not 
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permit in this case the use of the calorimetric 
method. For the determination of the ratio of the 
cross sections for hydrogen and carbon, a measure- 
ment of the activity of the targets was employed. 
In these experiments the polythene and graphite 
targets were exposed one after the other and the 
flux of the y-rays and the activity of the targets 
were compared. As in the calorimetric method, the 
measured ratio did not depend on the shape or den- 
sity of the target: 

(dap, f dQ) ; (doy, (dQ) = [(n' 1’) — 1 / pe (8) 
where n and I’ are the ratios of the y-ray flux and 
the activities induced in the polythene and graphite 
targets and p,, is the relative number of hydrogen 
nuclei in the polythene. For the polythene used, 
PH =2.05. 

The polythene and graphite targets were simul- 
taneously placed in the accelerator chamber and, 
by means of a coil and current, were alternately in- 
troduced into the beam. Synchronously with the in- 
terchange of the targets, switching of the counting 
portions of the telescope is carried out by means 
of a special commutator, which takes advantage of 
the fact that distinct y-ray counts are obtained from 
the polythene and carbon targets. The targets were 
switched once every minute. For so frequent an in- 
terchange of the targets, the efficiency of the count- 
ing devices would only be insignificantly changed, 
owing to the fact that the experimental error was 
reduced to 1—2%. When measuring the ratio of the 
target activities /‘, an alternate interchange of the 
targets with a simultaneous commutation of the 
counting apparatus was also carried out automatic- 
ally. 

The polythene and carbon used did not contain 
any heavy impurities. It was demonstrated that the 
y-activity had a half life of (20.8 + 0.2) min., which 
remained constant over a period of several hours. 
The energy of the y-rays, measured by the absorp- 
tion method, was shown to be 0.5 Mev. Thus it was 
demonstrated that the y-activity of the targets was 
associated only with the annihilation of positrons 
arising from the decay of the C** nucleus. 


3. EXPERIMENTAL RESULTS 
Determination of the Total Cross Sections 


The angular distribution of the 7° mesons pro- 
duced in the reactions (I, II) can be represented in 
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the center of mass system (CMS) of the colliding 
nucleons as a polynomial in powers of the cosine 

of the angle of emission of the mesons, >. At pro- 
ton energies ~ 600 Mev and less, the terms of the 
polynomial containing high powers of the cosine 
must be comparatively small, as at these energies 
the contribution of final states with large momenta 
is still small. As was shown in Refs. 19 and 20, 
the y-ray angular distribution function F(*) has inthis 
case a characteristic property: the magnitude of the 
function at the points $}* = arccos (+ 1/\3) is prac- 
tically independent of the relations between the 
parameters, which determine the contribution of the 
various powers of the cosine in the angular distri- 
bution. It follows from this that the differential 
cross section for the production of y-rays obtained 
at the “isotropic” angle $*is related to the magni- 
tude of the total 7° meson production cross section 
by 


a = Jrdor (9°) / dQ. (4) 


Thus from a measurement of the y-ray yield at the 
angle 9°, it is possible to determine the total cross 
section without carrying out an investigation of the 
angular distribution. 

The above simplifying circumstance was em- 
ployed in the measurement of the absolute total 
cross sections for the 7° meson production reac- 
tions (I) and (II). The measurement of the cross 
section was carried out at an angle of 6* = 33°, 
which, for protons with an effective energy of 660 
Mev, corresponds to an “isotropic” angle of 
#° = 55° in the CMS. In determining the effective 
energy, the energy dispersion of the protons bom- 
barding the target was teken into account (see Fig. 
2). The absolute differential cross section for the 
production of y-rays in carbon at 660 Mev was found 


to be 
dog {dQ = (8,1 +0,4)-10°°? cm?/sterad (5) 


At this angle the ratio of the differential cross sec- 
tions for hydrogen and for carbon was also meas- 
ured 


f / dQ) | (do% / dQ) = 0,162 +.0,006. 


Thus the total cross section for reaction (I) was 
found to be 


oy (660) = (3,6 -L0,2)-10-2? em. 
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Information about reaction (II) is usually obtained 
by a difference method, D—H. The cross section 
for the production of 7° mesons in deuterium was 
measured by exposing targets of LiD, Li andC. 
The “deuterium/carbon” ratio was found to be 


(df, / dQ) / (dog / dQ) = 0,48 + 0,05. 
The total cross section was:, 


3 (660) = (10,6 + 1,3)-10°? em?. 


Neglecting the nucleon binding in the deuterium nu- 


cleus, we find 


3**, (660) = (7,0 1,1): 107? em’. 


Excitation Function 


By the above methods, the energy dependence of 
the total cross section for the production of 7° me- 
sons by protons in hydrogen and deuterium in the 
proton energy range 390—660 Mev was obtained. The 
variation of the proton energy in these experiments 
was obtained by placing the targets.at varying dis- 
tances from the center of the accelerator. Simulta- 
neously, the angle 6 was varied from 33° to 36° in 
order that the angle of emission of the y-rays re- 
mained equal to the “isotropic” angle 9° = 55° in 
the CMS. The spectral efficiency of the y-telescope 
was experimentally determined for each value of the 
energy. As was shown in Ref. 6, the y-ray spectra 
are only insignificantly changed upon going from 
light to heavy elements. Because of this, the spec- 
tral efficiency K,, was the same, within the limits 
of experimental error, for all the elements at fixed 
values of E, and 0. The energy dependence of Ky 
and the value of the absorption coefficient p at va- 
rious energies are presented below, in Table 1. To 
each value of p there is juxtaposed an average 
y-ray energy E for the determination of which 
the y-ray absorption data obtained from Ref. 21 
was used. Since the absorption coefficient is 
slightly dependent on Ep, the obtained value must 
be only somewhat less than the average energy of 
the spectrum. Thus, for an energy of 660 Mev at an 
angle of 0°, we found, using the absorption method 
E, = 160 + 20 Mev, while the average energy of 
the spectrum measured in Ref. 22 was 190 Mev. 

The obtained energy dependence of the total 
cross section for the reactions (I) and (II) is pre- 
sented in Fig. 7. The errors indicated in Fig. 7 
are those of the absolute measurements. Except at 
560 Mev, they are everywhere little different from 
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TABLE 1* 
———————— eee 
Ep , Mev - | 445 550 660 
ee ee ee ee eee 
| | 
- 10 : | 1.53-+40.02 1.57-+0.03 1.61+0,02 
402 (cm /gm) | 9.2040, 25 9. 35-40, oO 9.20-+0.25 9.56-40.10 9.40-+-0,17 
E, (Mev) | 100-+-10 105-+15 100-+-10 145+5 110+10 
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FIG. i. The total cross sections for reactions (I) and (II). Along the abcissa is the max- 
imum 7°momentum in units of mc. To the pmax scale is compared that of the energy of 
the protons, for reactions (I) and (II, b), and scale A for reaction (II, a); the curve a is that 


of Spex 10°? cm’, b- 8.2p° 


x 10% cm? 


. In this and the following figures, solid lines 


indicate the results of our work, dashed lines that of others, presented in the references indicated. 


the errors in the relative measurements. The val- 
ues of the cross section on? presented are the 
differences of the cross sections for deuterium and 


hydrogen. 
The Angular Distribution of the 7° Mesons 


Experiments to investigate the angular distribu- 
tion of the particles in the final states of the reac- 
tions (I) and (II) are of special interest, as they al- 
low one to ascertain the role of various transitions 
in greater detail than is possible from a study of 
the excitation functions. Angular measurements usu- 
ally present complex experimental problems, and in 
the case of the angular distribution of 7° mesons 


*The magnitude of is given in Tables 1 and 2 for a 


lead converter of thickness 0.2 cm. 


one must encounter an additional specific difficulty. 
It is associated with the fact that knowledge of the 
angular distribution of 7° mesons can be obtained 
only from measurement of the angular (or energy) 
distribution of the y-rays from the decay of the 7° 
mesons. The angular distribution of the y-rays 
and the 7° mesons are connected by relations, the 
analysis of which shows that even at very high en- 
ergies and with an anisotropic distribution of the 
m° mesons, the y-ray angular distribution differs 
comparatively little from isotropic. Only at 7° me- 
son energies > 200 Mev does the angular distribu- 
tion of the y-rays approach that of the 7° mesons. 
Thus, if the 7° meson angular distribution is pro- 
portional to cos’9, then 50% of the y-ray distribu- 
tion is anisotropic at a proton energy of 660 Mev, 
and at 340 Mev already 10% of the total is. There- 


fore, when conducting experiments to investigate 
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the angular distribution of the 7° mesons, high ac- 
curacy is required, which requirement becomes all 
the more strict the lower the energy of the 7° me- 
sons. 

As was already noted earlier, high powers of 
the cosine must be weakly represented in the 7° 
meson angular distribution; to a first approxima- 
tion, the angular distribution is of the form 
a/3 +6 cos*9. To determine the ratio a/b, itis 
sufficient to compare the yield of y-rays at two 
angles. Ry way of such angles, we chose 0* and 
its complement 7 — 6*. The switch from 0* to7-—0* 
was accomplished by a change in the direction of 
rotation of the internal proton beam. Under these 
circumstances, naturally, the geometry of the ex- 
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periment remained the same. The investigation of 
the 7° angular distribution was carried out in the 
energy interval 450—660 Mev. When varying the 
proton energy, the angle 9% in the CMS, correspond- 
ing to the anglew — 0*, changed somewhat frum 
160° at 660 Mev to 157° at 400 Mev. 

Since the efficiency of the y-telescope depends 
on the spectrum of the y-rays, it was measured for 
each value of the energy and angle of observation. 
Table 2 lists the values of the spectral efficiency 
K,,, the absorption coefficient p, and the effective 
energies £., obtained at the proton energy 660 Mev. 
In the next to last row are given, for comparison, 
the magnitudes of » calculated from the y-ray spec- 
tra measured in Ref. 22. 


TABLE I 
| 
Oe 0 33 | ou | 147 | 180 
| 
K,, + 10  1,70--0,03 ue 1.45+0.06 | 1,324+0.04 | 1.34+0.02 
pu. x 107 (cm?/gm) 104-20u1 9.40+0.17 | 8.84+0.15 8.6-+40,3 8.95-40.15 
u 22] | 9.9+04 | ae oe = 8.7+0.4 
E,,, Mev | 160+20 | 110440 | 82410 | etot te on t0 


The ratio of the y-ray yields for reaction (I), 
measured at 55° and 160° in the CMS and at proton 
energy 660 Mev, was found to be 


tipp (660) = 0.99-+0.04. 


From this it follows that the 7° meson angular dis- 
tribution is: 
f pp(660)~1/3+ (0.01=-0.06) cos*d. 


Similar measurements were also carried out at lower 


energies (Table 3). 


TABLE II 


Ep (Mev) 445 | 500 555 | 610 | 660 
| 
app | 0.80+0.09 | 0.72-40.12 0.76+0.13 0.93+0.12 | 0.99-+40.04 
a 10.6 WHO'S) 44.1 Lect (0 dees ale Ghee 
pp (9) (0.375°3)+ (0.27 5°5) a (0.35 "3 )+ +0.4) cos? 9 | +0.06) cos? 9 
+ cos? > + cos? $ 7 + cos? 9 


The angular distribution of the 7° mesons in re- 
action (II) was measured at 660 Mev with less ac- 
curacy than was the case for hydrogen: 


Npn (660) = 0.98 + 0.17. 


It follows from this that 


f pn (660) ~ 1/3 + (0.0 + 0.6) cos? 9. 


Similar measurements at 445 Vev gave 


pn (445) = 0,90 + 0.25. 


The large experimental error in the last instance , 
does not permit the determination of the coefficient 
b in a distribution of the type 4 + b cos*. 


4. DISCUSSION 


The p+p>a°+p+p Reaction 


In the energy region 400-660 Mev the total cross 
section for reaction (I) measured by us goes, on the 
average, as ot ~ pitas’, where pmax is the maxi- 
mum momentum of the 7°in the CMS in units of the 7’me- 


son mass m_c. As can be shown, it follows fromthis 
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that the transition matrix element for reaction (I) in the 
indi cated energy region varies directly as the momentum 
ofthe meson. This result differs from that obtained in 
Ref. 7, where the energy dependence of the differ- 
ential cross section for reaction (I) at an angle 

=90° in the CMS was measured. If one considers 

the data in Table 3 concerning the angular distri- 
bution of the 7° mesons, then, from the energy de- 
pendence given in Ref. 7, it follows that the exci- 
tation function for the total cross section for reac- 


tion (I) goes aso7 ~p 
pp max 


. This is not in agree- 
ment with the dependence obtained by us. Corres- 
pondingly, our conclusions as to the nature of the 
variation of the matrix element with the momentum 
of 7° are also different. 

In the energy interval 600-660 Mev some slowing 
down of the rate of increase of the matrix element 


for reaction (I), which becomes appreciable at 
higher values of the energy is observed. A compar- 


ison of our results with recently published data 23 
indicates that in the region of 700-800 Mev the ma- 
trix element goes through a maximum. 

As is seen from Fig. 7, the magnitude of the 
cross section for reaction (I) , determined by us in 
the energy region 420-480 Mev, is on the average 
two times less than that measured earlier4?. From 
a comparison of our cross sections with that ob- 
tained at 340 Mev}, it follows that in this energy 
interval 05, increases as p°ss,t “5 and not as 
P’nax -2> This implies that, in reaction (I), along 
with the Pp transition* (which goes as “pax ), the 
Ss transition, the intensity of which is weakly de- 
pendent on energy (~pz,,,), plays a very appreciable 
role. The variation of the cross section (I) with en- 
ergy in the region 340-400 Mev can be represented 
as follows: 


+ 0,12 p8,,.)+107? em?. 


ae = (0,025 joe 
The Ss transition can be appreciable only near 
threshold; with an increase in energy, the relative 
contribution of thistransition quickly decreases, 
and at energies ~ 400 Mev the transition in the Pp 
state is the principal one. The contribution to the 
reaction from the Ps transition is, apparently, not 
large. In view of this, the angular distribution of 
the 7° mesons, obtained by us at 445 Mev and ex- 
hibiting an appreciable anisotropy, is affirmed. 


*Here the letters indicate, respectively, the orbital 
angular momenta of the nucleons (in the nucleon- 
nucleon system) and of the pion. 
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The p+n>7°+p+n Reaction 


At proton energies less than 400 Mev, the reac- 
tion (II, a) in which a deuteron is created in the final 
state, is the main contributor. Near threshold it is 
characterized by a cross section that goes as 
~p'max: 7° An analysis of the angular%® and ener- 
gy”? distribution of the y-rays produced in light nu- 
clei by 450-480 Mev protons, indicate that, at these 
energies, the angular distribution of the 7° mesons 
in reaction (II) is appreciably anisotropic. Together 
with the energy dependence obtained by us 


o® = (8,7 + 1,5) p20#05. 10-2? om’, 


This attests to the fact that at 450 Mev and lower, 
the transition with a final S state for the nucleons 
and p state for the 7° meson is the principal one 
for reaction (II). 

With an increase of the energy in (II), reaction 
(II, b), proceeding without the production of a deu- 
teron, begins to predominate (Fig. 8). The pres- 
ence of three particles in the final state of the last 
reaction must lead to a stronger dependence of the 
statistical factor on the momentum of the 7° meson. 
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FIG. 8. The ratio of the cross sections for 7° meson 
production in reactions (II, b) and (II, a) at various proton 
energies. The cross section a7 (D) is gotten from the 
equation 207° (D) = om” (D). The data used is that of 
Ref. 27. 


There is, apparently, associated with this a more 
rapid growth of the cross sectiong), in the energy 
region 550-660 Mev than at lower energies. The 
relatively slow rate of increase of the cross section 
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a = ca - an in the low energy region can also 
be partially due to the presence of internal motion 
of the nucleons in the deuteron; with a decrease in 
the energy, this factor should play an increasingly 
significant role. At an energy =400 Mev the influ- 
ence of the nucleon binding in the deuteron is, ap- 
parently, still not large, since the cross section 
obtained by us at 385 Mev agrees well with the 7° 
production cross section in n-p collisions at 380 
Mev recently published by Rosenfeld et al. 8 


Production of 7° Mesons by 
Protons of Energy 600 Mev 


A comparison of the magnitudes of the relative 
cross sections for hydrogen and deuterium measured 
by us, shows that in the energy region up to 600 
Mev the ratio 0 ”°/o™. increases rapidly, reaches a 
magnitude of "and remains constant upon further 
increasing the energy (Fig. 9). As Lapidus?9 has 
shown, the ratio of the cross sections for the reac- 
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FIG. 9. The ratio of the cross sections for reactions 
(I) and (II) as a function of energy. 


tions (I) and (II) must equal % if, in the final state 
of these reactions, the meson-nucleon system has 
an isotopic spin of 7 =%. The data, presented in 
Fig. 9, shows that, in the 600—660 Mev energy re- 
gion, the T =% transition is apparently the princi- 
pal one. 

We can also arrive at this conclusion if we con- 
sider the energy dependence of the ratio of the 
cross section peiiages (see Fig. 10). The rate of 
increase of this ratio is retarded at 600 Mev and 
thereafter approximately constant and close to %% 
over a broad energy interval. As was shown in 
Refs. 29 and 30, such a ratio occurs if T = % for 
the meson-nucleon system in the final state of the 
indicated reactions. 
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FIG. 10. The ratio of the cross sections for the pro- 
duction of neutral and charged pions in p-p collisions at 
varioys energies: @ indicate values obtained from a com- 
parison of our results with those of Refs. 27 and 31; the 
data of Refs. 33 and 34 were used for the values marked 
54. 

The data given in Table 3 indicate that, with in- 
creasing energy, the angular distribution of the 7° 
mesons becomes more and more isotropic, and ata 
proton energy of 660 Mev, the anisotropic portion of 
the 7° distribution does not exceed 7%. For reac- 
tion (II) there occurs a similar transition from an 
anisotropic to an isotropic angular distribution with 
increasing collision energy. Such a change in the 
angular distribution is, apparently, associated with 
the fact that the more the energy is increased, the 
increasingly larger a role is played by a “resonance” 
transition in which the mesons interact strongly 
with one of the nucleons in the final state (T = %, 
J = °%), and the orbital angular momentum of the 
second nucleon is equal to zero. The disintegra- 
tion of such a system, and consequently the emis- 
sion of the 7° mesons, takes place isotropically. 

Thus, all the conclusions from the above exper- 
imental data favor the assumption of a preeminent 
role for resonance transitions (T = %, J = %) in the 
energy region ~600 Mev. 

At proton energies 340-480 Mev, the pions are 
created for the most part with energies close to the 
maximum possible, as a consequence of the fact 
that the nucleons in the final states interact rela- 
tively strongly. In Refs. 8 and 22 it was estab- 
lished that when the proton energy is increased to 
660 Mev, there occurs a relative “smearing” of the 
spectrum of the y-rays from the decay of the 7° me- 
sons. The 7° mesons, at this proton energy, carry 
away on the average only about half of the maxi- 
mum possible energy. 

If, when going from 450 to 660 Mev, the portion 
of the energy being carried away by the mesons 
were to remain unchanged, then the average energy 
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of the y-rays counted at 33° and at proton energies 
of 450, 560 and 660 Mev would be, respectively, 100, 
120 and 145 Mev. A comparison of these values with 
the data in Table 1 indicates that the “smearing” of 
the 7° spectrum occurs in the proton energy region of 
560—660 Mev. It is possible that the indicated 
change in the nature of the 7° spectrum is also a 
consequence of the strong interaction in the meson- 
nucleon system. 


Comparison with the Production Cross Sections 


for Charged Pions 


The total 7° production cross sections obtained 
by us allow one to make, within the limits of the 
charge independence hypothesis, a crude estimate 
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of the production cross section for charged mesons 
where the latter are unknown. Thus, the inequality 


1 7° mat 7? mT? 
| Spp <SFpn KS Spn + 1/2 Spp (5) 
permits one to estimate the cross section Sn = Onn 


at 660 Mev, experimental data about which is as yet 
lacking: 


(1.8 +.0.1)-1072? em? < o% <(8.8 + 1.1)- 1072? cm? 


S 
The magnitude of the cross section on, can be de- 
termined by means of a comparison of our results 
with the data of Refs. 27 and 31 a one uses the 
identity of, = Pie + ae -—(“A)opp 


oe (660) = (3.5 + 1.3)-10°?? cm’. 
TABLE IV 
E p (MeV) | 4ool**] | 500 | 858 | 580 | 610 | 640 | 660 
Don ue, cm? 0.16-+0.04 <0.6 =a)RO0 On Grad AmOsetedal eddie ono sedi 


a5 06 07 U8 9 10 


18 


ew 18 0 22 24 2h 28 


Z, T7QL 


FIG. 11. The cross sections 0), and 0,) as a func- 
tion of the Je pion oe The curve a is that 


of Spt x 107?’ cm*, b—2p*? 


x 10? 
x 


x 107’ cm? and e— 


max 


m’. In constructing the abcissa scale, 


the values of the pion masses used were: mo = 134.8 


Mev and Mig = 139.3 Mev. 


Comparison with the data presented in a paper by G. 
Yodh35 indicates that this cross section increases 


rapidly with increasing energy: 


If one approximates the energy dependence of the 
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; : ; : 
cross section by a function ~“p,fax, then in the en- 


ergy region below 650 Mev, we have 
an, = (0.3 +0.) jive: x10:42em": 


Partial Cross Sections 


Within the bounds of the charge-independence hy- 
pothesis all the cross sections for pion production 
in nucleon collisions can be represented as a linear 
combination of three partial cross sections 0), 04, 
and 0,, (the notation of Ref. 25 is used here; the in- 
dices denote the magnitudes of the isotopic spins 
of the nucleons in the initial and final states). Us- 
ing our data and that of Refs. 27 and 31, it is possi- 
ble to determine the magnitude of these cross sec- 
tions at the proton energy 660 Mev: 


On, = (3,6 + 0,2) 2 10-2? cm’, 


99, = (3,6-+1,8)-10°2? cm’, 
S19 = (10,6 + 0,6)- 10-2? cm’. 


) 
The cross section 0,, = Cpe at various energies 
has been determined above (see Fig. 7). 


A comparison of the magnitudes of the cross sec- 
tion g,, at various energies indicates (Fig. 11) that 
2-5 £10 which is in good t 
eee is in good agreemen 
with the conclusions of Rosenfeld. 

The reaction Ty = 1+ Ty =0 is characterized by 
a slower rate of increase of the cross section with 
energy (see Fig. 11). In the region up to 580 Mev, 
the cross section 0,, is proportional to the third 
power of the momentum, 


Oo, varies as p 


Zy = (2,0 eis 0,4) Dae 107? cm? 


in agreement with Ref. 25. At higher values of the 
energy, the rate of increase of the cross section is 
retarded and in the 550—1000 Mev region can be 


written as 


19 = (3,0 + 0,2) pee. 10°27 cm?. 


From a comparison of the data of Refs. 38 and 39, 
it follows that in the energy region =1000 Mev the 
cross section 0,, goes through a broad maximum and 
thereafter slowly decreases with increasing proton 
energy. 

_ In conclusion, we take the opportunity to express 
profound thanks to M. S. Kozodaev, B. M. Pontecor- 
vo and L. I. Lapidus for the discussion of our re- 
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sults. We are indebted to M. M. Kuliukin for his aid 
in the construction of the apparatus. 
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Asymptotic Meson-Meson Scattering Theory 


I. T. DIATLOV, V. V. SUDAKOV, AND K. A. TER-MARTIROSIAN 
(Submitted to JETP editor December 17, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 767-780 (February, 1957) 


An asymptotic expression for the scattering amplitude for meson-meson interaction has 
been obtained from a theory of the Landau, Abrikosoy, and Khalatnikov type by summation 
of an infinite number of: graphs of a certain class. The problem reduces to an integral 
equation of a simple type, which can be solved exactly. 


1. INTRODUCTION 
i, & + £2i,) + i, @) +---, (1) 
where the f_ (x) are closed functions. In fact, the 
above authors!>* used the integral equations of 
field theory to construct the f,(x) term of the zero 


OT LONG AGO Landau, Abrikosov, Khalatnikov 
and Galanin!>? developed a new approach to 
the solution of field theory equations. While assum- 
ing that the coupling constant g, is small, ice. 
go <1, and investigating the series expansion of 
all quantities for large momenta in powers of gj 
they do not however consider the quantity 


approximation for the case of a series expansion of 
the Eq. (1) type for propagation functions and func- 
tions for the vertex parts in quantum electrodynam- 
ics? and mesodynamics”. 

Essentially the condition that gj < 1 is not neces- 
sary for the existence of an expansion in a series of 
the Eq. (1) type. As has been shown by 
Pomeranchuk?, when one introduces two cut-off 


x = gin [A2/(— p®)] = @(L—8) 


to be small (in contrast with the assumption used in limits 


conventional perturbation theory), here 
= In(— p?/m*) > 1, 


where A is the limit for momentum cut-off and p the 
momentum pertinent to the problem. 

The result is that the asymptotic expressions of 
different field theory quantities are represented by 
series of the type: 


L = in(A2/m?)>>1 Lp=In(AZ/m), Lp>li>! 


then in all equations and in particular in Eq. (1), 
ge is replaced by the quantity 
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which can be as small as one likes for any go, pro- 

vided that (Lp ~L;,)/7 is large enough. ‘hus, when 
Ls —L,)/7> « the series in Eq. (1) converges as 

quickly as one may like, and its zero term is in fact 
an exact solution. * 

From the standpoint of an expansion in a series 
like Eq. (1), the amplitude of meson-meson scatter 
ing is a quantity of the order of gg (or g5 when there 
are two limits). Actually, the corresponding quan- 
tity for the simplest graphs in Fig. 1 has a value 
proportional to the product of gj and a logarithmi- 
cally divergent integral of the type [d* p/p*~L 
[since g2 L =g2(g@L)]. 


i.e., avalue on the order of gf 


fi eM a % 
ee ee 
4 eats fey, af 
Hs jeals % i a ised be 


Accurate computation, with inclusion of only the 
most important logarithmic part of the resultant in- 
tegral** shows that when the momenta are large, the 
sum of the contributions from the graphs in Fig. 1 
depends only on the largest momentum, k, of the 
four momenta k,, k,, k;, k, of the mesons, i.e., 


— k? = max (— ki, — ka, — k3, — R5) 


and can be written as 
(g2/ 4x1) R, 


(3) 
X(Ry, yy ky, hy) = (85 /4et) R, [g2(L—6)], 


*This is due to the incompleteness of the present the- 
ory, according to which, as Pomeranchuk has observed’, 
the renormalized charge g” = g% [1+ 5 L/4 7) * becomes 
zero when L > oo. Actually, if all the quantities in se- 
ries (1) are renormalized, i.e. fn(x)=Z, (g? L) f, (¢ &), 


then we obtain 


folg’o) + PA'S + thle). 
When g’ > 0 only the term f, is significant. 


**Ifwe include values for the propagation functions and 
vertex parts as given in Ref. 2 we have: D (k) = d/k?, 
G(k)= B/k, I’, =ay, where for the symmetrical theory 
a= Q%, B= Q-*o , d= Q-% and analogously for the 

Une Feo —~%; oO; 
neutral theory a= Q- 4, B=Q 0, d=(Q7 %3 Qis de- 
termined in Ref. 4. 
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where for the neutral pseudoscalar theory 


Re ee 94 (1 PS O='*), (3a) 
Q=1+ (5g2/4z) (L —§&) (4) 


and analogously* for the symmetrical pseudoscalar 
theory 


° 16 _p*), 
Ro = 00%, Po = 30 [Q ! are i (3b) 
with the quantity 
Be = See sbee, TH 84,2, Seat, + 9e,8.%828, (5) 


being dependent of indices (or variables) ¢, of the 
isotopic spin (i = 1, 2,3, 4) of the four mesons 

(€, = 1, 2,3). It is noteworthy that electrodynamics 
differs from the pseudoscalar meson theory in that 
the logarithmically divergent part is eliminated 
when the contributions from the graphs in Fig. 1 
are summed, so that they have a value of the order 
of e¢ (rather than of the order of e3 as for the 

e; (ef L) type). 

All of the more complicated graphs for meson- 
meson scattering can be categorized as “reducible” 
or “irreducible” to simplest forms (of the type in 
Fig. 1), if “reducible” is taken to mean those graphs 


*For example, the first graph in Fig. 1 has, to within 
a multiplicative factor g3/47i, the value 


Ro = (00 / 4) Sp (Tz, 7z,Te, Te.) 
po = (g5/ ni) | Sp [PsG (p) TG (p +n) 
XG (p + Ri + he) PsG (p — kg)] a4p 
(ky + he + kg + ky = 0). 
We have made use of Feynman’s notation where g,1 , 
corresponds to the point, G(P) to the nucleon line, 


47 iD(k) to the meson line, and fd*p/(27) to the inte- 
gration [dp, dp, dp, dp, /(277)*. 


\a4p / (2x)? =| dpodprdpadps | (2m) 


By including only the logarithmic region — k*” <~—p?</? 
or €<z<L, z= log (—p?/m?) in the integral and chang- 
ing variables to g= 1+ (5g6/47) (L—z), we obtain 
Q 
Po = (7/5) \ a* (9) BY (a)dq 


1 
Q 


= 0%) | gag = 08/5) (Q**—1), 
1 
with the sum over the graphs in Fig. 1 of the quantity of 
the type 4 Sp (Te, Té, TE, Té,) being equal to 6,. 
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that consist only of nucleon squares joined by mes- 
on lines and subject to successive simplification to 
to one of the graphs in Fig. 1. Such simplification 
consists of substituting, in some sequence, one 
square for two joined by two meson lines in the 
complex graph (e.g., the graphs in Fig. 2 are “re- 
ducible”, while those in Fig. 3 are “irreducible”). 


a alae wipe the 
GeGle Gls > GaGa 
eter .0, O as 


Bee 
-“ ‘oO 
“ye | 


FIG. 3 


It is easily seen that such substitutions do not en- 
tail any alteration in the order of magnitude of a 


graph (symbolically, in the sense of a location in an 


expansion of type (1) ), because in this case the 
number of points on the graph is reduced by four, 
the number of divergent integrals by two, and the 
contribution from the graph changes by a factor of 
the form g3(L — €)? = [g?(L — €)]? which is of the 
order of unity. Therefore, any “reducible” graph 
makes a contribution of the same order 


(g? / 4x1) R,, (Ay; ko, ks, ky) 
= (g5/ 4x0) R,, [gg (L — §)I 


(R, is a dimensionless function and n is the num- 
ber of the “reducible” graph) as contributions (3), 
(3a) and (3b) from the simplest graphs in Fig. l. 

Analogously, simple calculation shows that “irre- 
ducible” graphs* have a value of a higher order in 


*This was noted by Landau and does not apply to 
electrodynamics, in which, for example (because of the 
elimination of the divergences in the graphs in Fig. 1), 
“reducible” graphs even with two squares (Fig. 5) have 
a value on the order of e} in comparison with the contri- 
bution from the graphs in Fig. 1. 


&- Therefore, if the scattering amplitude is written 
as 


(gp /4ni) P’ (Ry, Ro, Rg, hy), 


then P' will be represented, when the momenta are 
large, by a series of type (1) 


Pisa P (g2(L = %)) 4-220 [o8(E 8) 6) 


where the first term P of this expansion (which, as 
was mentioned above, gives in fact the exact value 
of the scattering amplitude in meson theory) is de- 
termined by the infinite sum of the contributions 
from all the “reducible” graphs 


P (ky, Ro, Rg, Ra) = > Rn (Ry, Re» Rs» hy). (7) 


n=0 


Below we consider the problem of computing this 
sum (the so-called “parquet” problem) where it is 
shown that the total sum is determined from a quantity 
R, with the aid of an integral equation, which in the 
case of large momenta is simple in form and can be 
solved exactly. 

When L is fixed, the magnitude of P proves to be 
of the same order as that of R, (despite the fact 
that the absolute value of the individual terms of 
the infinite alternating series, Eq. (7), increases 
rapidly as n increases), whereby P possesses the 
usual renormalization property and, in the limit as 
LI > ©, can be renormalized without introducing 
interaction terms of the \ ¢ type in the Hamil-. 
tonian. 

The “parquet” problem is important for the eval- 
uation of terms left out of the zeroth approxima- 
tion? (in g?), which proves, as Pomeranchuk has 


4. a zero value for the renormalized charge 


shown 
g. In the theory advanced by Abrikosov, Galanin, 

and Khalatnikov?, the equation for the vertex part 
operator (interaction operator) did not include (be- 
sides graphs with intersecting meson lines) graphs 
of the type shown in Fig. 4a and all the more com- 


plicated ones obtained from Fig. 4a by substituting 
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any graph reducible to a square for a nucleon 
square. When g3 < lor, gj <1 in the theory with 
two limits, the contribution from the graph in Fig. 
4a is small (it contains an extra factor (g?/477i) Ry, 
of the order of g? in comparison with the contribution 
by the graph in Fig. 4b which was calculated by 
Abrikosov, et al.*). However, the evaluation of the 
total contribution by all of the more complicated 
graphs of the type shown in Fig. 4a, but with the 
square replaced by a complex graph of meson-mesen 
scattering, depends essentially on the value of the 


sum P = ie (if this sum should turn out to be di- 


vergent, it is not permitted to neglect all the graphs 
of the type shown in Fig. 4a). 


To avoid the difficulty of computing the sum 


CoO 
Piz 2 Rn in order to evaluate the contribution by 
n= 


all graphs of the type shown in Fig. 4a, 
Pomeranchuk analyzed a special t ype of limit proc- 
ess for point interaction, in which L;,/(L,—L;) > 0 
as L;, > «. In this case, all the complex graphs of 
meson-meson scattering (including the “reducible” 
ones) yield in the limit a contribution infinitely 
small in comparison with the simplest graphs shown 
in Fig. 1. For example, the contribution from graphs 
of the type a, b, c shown in Fig. 5 contains, in 
comparison with Eq. (3), twice the factor 
go =7/(Lp —L;) > 0 and two divergent integrals 
over the nucleon and meson momenta that give the 
factor L, Ly, so that the total is a factor of the 
order of 

L pL nr (62)? ~ LpLn | (Lp— La)’ ~ Ln / Lp > 0, 
which goes to zero when Ly, > ~. In the limit P=R,, 
i.e. the sum of the contributions from all of the com- 
plex graphs of the type shown in Fig. 4a coincides 
with the contribution from a single simple graph of 
the type shown in Fig. 4a. 
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The conclusion obtained below concerning the 
finiteness of P is in agreement with Pomeranchuk’s 
result which shows that the prediction that renor- 
malized charge becomes zero in the pseudoscalar 
theory holds true not only for a special type of tran- 
sition to the limit, i.e., where L,/(L, —L;,) > 9, but 
also for a more general case (if the sum P is a 
quantity of the same order as Ry, then the contribu- 
tion from all graphs of the type shown in Fig. 4a is 
a quantity of the order of gj in comparison with the 
contribution from Fig. 4b and it may be disregarded 
if g2 « Lie., if [7/(L, —L,)] is sufficiently small 


as L;, > ~. 


2. THE EXACT INTEGRAL EQUATION 


We shall show that the sum (7) of the contribution 
by all of the “reducible” graphs* satisfies an exact 
integral equation whose form depends only on the 
value R,(k,, kz, k3, k,) of the contribution from the 
simplest graphs in Fig. 1. 

First we shall introduce the concept of reducible 
and irreducible graphs and derive a simple general 
relation (analogous to the Dyson-Schwinger e qua- 
tions for propagation functions or to the Bethe- 
Salpeter equation), which is satisfied by the total 
contribution P’(k,, kj, k3, k,), Eq. (6), of all gen- 
eral “reducible” and “irreducible” graphs. 

Let us examine an arbitrary meson-meson scatter- 
ing graph and call it reducible as regards the sepa- 
ration of meson lines (“ends”) k, and k, from k, and 
k,, if it can be divided, at least in one certain man- 
ner, into two parts connected with one another by 
only two meson lines, with the division made in 
such a way that lines k, and &, approach one part 
and k, and k, the other (e.g., the graphs in Fig. 5a, 
d,e, are reducible). We shall call graphs that do 
not possess this property irreducible relative to 
“separation” of k,, k, from k,, k, (e.g., the graphs 
in Fig. 1 and Fig. 5b, c). 

One and the same graph, depending on how the 
meson lines approach it, can be reducible or irreduc- 
ible relative to the separation of k,, k, from k,, kg 
(the graph in Fig. 5a is reducible, while 5b and 5c 
are irreducible). 


Let us designate by R’(k,, k,, k,, k,) the sum of 


*Henceforth, to simplify the notation, we shall neglect 
the factor (go /47i), i.e., we shall assume the contribution 
by the graph for meson-meson scattering to be a value 
determined in accordance with Feynman’s rules and mul- 
tiplied by (47i/g3). 
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the contributions from all of the graphs generally 
irreducible in the indicated sense, and by F “(k,, hes 
k,, k,) the sum of the contributions from all of the 
reducible ones. Since any graph is either reducible 
or irreducible, it is obvious that 


P" (Ry, Roy Rg, Ra) = R’ (Ay, Res Rg, hs) 
oe ae (Ry, Ro: Ra. Ra). 


(8) 


The quantity P “is symmetrical for any transposi- 
tion of the meson lines, and the values of R’ and 
Fin Eq. (8) are unchanged if k, and k, or k, and k, 
are transposed or if k, and k, are interchanged with 
k, and k, (because they include a contribution from 
all of the graphs). For example, R’ includes a con- 
tribution from both the graph in Fig. 5b and that in 
5c (the latter differs from 5b in the. transposition of 
k, and k,), so that one may write 


Ie (ei estan) — Ryle, Ro; Ra, Rs) (9) 
sr Ri (Ry, Ry; Raq, Rs), 


where the quantity Ry (k,, k,; k,, k,) includes the 
irreducible graphs only for arrangement of lines k, 
and k, (thus, R’ includes both graphs in Fig. 5b, 
oc, while R,(k,, k,; k3, k,) includes only one of 
them, e.g., Fig. 5b). 

In this case, it is not difficult to see that P’ and 
R' are connected by the following integral equation 


Pari, hes Ke ukes) = R’ (Pi ks, ha, By) 


— (g2/2ni) | RY (hy, es b, 0) 
x D(I) DU’) P’ (—1, —U, bs, Ra) dl, 


(10) 


where —1’=1 +h, +k,, D is the meson propagation 
function, and d*/ = dl,dl,di,dl,/4 7’. 


In order to check the correctness of this relation, 


let us examine an arbitrary reducible graph (relative 


to the separation from k,, k, and from k;, k,) and 
select the point of separation such that the part 
adjoining k,, 4, is already reducible as regards the 
separation of k,, k, from meson lines / and /’, which 
connect both parts of the graph. Let us use 

p, (k,, k,; l, 1’) to designate the contribution from 
the part of the (irreducible) graph adjoining lines 
k,, k, (we assume all graphs to be renumbered, with 
index n indicating the graph number in the part adjoin- 
ime &,,-k,)and o,, (—1,—l> hk, k,) to designate the 
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contribution from the part (of number m) adjacent to 
k, and k,.* Then the form of the reducible graph 
under consideration will be determined by the two 
numbers n and m, and the corresponding contribution 
frm (k,, ky; ky, k,) can be written as 


Pn eae k,) 
= — (62/1) 0, (&, ks 60) DMD) av 
«9, (—l, —I’, Ry, B,) dal. 


The factor —(g$/7i)d*l is the product of the quan- 
tities gj(47i from the definition of the contribution 
from the graph (cf., footnote, p. 634), (47i)? from 
the two meson lines, and d*l/47’ from the integra- 
tion over the meson momentum. 

Let us now sum both sides of Eq. (11) over all 


numbers n, m (i.e., over all of the graphs); it is 
now obvious that 


Dis, (—1, —V’, hy, ka) = P’ (—1, <I’, es, Be), 
m (12) 


since any particular graph may be adjacent to k, and 
k,. By the same token 
> en (Ripka; L eRe eats (13) 
n 
since only irreducible graphs are, by definition, 
adjacent to k, and k,. Furthermore, it is evident 
that 


D) fam (el Bas ROR) = OP (Rip Ra Rae) 0) 


the factor 2 appears because half of all the graphs 
from the sum in Eq. (13) that enter into R,(k,, k,; 
1, 1’) will, on account of the symmetry of P’ in / 
and 1, give exactly the same set of all reducible 
graphs as will the other half of the sum in Eq. (12), 
which enters into R,(k,, k,,; L/L). 

By utilizing equalities (12) to (14) we obtain, 
after summing both halves members of (11) over n 


and m, 


*Since & or / always represent the momentum entering 
into any graph, then hk, +k, +1+U=-l-Il'+kh, +k, =0, 
while the momenta / and J’, which enter into the part ad- 
jacent to k, and k,, come out of the other part and are 
written in 0,, with a minus sign. 


636 


F "(keys sy ha) = — (@9/2ni)\ RY (has as LU’) 


XD (Ll) D(U) P’ (—L, —U, Rg, Rg) a4. (15) 
It is obvious that Eq. (15) together with Eq. (8) 
gives Eq. (10). 

Now let us consider only the “reducible” graphs 
and designate by P, R and F the corresponding sums 
determined by them only. With respect to these 
eraphs, all of the considerations that led to Eq. (8), 
(15) and (10) can be repeated literally; in an-anal- 
ogous fashion we obtain 


P (ky, Ro, Rg, Ra) = R (Ay, ky; Rg, Rs) 
a F (Ri, ky; ks, Ry), 
F (ky, Ros Res Bs) =— (g2 / 2ni) \ R (ky, ko; 1, U’) D (1) 


(16) 


Seq) Ptah ae lt, bs atl 


These relations permit one to solve the problem 
stated above, if one bears in mind that the “redu- 
cible” graph, if itis not the simplest one (Fig. 1), is 
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necessarily reducible as regards the separation of 
any one pair of meson lines from another, 


k,, k, from ky, k,, or ky, k; from ky, k,, 
or k,,. k, from k,, ks. 


Actually, the “reduction” process makes it pos- 
sible to bring any reducible graph to the form of 
Fig. 5a, 5b or 5c, where that which has been said 
becomes obvious.* In accordance with this, all re- 
ducible complex graphs fall into three classes, and 
their contribution is contained either in F(k,, k,; 
ks, Kas iF (keys ikys has hg) on ink (legs degs tee) 
(the contribution from each reducible graph belongs 
in one and only one of these three functions, be- 
cause if a graph is reducible as regards the separa- 
tion of any one pair of lines from another, it is then 
irreducible to any other division of meson lines 
into pairs. This is made clear by any analysis of 
the graphs a, b, c in Fig. 5 to which any complex 
reducible graph may be “reduced”). Therefore, by 
including the independent contribution R, from the 
simplest graphs in Fig. 1 we obtain 


P (hy, Ray Rg, Ry) = Ro (Ry, Ras Rg, Ra) + F (Fy, Ro Rs, ha) 


Taken with Eq. (16) this yields 


+ F (Ry, kg; Ra, Ry) + F (k1, ky; ke, kg). (17) 
R (Ry, Re; Rs, Ra) = Ro (Ry, Ro, Rs; Ry) + F (Ry, Rg; Re, Ra) + F (Ry, Ra; Re, Rs), (18) 
F (ky, Ro; ks, ky) — = (g2 / 2a) \ [Ro (Ry, ko, by U\)+F (k,l; ky, l')+F (ky, Wes ke, L)] 
xD (1) D (Ll) [Ro (— 1, —l', Rg, Ra) + F (—1, Rss —U’, ky) + 
(19) 


+F(—L ke -—Ukk,) + (leak eee 


Transposing k, and k, or k, and k, in both sides 
of Eq. (19), we obtain two more analogous equa- 
tions and thus have a system of three integral equa- 
tions, which identically determine the functions 


Pikes; be, kel Pfhinci.. dg, te, vand Fic, b,: knots); 


in terms of the known quantity R, (k,, k,,; k,, k,) 


~) 


3. THE INTEGRAL EQUATION FOR THE CASE 
OF LARGE MOMENTA 


a) Consequences of Eq. (19). 

If the meson momenta k; are large, as in the 
case of the neutral theory, Eq. (19) can be reduced 
to the form 


(20) 


Es 
co eal [Ro (4) + 2F (4)][Ro (A) + 2F (2) + 9 (A, 4, Cd? (0) dh. 


*By carrying out the “reduction” process in reverse we can restore to the original form both parts of the graph 
which were obtained from each square of the graph (e.g., Fig. 5a). However, these parts will be joined by only two 


meson lines. 
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here 
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€= In(— ki /m’), S=ln(—£i, m’), 1 = In[— (Ry + ke)" /m’y, 
4 = In (—1?/m’), — kf = max (— #2, — k?, — (k, + k)’), 


2 
— ky; = max (— De 


for which the most general case €> €> 7 is treated, 
when F'(k,, k,; k3, k,) is dependent on all three 
quantities a Niet. 16). 


F(k,, kas ks, k,) 3 l& Up ¢) 
and when, according to Eq. (17) and Eq. (18), 


(21) 


P (ke, has ha, ha) = Ro (8) +2F +98, 1%): (99) 
R (hy, Ro; Rs, Ra) = Ro () + 2F (6); 


with* 


F (&) = (6, &, &) = F (Ay, Ag; Re, Rg) 
= F (ky, kg; ke, Rg). 


If, however, all the momenta &; and all of their sums 
k; +k; are quantities of the same order, then 


f= = ¢ and 
Pik, bo: kin) = RAS) +362). 


It is assumed everywhere that the quantities P and 
F depend, like R,, logarithmically on the momenta 
when the momenta are large [this is confirmed by 
the solution of Eq. (20)]. When Eq. (20) was ob- 
tained from Eq. (19), the only region included was 
7 <A<L, in which the integral over / is logarith- 
mic and for which D(l)D(l’)d‘* 1 = (i/4)d?(A)dx. 
In the integration over A, it was taken into account 
that in region a (see Fig. 6) where y <A < ¢, the 
quantities 
Ry (Ai; hast, UY + F (Ry, b5 Re, UV) 
+F (by, U', he, 2), Ro(—— 4 — 4s Ba» ha) 


eal, Rat bce Fh, Ras — 0) Be) 


(23) 


which appear under the integral in Eq. (19) do not 
depend on A; in region 6, where ¢<A <é, the first 
of these quantities does not depend on A, but in re- 
gion c, where €<A <L, both are functions of A. 


*It is easy to see that when k, and k, are transposed, 
i.e. when there is a transition from F (k,, k,; k3, k,) to 
F (k,, kz; ky, k,) the quantities &,7%, C7 which corre- 
spond to the new arrangement of momenta, are all of the 
same order equal to & By the same token the quantities 


corresponding to F (ky, kg; ky, hy) are EC =n" = C2 = Gis 


— ka, — (hg + &,)"), 


If we put in Eq. (20) n = € and n = C= Ewe ob- 
tain two equations whose simultaneous solution 


determines the functions F (€) and 9(& n, 7) = 
=P (Ey), 


P(E, 4) = — (83/85) \ [Ro (&) + 2F (€)] [Ro (+) 


3c NN 


1s 

+ 2F (2) + © (A, a]? (i) dh (63/8n) | Ro Q) 
e 
( 


+ QF ()} [Ro (4) + 2F (2) + ® (4, u)] a2 (d) dd, 


VE 
F = — (e3/85)| (Ry) + 2F CIR, Q) 
E 


+ QF (4) + ® (i, 8] d? (A) dh. 


It is evident from these equations that the value 
F (€) of the function F (k,, k,; k,, k,) is, in the 
case where all the momenta are of the same order 
of magnitude, essentially dependent on the quantity 
® (A, €) i.e. on the value of F(—1, —l%; ky, k,) for 
the case when the two momenta / and 1” are very 
large in comparison with their sum (|/ + /*| = 
=|k, +k,|). This circumstance is a troublesome 
peculiarity of Eg. (19) and complicates considerably 
the subse quent computations. 


FIG.) 6. 


In the case of the symmetrical theory the equa- 
tions look even more awkward. In this case the 
isotopic meson spin variables, a;, can be left out 
of the calculations if one desires asymptotic solu- 


tions for Eq. (19) of the form, 
F (Ry, Ro; Rg, hy) = ® (, 7) Oc + Dy (&, %) Sxj02 2x20 
(4 = 9); 
F (Ry; Ray Rgy Ry) = F (8) 8c + Py (8) Sans 20 
(§¢=7=9), 


where Pte) = ® ae €), F, (€) ra ®, tS &). Then, 
according to eq. (17) and Eq. (18) 
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Je (Ri, ko, ks, R4) = II (é, 7) Be aig If, (s; 7) Oxy x9 25%? 
fe (A, Ry, Rs, k,) are die (5) Oc, (E = %)> (25) 


where P(é) = (& €&), U1, (& €) = 0 (the latter is 
due to the fact that P, which is symmetrical over 
all coordinates of all the mesons, can only contain 


‘ 
® (x, y) = — [eo (x) + 2F (%)] \ [00 (2) +2F + Fi (2) + O(2, 9) 4 


4 

a 
nh 

BY 

@, (x, y) = 


x 


Neo (2) + 2F (2) + Fs (2) oo (2) + 2F (2) + Fy (2) + O(2, NS 


See Nl ‘es [20 (x) + 2F (x)] [60 (2) + 2F (z) + ® (2, y) 
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the factor 5, for those cases where all the momenta 
are of the same order). 

Substituting the above expression for F in Eq. 
(19) and equating the coefficients of 5, and 
Sa,a,5a,a, Which occur in both sides of the equa- 
tion, we obtain, just as in the case of the neutral 
theory, 


Zz 
2 


(26) 


oO 


+, (2, )) + Fr (x) (®, 9) — Fi ONS — 43 too (2) + 2F OI 


X (Po (2) + 2F 2+ OZ, +2 N+ FQ) 29h ens. 


Here instead of & n and A we have used more con- 
venient variables, viz. 


x% = (1+ (5g2/47m) (L— €))% (27b) 


and, accordingly, for y and z. If we assume x = y 
in Eq. (26), we obtain two more equations (analo- 


16 


( 
II (x,y) = 
| 
( 


c 


| 
Th (x, y) = 
( 


gous to the second equation in Eq. (24); conse- 
quently we have a system of four equations for the 
four functions ®, ®, F, and F,. It is not difficult to 
solve Eq. (26) provided that x—1 > 1 (this provision 
corresponds to the conventional perturbation 
theory) and that x > 1. Omitting the computations, 
the results are 


88 s 8 
gD ila 1 FY IP @ yy + «I, 
x—l<l, 
x{I + > [ise y—“lss — x°5lss y-**lss] a ee at 


Pages 3 Picea 


fe bg) Gea se 


— (By e@—pa~-1r -—@ 1+), 


A) Bg er 


16 18; 16) 
Ty tx [x STE iss — ]] +..-}, & Jail ysis 


whence 
16 88 2 
POD earth eh 
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b) Direct Integral Equation for P(&). 
We shall show that one can obtain an equation for 


P (€) and F (€) directly, and in this fashion avoid 


the case where two of the four momenta are very 
large and eliminate completely functions like 


® (€ n) and 9 & v, €). For this purpose we shall 
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derive once more an equation which, like Eq. (19), 
determines the function F (k,, k,; k,, k,), although 
we shall assume from the outset that all momenta 
and their sums are large quantities and of the same 
order of magnitude. We shall consider only the 
asymptotic value of all the functions and include 
only the most essential region—the region where all 
the integrals vary logarithmically. 


Let us examine an arbitrary reducible (as regards 
the separation of k,, k, from k,, k,) graph and write 
the function belonging to it in a form analogous to 
Eq. (11). Then in the part adjacent to lines k, and 
k, a graph may be reducible, as well as irreducible 
as regards the separation of lines / and 1’ from k,, 
k,. In the first case, i.e., if the graph is reducible, 
we again present it in the torm of an integral like 
Eq. (11) and so on until no irreducible graph re- 
mains in the part adjacent to k, and k,. Conse quent 


~ 
wiiggitixyee 


x Pn, (— Ly, 


+ aN (Ry, ky: ks, k,) — \ \ AA 


—h; ly, &) A (lp) d* 1, - - 
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ly, the graph in question is broken down into a se- 


FIG. 7. 


ries of irreducible ones (Fig. 7) connected to each 
other by pairs of meson lines. We shall designate 
the momenta in these lines byl,, lj, l,, j;...;ly, ly 
(with 1; = 1/+k, +k, i=1, 2,...,N) and use 
Pro? Pn,» +++» Pay to designate the values of the 
contributions from the irreducible graphs in Fig. 7 
(here n; is the number of the corresponding graphs 
in the ith irreducible part). Then, in analogy with 
Eq. (11), we can write 


Ven, (Ry, Ro} 1, Py) A (1;) d*l, 


-A (lx) d*ly Pay (— ln, — Ly; kz, Ry); 


A (li) = — (g3/ i) D (Li) D(U)» 


or, if we include only the region of logarithmic 
variation of J; (for which 


A(l;)d*l; = (g?/4m)d?(A;)dA; [see footnote* follow- 


z 
Cr Ste ny (§) = (— g2/4e ey \ a) 
x a? (h2) 


Here p,, (A;, A; +1) Sra for the value of 
iH, —l;, Li+ 1 fi + 1) when l; and 1;+ are 
large. It is essential that p,, be in fact dependent 
only on the largest of quantities A;, A;+, because 
Pn; is the contribution from the graph which is 
irreducible as regards the separation of —1;,—1/ 
from 1; 41, 1;+ 1 (the contribution from graphs of this 
type is contained in F (—J;, l/+1;—1, 1i+1) or in 
F(—1;, l+1; lj, lj+1) and, in agreement with what 
has been said above, when l; and 1; are large 
these F functions depend only on the largest mo- 
mentum.* This last assertion can be easily check- 
ed directly on simple graphs with two, three, and 


ip contrast to F (—u; —L; 4, ep = 9 Oi, 7. A+) 


which depends on three quantities: A;, 7, Ai+1- 


ing Iq. (7)], we obtain for the case where all mo- 
menta k,, k,, k,, k, and all of their sums are of the 
where o = 0(&), 


same magnitude, i.e., 


(29) 


more squares. Thus, the integrand in Eq. (29) does 
not, in fact, depend on & i.e., when A, > €and 


vy > & then 


On, (Fs 41) == On, (Ar), Gage (An &) = Pay (Aw)- 


The region of integration over A,, A,,..., Ay 
in Eq. (29) can be broken down into N regions, in 
any one of which one of the variables, say Aj;, is 
smaller than the others; accordingly Eq. (29) is 
presented as a sum of N integrals 


ong EAE (é) == 


= 
Ye, 14,- 
N 


i= 


» 
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where the quantity 
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Fae Se 


is determined in a manner exactly analogous with 
Eq. (29), i.e., it may be regarded as the contribution 
from the part of the reducible graph under consid- 
eration that adjoins lines k,, k, and J; lj ( part / in 
Fig. 7), which would be made if the momenta é, and 
k, were of the same order as 1;, //. Analogously 


og ny (Ai) may be regarded as the con- 


Nip nj ]oeces 
tribution that would come from part II in Fig. 7 if 
k, and k, were of the same order as /;, /;- 

It is not difficult to see that, in analogy with 


Eq. (12) 


2-i-) Oe fesenss fj (A) =P (A), 


where P (A) is the desired value for the sum of all 
the reducible graphs provided that all the momenta 
are of the same order. In exactly the same way as 
in Eq. (14) we obtain 


@ 


») YS 2D ogy, npg ay ) = P Q)- 


N—i=10;, Nj ON 


The negative powers of 2 in the left side of these 
equations are due to the fact that when we sum 
over all possible irreducible parts, i.e., over 
n; (j =0,..., N), we obtain (in the last case) 2% 
identical resulting graphs. 

Using these equalities, we obtain, by the sum- 
mation of Eq. (29) over all types (or numbers) of 
n; graphs in each irreducible part and over the num- 
ber N of these parts, 


L 


F (@) = — (g2/8=)\ PQ) dQ) PQ) a. 
E 


(32) 


For the neutral pseudoscalar theory we obtain 
according to Eq. (32) a simple integral equation, 


aE 
— ge PPA) (Ad, — (83a) 


where R, is determined in Eq. (3a). 
Introducing [as in Eq. (27b)] a more convenient 


variable 


L 
| Ahi Pn, (1) 4? x) Png Pas Ba) «+> ety 
ri 
x = [1 + (52/4) (L—§)J“*§ =Q%", (27a) 
we can write Eq. (33a) as 
P(x) =24(L=x—S\P@G- (4a) 


Differentiation with respect to x converts this equa- 
tion into a simple differential one, which is easily 
solved. A simple computation gives us 


— Vi45+1., 


P (x) 3 


V 145 
Soe ——< (35a) 


1-4 (V 145 +1) x¥18 | (V445—1) 


In the case of the symmetrical theory Eq. (25) 
should be substituted in Eg. (32) and summed over 
the indices of the isotopic spin; this will give 


F (Ry, Ro; Rs, ky) = (26, + 58z,, Eo E,, é 


a 
x( i )\e (2) a? (x) dh, 


where [see footnote* following Eq. (2)] d(A)= 
= Q-%. In conformance with Eq. (17), we then ob- 
tain (upon dividing through 6,) 


4192 * 
P () =p. (¢) - \ P20.) d2Qjdr, 3b) 


a 


16 


Pi) eat 


N—+-\ P22 a (34b) 
1 


or, if we introduce the variable x, make use of Eq. 
(3b), and integrate, we obtain 


ee ead 


M1 44 (Bit) x" 


P (x)= (35b) 


Thus, the total sum P (x) of the reducible graphs 
is a finite quantity of the same order as the contri- 
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bution R, from the simplest graphs in Fig. 1 (when 
(>, Eq. (35b) for example, differs from Eq. (28) 
only in the factor 3/1)). 

Eq. (33a) and (33b) could, it would seem, also 
be derived mathematically directly from Eg. (24) to 
(26). However, we were unable to do this. The 
value of Eq. (35b) for x—1 <1 and x > 1 coincide 
with the value of Eq. (28) derived directly from 
Eq. (26). 


4. THE RENORMALIZATION PROPERTIES 
OF THE AMPLITUDE P FOR MESON-MESON 
SCATTERING 


In the conventional scheme for charge renormal- 
ization the amplitude for meson-meson scattering 


(g? /4 7 i) P Can k,, Kas ke), 


which corresponds to graphs with four external 
meson lines, is multiplied by a factor Z? (where 


D =Z, D,), WZ, for each external meson line. Thus 


every renormalized expression will contain the 
quantity 
Ly bg6/421)?: 


Since, according to Ref. 2, g? = (g5/Q,) and 
Z,=d(0)=Q 4 for the neutral theory and 
Z,=(@7% forthe symmetrical theory, we obtain 
in both cases 


Z3 (g8 / ni) P (x) = (g?/ Asi) (P (x) | x0), 
Qo = 1 + (5g3/4n) L 


where, according to Eq. (27a), (27b) x, = U5 for 
the neutral theory and Q% for the symmetrical one. 
Thus, after renormali zation of the charge, instead 
of P (x) all of the equations will contain 


is (x) =P (x) / xp. 


1 
If -we set x/x, =X¢ where %e = 4 for the neu- 
tral theory and x, = Q,5 for the symmetrical theory, 
and where 


G, = 1-(g? /47) € 
we see that Q > when L > ~ and 
P (x) =P (xe), 


where P is given by Eq. (35a) or (35b) with © + ~ 
(i.e., P= (145 +4) x- for Eq. (35a) and 
P =(16/11)x, for Eq. (35b)). 
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Thus, when L > » the quantities (35a) and (35b) 
are automatically renormalized without introducing 
any counter terms proportional to ¢* in the 
Hamiltonian. 

In principle it is not difficult to think of a case 
where the Hamiltonian would, in additional to the 
usual interaction terms, have aterm proportional to 
p* Lor (y, p,)? in the case of the symmetrical 
theory, with a as the index for the isotopic spin]. 

At the same it is obvious that there will be a 
change in the term R,, which corresponds to the 
simplest graphs in Fig. 1. A constant A, which is 
proportional to the coefficient of the ¢* term is 


added to Eq. (3a) and (3b), i-e., 
Ry = 24(1—x) +A, pp = (16/3) (wn — 1) +2. 


Consequently, instead of (34a) and 34b) we obtain 
1 


P(k, x) = 24 (1—x) + = \ P2(\, 2) 2 2dz, 
‘ (36a) 


os ( Pz) 


1 


Pia (ai 


(36b) 


(P(X, x) is the scattering amplitude when a direct 
interaction is present characterized by the con- 
stant A). These equations, as in the case of Eq. 
(35a) and (35b), are simple to solve. By way of 
example let us take the case of the symmetrical 
theory. The solution to Kq. (36b), as is easily 


seen, has the form 


16x A=x 3 
Bins tit tg A + (8/11) x" # 
ere eae (37) 
~ 4— 112/16 


[when A =0, A = 1 and Eq. (37) coincides with Eq. 
(36b)]. It should be noted that the quantity 

P(A, x) is renormalized for any A (as are the func- 
tions d, B, a found in Abrikosov, et al.*) if the re- 
normalization entails change in A. Actually, ac- 
cording to Eq. (37), if we have that x = x %-, we 


directly obtain 
PAN Is) ay PN Xe) (38) 


where the right half is the same function as Eq. 
(37), and where A, and A are connected by the 


equality 
Vale | edie Eee a 
{—(11/6)x,. 0 + +1 —(11/16)a (39) 
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Note that according to Eq. (36) or Eq. (37), 
P(A, 1) =Ai.e. Ag =P (Aq, 1) determines the mag- 
nitude of the interaction observed in experiments 
with mesons at low energies, when Cae aera 
If this quantity is considered known and one con- 
siders Eq. (38) as specifying A in terms of A-, ge 
and L, then Eq. (38) and Eq. (39) constitute the 
usual means for renormalizing the amplitude of 
meson-meson scattering, which, as is apparent, 
also occurs outside the framework of the perturba- 
tion theory. 

The authors wish to express their gratitude to 
I. Ia. Pomeranchuk for his helpful advice and 
unfailing interest in this paper. An expression of 
thanks is also due D. Bulianitsa for assistance in 
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check on the integral equations. 
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The first version of Born and Infeld’s nonlinear electrodynamics and the variability of 
the gravitational constant are deduced from the conformally covariant gravitational equa- 
tions derived from a certain generalized reciprocity law which is based on group theory 
and yields a nonlocal field theory. A correspondence principle is established between 


relativity theory and reciprocity theory. 


I. FIELD EQUATIONS 


l LET & BE Einstein’s gravitational constant, 
Cds = g,,0x'dx* 
the metric g,,= g,;, 


be the element of interval with 
& = |g. iy &= 1,..< 4). Let 
D;,,  =T7 be the contracted curvature tensor and 
the curvature scalar constructed from Weyl’s confor- 
mal connection’ Dee Riemannian in the metric 
ui, = ¥g,,, and of weight zero with respect to the 
(b= E724; 


is of weight — 1 with respect to the 
g.,): Let p,, 


= (Op, Jox* —dOp,; /dx") be the electro- 


magnetic field of absolute magnitude P/ /\/2=P Vk/2. 


ete Pin = P,P pte Hee 


ee L=Lli=™ +P, (1) 
Cg tO; aC 
k ik Ge /s Lin) (2) 
Sip i PS ip = Jenin 


The I';;,, P;;, (as well as the p,,) depend only on 

the ratios of the eas (and therefore on those of the 

of the u;;,). Variation of Lg with respect to g,, 

and p; ae ? the gravitational Q* ; Vg and electro- 

magnetic ee *\/g energy-momentum tensor densities 

of weight zero and current-charge vector densities 
g and s”' \/g of weight zero. This leads,?’* 


the conformal covariant equations which satisfy the 
reciprocity principle?” !? 


Ci, =—-Siy, OF Ly, = 4 LE, (3) 
d(p'* Vg) /dx*= s' Vg. (4) 

when d(I'*Vg)/dp, =0, Equations (4) become 
O (pik Vg) /dx*= 0; (4’) 


Kg. (3) and (4) describe the gravitational, and elec- 
tromagnetic fields respectively. 
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2. Equations (3) and (4), which are conformal in 
V, with metric g,,, are Riemannian in the manifold 
U, with metric u;,. The general form of the gravita- 
tional equations (3) and their variational derivation 
are independent of the factor ¥ and therefore of the 
arbitrary vector ¥; = 0 y/dx!' (where y =—%ln) 
which defines the corresponding conformal affinity 
of Weyl. Elsewhere’, gravitational equations of the 
form Q;; =0 are derived from I? Vg in the special 
case YW = I. We have LV/g = Vz, where the metric 
ie) 
bi, = 6,5 * 
a function of the absolute magnitude of the con- 
formal curvature tensor of Weyl for the congruences 
noted by Vranceanu!. ¥ is directly related to the 
conformal generalization of the scalar field X of 
Rumer or more generally with a scalar meson 
field, since the meson field is conformal!>-!9. In 
the conformal six-dimensional theory, the equation 


,g=(|2 &;,, ||. It would seem that ¥ is 


for Y is a generalization of the scalar Klein-G ordon 
equation /4*”°-22. Conformal reciprocity theory in- 
cludes the theory of particles with spin 0, 1, and 

2 (scalar mesons, photons, gravitons). Let R;, and 
R be the contracted curvature tensor and the curva- 
ture scalar constructed from the Riemannian af- 


i 
finities |4l | with respect to the metric g,, =U), /¥. 
We shall have the symbol ( ); denote covarient 
differentiation with respect to the Riemannian af- 


finity | Al |. We have! 
1 
Oy (Y). ay ee 0%, remy v En 
9= = 8" Yene—¥ b e 
Pe 2h ey, C= K+ Oe. 


The tensor Q’, breaks up into a pure gravitational 
tensor R,, —(%4) Rg,, and a meson tensor 

2(%:4 -% Pgix). If we introduce the vector 

g, =p, /¥ 4 we obtain a similar decomposition of 
S/,- Since Q,, and S,, are symmetric and Q = Si= 
= 0, their conformal divergences reduce to the 
Riemannian ones. The conservation laws for the 
energy-momentum and charge-current which follow 
from Equations (3) and (4), respectively, are 


=— (SiV8):n 9(s'Vg)/ dx! Re, 
LAPP, 
E7/2P. (7) 


(Qi Vg): 
3. Let ie 
U=U'= 


Lae 
L/2V, V=Vi= 


The gravitational equations (3) become 


643 
U;, = 4UB;, or Vi, = 4VE,,, (8) 
L =V24P? =2TU=2PyV. (9) 


With the aid of conformal transformation of the me- 
tric g. it of the wae V, into the metrics 


Bi, = 8;, U and gt ik = —48,; V, we obtain (7? =—1) 
LOOT ULE 21 RP ates pias 
Gh = SV" 4, (9’) 


Setting (1— P?/U?)* = (1-I°/V2)-% =, Eq. (9) 


leads to 
ee: (10) 
and thus Eq. (9) has two pairs of solutions 
Ge P and V, U 
P=U(l1+e), P=V(1—e) 
1 1 Fi : 
dT =U(l—s), P=v(ite. 
2 1 rl 2 


Now setting U = —if, V =in, and defining the sca- 
lars J, N, H, F, y, j, h and the antisymmetric ten- 


sors h.,, f,, by the relations 


Tal = J ON oP | Ha to eee aceon 


= l2) 
= p/h=h/F=Pylhn =hnlin =V* 


we arrive at the following expression for L [see 


Eq. (9)]: 


060 1 1 : (13) 
= 200 (P= 2) 2 eV? (1 48) = dhe 
2 


01 


where 


e = life (P27) (ey a 


e=1/p= (1 +T2/n%)? = (1 —N2/n2%) 7814) 
Setting s = 1/w = (e+ 1)/(e~ 1), we obtain € = 1/p = 
=(s + 1)/(s—1); € and s are of weight zero. Con- 
versely, Eq. (7) follows from L [see Eq. (1)], (13), 
and (14) or (14); to each general solution I’, P of 
Eq. (3) and (4') there corresponds one value of U 
and V. Eq. (9) follows from (13) and (17). The same 
results are obtained by the conformal generalization 
of the five-dimensional theory 4’ 19-2? 
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4. The quantities ¢ and y in Eq. (14) are just the 
dielectric constant and permeability of the field as 
defined in the first version of Born and Infeld’s 
nonlinear electrodynamics?’ ®* 3-5, The quan- 
tities f;, = LP; , and p,, = ef,, are Born and 
Infeld’s electromagnetic field of zero weight with 
absolute magnitudes F//2 = F V/k/2, P/ V2 = 
= P Vk/2, and U/ V2 = —if/V/2 =—ip p/ V2 is the 
“maximum” electromagnetic field (E20 P< 0; 
f?<0, p? <0). Similarly, -iV//2 = n/V2 = yp/V2 


is the “maximum” gravitational field. The electro- 


magnetic equations of Born and Infield are a spe- 
‘cial case of the nonlinear electromagnetic equations 
(4’), valid for p,,=ef,,, P =F, f= const, and Eq. 
(14). The Born-Infeld equations are derived from the 
Lagrangian l, =— se (1—p) = —ph,, and therefore 
from the Hamiltonian A, = — sf (l— ¢«) =—el,. 
The quantities l,, h,, 1,, A, are equivalent to L from 
the conformal point of view. Thus the arbitrariness 
in the choice of the lagrangian J, and the Hamiltonian 
h, in classical nonlinear electrodynamics is removed, 
and the irrational form of Eq. (13) reduces to the 
quadratic form of Eq. (9). The gravitational equations 
(3) are a generalization of the gravitational equations 
previously derived by the author? fromthe Langragian 
density (I'? + F?)\/g. These two set of equations 
become identical for p,, =f,,. As is known, the 


mutual transformation of particles into each other, 
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tion of fields lead necessarily to a nonlinear theory; 
the nuclear mass defect?° also follows from the non- 
linear gravitational equations. Nonlinearity also 
makes it possible to avoid infinite self-masses and 
dipole difficulties in nuclear theory, as well as to 
derive the equations of motion from the field equa- 
tions. 

5. Let us consider the case of a static spherical 
distribution of a field and a particle. Let abe a 
constant proportional to the point charge 
e, = ec/\Vk, C? = 2¢/C’ be a constant of integra- 
tion, and p =x be the radius vector with the origin 
at the center of the particle.! In polar coordinates 
we have 


P = 2p! — 2p’, p? = p* 0, 


1 


U =~ if, = 203 = 27%, (15) 


or. 


I 


sU = —ip=2Tj= 
1 1 


We obtain two solutions p, ae CE*®/?) which 
correspond, respectively to the internal and external 


regions of a sphere of radius C = a(p, p, = C’). Let 
p”? = cosh a, p"* = sinh w. We have ¢ = I/p = 
tcot hw (depending on whether p=C), s = 1/w = 


= pri Cos B22 The gravitational equations are 
identical with (9); we have 4(['})?—4(I°3)? =~-P? 
Z 


[see Eq. (28%) below]. In the zero-weight metric 


the interaction of different fields, and the polariza- u.,=8,, Y= Bis we have 
P= 2 +T%) = C', P=—2(T—Th) = +2070? /o4, 
2 
joe) ane "2 
: cae 2/5 = —4at/ot, —if, =F 2a? a ee (16) 
— ip, = + 2a? p’? / 0, n= =F 2026" /C2, n = + 2u2 C20”? / of. 
1 2 


The existence of a continuous solution I =+C’ 
and a divergent one iy is analogous to she theory of 


the double solution of a wave equation (de 


Broglie 27) In the present (static and spherical 
case) we therefore have Y =[/C”. 


. In terms of the 
; oe : 
metrics Bik = Bik Be ei Sy Vs we obtain 


— iS nite |, —ipp= 1" =e, 
1 2 2 
EF Yes Noe bes ge 100 
1 2 Z 2 
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ll. THE GROUP OF CONFORMAL QUANTITIES A=A',a, Lagrangians L = L', and tensors 
a8 Be Ba aes Ba 
5 ak 
1. Let us define the general scalar curvatures Ai, cy a) Age Le l’;, id ie by the relations 
a Ba Ba’ Ba" Ba Ba Ba 
ayes. =e, Al A =al a =a 5. 17 
Bx Bt+1,¢« Be Bt+1, Me B,%4+1 is B,a+1 ; Vs, 
ba? es Ate FI a Oj A 2 L's Lf =——sl & (18) 
pa Ba B, «+1 Ba B+2, «41 8, +1 B+2,a0 Ba B+1, « B,a“+1 
Bie = (is). G? is) AP AP ae piys 
6, st B,a«+1 ( ag / a 8, a—1 8, a+1 (I + 8) dn Vass (19) 
1 ak ’R k , , 
Ge ts Os —Z Art, Aj {Ai =A}/ AP =iVs 
Ba yBe 2 pe. Ge ga Be Bat ae fa B,a+1 Vs, 20 
Lee Ae BLAS tS = OG? 4.36 OL on’ AR AM AF (21) 
Ba Ba Ba B,a+18,a+1 Bx Ba Ba B,a+1B8,a+1 Ba Ba Bx B,a+1 8, a+1 
(8 and a are integers, positive or negative, includ- there correspond four values of +A, +A and 
ing 0). For B =0, 1, 2, we identify the quantities 7 r ee Aa~i Dae tp 
: 5 . aageneed ta, ta. or instance, to each pair of fT, 
aa with oli ive ae respectively; similarly the B+2,a-1 Bt2,at1 a 
ee icniitied wih) 7} Aue ies oe U there correspond four values of tf, +I‘ and +V, 
B22 atl ati ati atl a: 2 a atl et 
quantities ; A with P, H, F, the quanti- aeaee that r a - _ ; Le oe - 2U; conversely, 
2atl +1 ati ati 
a ens C a f, = iU; then fom Eq to each pair of values of I’, V there correspond 
> 5) A ee ? lg a. 
+] cy 
(17) ees sora i veak four values of +P, +P and Se +U_ such that 
we have ee as | al 
P/H =H/F =Ve, ere ee) Ee ee 
x Gis Koha a a Ql a 
From Eq. (18), to each pair of wine of A, a 2. We have 
Ba B+2,0 


are (le 4a? / AP Vel dnb) eAal) 


? 


6-1,«+ B. +1 B—1, a+1 
tae by (22) 
e=(14A2/ a ha (L— At) at 
Ba B+2,¢e B+2,a 6+2, a 
Mal AD = Ts — 214), A =} + 's, (23) 
Ba B—2,2+1 Qa B, a+] 
L fa? = 2iA/ a =—2(l—s), L/ a® =—2iA/ a =—2(I++8), (24) 
Ba pt2,a% Bet] B12, Bx B+2, x41 62 B+2, a+1 
Qi 1QF = QP / QP =1/iVs, Li=—lh+¥, Le gly (25) 
a—l Ba Be 8, 2-11 ie Ba ga 
A=z=—G=: Ae L=l=L', (26) 
Ba (6X3 px ea Ra Ba 
a —a= ae-+ta == — iA, A — A = A+ A= 2a, (27) 
B+2,a—-1 B,a—-1 642,041 8,241 poe t o a B2ee ie et Be AG 
A ee Ae 0, ee MR ta (28) 
Ba Bx B+2, « B+1,« 6,%+1 B,4¢—1 Be 6x Bte,a 6,a4+1 B+2, aty 
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The quantities in Eq. (23) and (24) and the normal- 
ized scalars and Lagrangians of (26) are obtained 
by contraction of the tensor of (19), (20), and (21), 
and Eq. (28) follow from (27). From (28) we have 
(fu=q% npa=m, f¥p = 93 nVp =m’): 


a a a 


Pp? — p?+ f2 = 0(F2— f2? + g? =0), 
« x x a « a (28%) 
292 + n? = 0 (N? — n? + m? = 0); 
Smite) etllere Ae on gtene Ob 
x « eet 
r2—T2— 4h9 = 0(N2 pid SoHE oRaRSS 
x a—l x ag a—l x 
In (18) we have : = 4h,, Le = 4l, =-pL, L =4h,= 
00 o1 
=—wL, L = 41, = pwL, 
oo il oo 
fe ee oe a h, —l, = —}/, H?, 
: (18 ’) 
h, + 1, =— 1"), J?, h, —l, =1/, H? 
2 1 
The conformal transformations 
Ba 6/2 aj2 = 
Tk n& (—S)" (Gin = Tir) (29) 


permute separately the scalars 4, ss the scalars 
a 


a 


of (26), the tensors Q:* and the tensors of (21). 
Ba 


For arbitrary 8 and a, the gravitational equations 


{ ak } 4 'ok 
ey or Jf = 16; 
ex 4 ga peer ube (30) 
'k ie oS 
or L; = = ‘¥ a 
Ba Ba 


are therefore equivalent, from the conformal point 

of view, to Eq. (3). Owing to relations (25) and 
(26), they are all equivalent for fixed a and 8. The 
components of any tensor density of arbitrary weight 


and order, for instance the scalars A and a, those 
Ba Ba 


of (26), the tensors Oe. and those of (21) satis- 
Ba 


fy the relation 


(31) 
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3. The normalized fundamental scalars of the 
nonlinear conformal reciprocity theory form a group 
which is isomorphic to the cubic dihedral (projec- 
tive) group D,; in quantum mechanics they are 
therefore replaced by operator groups. Expressing 


the relations between the scalars A, a, for instance 
Ba Ba 


in terms of the quantities , P, U, and V with in- 


dices 1 and 2, we obtain the groups B,, B,, By, A, 
A,, and A,,. 
(B):  T/U=P/V=2/0—s)=1—e, 
tie Wey S 
—N/U =—F/V=2/(1 + s)=1—p, 
2 1 oe 
and their inverse quantities and scalars are p,/iU = 
P/F = T/N - | =(s+D)/s-D=6 
et 1 
(s-D)/(s +) = 
(By): r/u =P, VT ee 
N / U=Fi v=2/(1 ay Te 
ae 
and their inverse scalars are -«, —. . 
(Brsy P37, it ie thie Mee: 
img id 1 2 
a Nr re | — e?, 
— F?/ Uz= —N?/V?= = = Ney y2 
fete i | 2 


= 4w /(1+ 02) =1—p%, 


and their inverse quantities are ¢, py’. 


Ay): 2U [TV = 2V (P=2/ (i == 
(Ag) — 2V LP 2/(i—e)=1l—s, 


2U /T= WV /P=S/(l +2) =1—o, 
1 2 1 


i 


and their inverse quantities and scalars are 

-T/l=-P/P=-V/V =-U/U = (e+ D/(e-D = 
1 2 t ene 1 2 1 2 

S, W. 


(A,): —W/F =2/(l—w =1 +s, 


V/F=2/(1+n=<l4o, 


1 + 8 


and their inverse quantities and scalars are —s, —w. 


(Ajy): —4U2/J? = —4y2/H2 — — = 
1 ae ee f 4u/(1—p)? 


REFS ISS / fee 2" 2 
4U8/J = 4V5/H? = 4u /(1 +p)? = 1— 28, 
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and their inverse quantities and scalars are s?, w?. 

More generally, the groups A and B describe the 
normalized fields (curvatures) of (23) and the nor- 
malized Lagrangians of (24) for arbitrary indices 8 
and a. Interchange of the conformal factors e«+s, 
j.¢+w causes interchange of the groups according 
to B, +*A,, B,+*A,, B,,**A,,. In the same way 
€++—¢, sw leads to B,++B,. Similarly, ses—s, 
eeu leads to A,++A,. The elements of the groups 
A,, and B,, are products of the elements of A,, A, 
and B,, B,. In this way we again obtain, for arbi- 
trary distributions and motion of matter, the cubic 
dihedral group D, as described in the author’s dis- 
sertation9 (as well as elsewhere!!: 28), independent 
of linear electrodynamics, in the capacity of the 
basis for a certain group algebra (the subalgebra of 
a generalization of the Dirac algebra) and a cer- 
tain isomorphic operator or field-function group 
which corresponds to a spherical distribution of 
particle and field. The group D, = C,Cj is a direct 
product of the two cyclic subgroups C;, Cj. The 
group C, corresponds to a triplet: the kinematic var- 
iables (space-time), the 4-curr ent variables (3-cur- 
rent—charge), and the dynamical variables (momen- 
tum—energy) (and therefore to a pair of C,: 4-cur- 
rent—kinematic and dynamical variables). The sub- 
group C, corresponds to the pair: gravitation-electro- 
magnetism (and therefore essentially to a triplet 
C,: electricity—gravitation—magnetism). 


II]. CONSTANT AND VARIABLE QUANTITIES 


1. Let us set 8=\/k/c. Let, in Kalantarov’s! 
system of units, €,€‘ be the dielectric constant (of 
dimensionality Q@*L*T7), pop’ the magnetic per- 
meability (of dimensionality Q°*®L~*T), 

=e\/e/8, b= ¢)/C =e"/V«,5c the electric 
ead magnetic units of charge (of dimensionality 
Q and ©)(canonical conjugates), and e, = e/d 
the mechanical (“gravitational”) unit of charge 
Lof dimensionality (Q®LT™)%], In this system of 
units the dimensionalities of the fields P, H, F 
(as also the appropriate mixed components) are 


Ob. (ObL *T"')%, ®L'T", respectively. Let a 
be the radiusof a charged elementary particle, and 
W = m/& be its energy in gravitational (mechanical) 
units. We have the following “conformal” relations 
with the constant coefficients (ee Ne = Giiict) 2 s 
dA = 1/5'X' (where €', uw, A, A’ are dimensionless) 10 


Gol y= &o/%4 = (2%) *e/e=e/=VE')s (32) 
@ [eo &/ W =a (a/e = e/m=)) 
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and similar relations for the “quanta” of time b, = b/c 
(Ambartsumian, Ivanenko®), momentum, and current, 
related by powers of the constant “conformal” factor 
Sc =\VkX. Since h is the quantum of action, and /? = 
hk/c ~ 10°** cm’, the canonically conjugate quantities 
are related by expressions of the type 

OW =h or 


bm = 72. (32') 


2. We have the associations’, A, Feel, JEN, 


aaa 


andP,T , P I’, P, r wich : are determined by 


a at p at+l 


by the conformal ae ee WV py, iv’s =i/lw 
(and similarly for all A and a). The close relation 
Ba Ba 
deduced above between the field f;, and the curva- 
ture tensor [";; is in some sense similar to the rela- 
tion noted within the framework of Fock’s30 quantum 
theory. The conformal relations (17')[or the more 
general relations (17), (31)] correspond exactly to 
the “conformal” relaticns (32). The constants € '€, 
and A*k [or (€"«,)% and Ad] become the variable 
quantities ¢, = 1/\e, = ec = (uge) * and k, = 1/k, 
= sk =k/w. The conform invariant quantity //«, 

= 1/\/¢, relates the magnitudes of the triplet C,’ 
(and therefore those of the pair C,). The conform 
invariant quantity /h, = 1/Vk, flares the magni- 
tudes of the triplet C, (and therefore of the pair 
C,). 

3. The quantities ¢ and s are associated with 
themselves as a result of reciprocity. The replace- 
ments s¢*+w and e¢+—¢ are equivalent, as is simi- 
larly true for the replacements ces and s «+~s. 
The variability of the dielectric constant (or the 
nonlinearity of electrodynamics) and the variabil- 
ity of the gravitational constant (postulated by 
Dirac and developed in the projective theory of rel- 
ati vity 31-34) are equivalent, in a certain sense, and 
follow automatically from the gravitational equa- 
tions of the conformal reciprocity theory developed 
above and therefore from the Lagrangian density 
L\/g = (I? + P?) \/g. We shall differentiate between 
two types of nonlinearity. The first kind of nonlin- 
earity of the gravitational field is due to the non- 
linearity of the gravitational curvature tensor I’;;, 
with respect to the electromagnetic potentials g,, 
(or u,, = Ye; ;,) and their first derivatives and to 
the nonlinearity of the electromagnetic curvature 
tensor P;;, with respect to the electromagnetic po- 
tentials g; (or p; = ¥%g;) and their first derivatives. 
Nonlinearities of the second kind arise from the 
fact that the Lagrangian L is quadratic (that is, 
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the density L Vg is conform invariant) and there- 
fore the gravitational equations (3) and equations 
(9) are quadratic in I’, P (and ¢). The second kind 
of nonlinearity (and therefore the existence of “max- 
imum” fields) reflects the fact that it is inconsis- 
tent to treat the separate fields, or the quantities 
C, and C, (as well as meson, spinor, etc. fields) 
alone, and thus reflects the reciprocity principle 
inherent in the structure of the field equations and 
in the many-dimensional conformal metric (see Sec- 
tion IV). 

4, The “maximum” electromagnetic field U = -if 


= L/2V (and all U =—if) and the “maximum gravi- 
tational field” ~iV =n = ~iL/2P (and all -iV=n), 
a a 


as opposed to those of the Bom-Infeld theory, are 
variable and given by the conformal field equations. 
As a nonlinear theory, the conformal reciprocity 
theory bears the same relation to the Born-Infeld 
theory of relativity, based on a variable maximum 
velocity v, = cv, = i(ga4)%, bears to the special 
theory in which the maximum velocity c is a con- 
stant. With the aid, however, of the conformal 


Ein U> Bin 3a — ig,,V,the 


. * 
transformations g;, = 
a 


fields U and —iV in terms of the metrics g*, (and 
a a a 


le respectively) become quantum constants 
a 


U* = —iV**, which we have taken above equal to 
a 


we have faker above equal to unity. In the metrics 
Si and gi os , L becomes linear: L* = 21'* 


(Kinstein’ s Lagrangian), L** = 2iP** [see Eq. (97)]. 


The gravitational equations (4) become 


1 


TiO iO yh.0n 9Diy eee 68 aes, (33) 


Similar results hold for arbitrary 8B or a. In analogy 
with the (nonconformal covariant) theory of the 
Broglie’s double solution, the continuous fields 


(F*, N**) and singular fields (—iP* + ['** > © as 
1 1 


€> co, s > 1, and analogously —iP* + ~ as s > ~, 
0 


€> 1 and I’** is finite) are solutions of the same 
1 


conformal equations. 
The metric g*, corresponds to the Born-Infeld 
1 
theory. A “point” particle (singularity of the mat- 
ter field), described by the quantities p*,, 4* 


is only the first approximation to an actual 
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“smeared out” particle, identified with the matter 
field described by the quantities F*, N**. In the 
case P # 0. and F + 0, the limiting value 


u = 1(s= 1/w =~), corresponding to U > —iV > 
1 1 


€= 


+ oo and V > ve implies that [> N > «, L > 0, 


2 1 1 00 


T-N-0, ae L + F?. The scalar J, = L/4 there- 
o1 


2 2 o1 1 
fore approaches the Maxwell Lagrangian f'*/4. In 
the case ¢ == Is = 1/w =~) and P =F =0, we 
have Osi ba LAU cea nw eae and 

1 7 1 
E NTO. 


ol 2 
IV. THE METRIC OF RECIPROCITY THEORY 


1. Let ds =ds,/f, ds =ids,, ds = (dsds)" 
= (ids, ds, / f)* be, respectively, the kinematic 
(space-time), dynamic (momentum-energy) and 
4-current (3-current—charge) “world” intervals. Let 
dS = idS,/f, dS =dS,, dS = (dS dS)" 
= (idS, dS, /f)" be the corresponding “proper in- 
tervals (7 =f p= pF =F iP =P). Let 

i 1 1 


dose dst se 25, ds, ds: (34) 


ATA dS perdSt IG dSidsaye 


The total conformal interval (with the same dimen- 
sions as ds’, that is those of the energy-momentum 
tensor) will be 


dv? =dt?+dT? =0 (35) 


dt* is a “kinematic” quantity (C), a “dynamic” 
quantity (D), or an “isobaric” quantity, depending 
on whether dt? is less than, greater than, or equal 
to zero. Let-g, =G, =0. If? dt? <Ods? < f* ds*) 
or, respectively, dt” > O(ds? > f? ds*), there exists 
a standard coordinate system in which 


(C) dS, =0, ds, = p’dS,, ds, = iP*dS,, 
(dS =0, ds = edS, ds = Fds = PdsS); 
(D) ds, =0, dS, = p*ds,, dS, = iP*ds,, 


(36) 


(ds = 0, dS = eds, dS = FdS/f? = Pads / f?)(36’) 


are the conformal relations between the “world” 
and “proper” kinematic and dynamic intervals. The 
interval (35) is therefore equivalent to (28’). When 
the “world” and “proper” kinematic and dynamic 
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quantities are interchanged, Eq. (36) and (36’) are 
interchanged. 

By reciprocity with the space interval do? or the 
momentum interval d/?, the dynamic interval ds? 


probably corresponds to r rows of four variables 
a. 
x' (where a = 1, 2,... , r) analogous to the varia- 


bles x' (space-time) of the intervals ds?. Then 
a . 
ds{ is a quadratic form in the variables dx‘, the 


metric dss or the Pfaffian de (real or matrix); the 
product 2¢,ds,ds, is accordingly replaced by 


Sy = a 
2d ,axidx*, 2X ,dsds, or 2Agdody; similar 
statements hold for the proper quantities dS} 
and 2G,dS,dS,. 


2. From the above we obtain a correspondence 
principle between relativity theory and reciprocity 
theory. The fact that the interval dt? breaks up 
into a dynamic ds? and kinematic ds? interval and 
mixed terms dsds, corresponds exactly to the gen- 
eral relativistic case, that is, the splitting of the 
ds? = dl? — dW?/vi, + 2h*, dl” dW (y = 1, 2, 3) into 
the intervals d/? (momentum), dW” (energy), and 
mixed terms, as well as the splitting of the interval 
ds? = do? — vidt? + W',dx” dt into the space interval 
do”, the time interval dt?, and mixed terms. The 
case G, = g, = 0 corresponds to the general rela- 
tivistic static case. 

From the above we obtain relations between the 
zero weight quantities F/f = P/p =iF* and 
mY, = U/u, = iv, 

e=1/p, s=1/wandz=1/2’ 


=(x+1)/(e—1)=(14+07/0i)" (37 


=(1—v7/v2) *, x =1/x = (e+ 1)/(2—1). 
We also obtain definite relations between the con- 
formal many-dimensional components of the “proper 
electromagnetic field (“dynamic” field F = ds /ds 
corresponding to the force q,F = q,d5/ds; the 
“kinematic” field f = fds/ds equal to the maximum 
field which corresponds to the maximum force q% f; 
the field g = fy) and between the conformal compo- 
nents of the velocity: the spatial velocity v=do /dt 
(= dW/dI for v, = const), the time-component of the 
velocity v, = v,dt/dt = v,dl/dl (= maximum veloc- 
ity = the general relativistic velocity of light 
v, = cv =—i(g,,)%) and the velocity wy = 142% 
Similarly, the “world” electromagnetic field (“dy- 
namical” field P = «F =ds/dS, “kinematic” field 


” 
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p = €f = fds/dS, and the field f = py) corresponds 
to the world velocity [spatial velocity u = zv = 

= do /ds (= d/d3 for v, = const), the time-compo- 
nent of the velocity u, = zv, = v,dt/ds ‘(= v,dl/ds 
for v, = const), and the velocity v, = u,z ‘(ds = 
=iv,ds’)], The absolute values of Equation (28) 
of the “world” and “proper” electromagnetic fields 
correspond, therefore, to the absolute values of the 
world and proper velocities: u?—uz + vz = 0 

(v? ~ vj + w? = 0). The relations 

ds =udS, ds = «dS (38) 
D D Cc G: 
[see Eq. (36), (36’)] are analogous to the contrac- 
tion of length and slowing down of time for a moving 
particle; the first relation indicates the mass defect 
of a particle interacting with the aggregate, and the 
second, the corresponding elongation of the interval; 


the invariant product dsds = dSdS is analogous to 
cD cD 


an invariant space-time hypervolume. 

Under the conformal transformation (29), the 
electromagnetic quantities P, H, F and p, A, f, 
which are related by the many-dimensional relations 
(34)—(38), transform into a column of the matrices 
|| A || and || a||. Thus, Eg. (34)—(38) and the cor- 
respondence between the fields and velocities are 
valid for arbitrary indices f, a, or for gravitational 
and other fields, as well as the electromagnetic. 

3. We can formulate our conclusions more gener- 

Ba Ba 
ally. Let V, be the manifold with the interval ds, 
Ba B2 Bo 4a 2a 0a 
(where 8, a=0, 2, 4); V,, V,, V, and V,, V,, V, are 
the kinematic, 4-current, and dynamic manifolds, 
and correspondingly the electric (“world”), gravita- 
tional (“mixed”), and magnetic (“proper”) manifolds. 


Ba = Ba 
For G, = g, = 0, let ds, =dsf°/* in absolute value. 
Ba. 

For 8a = 00, 04, 40, and 44 the interval ds, coin- 
cides with dS,, dS,, ds; and ds, respectively, and 
Ba a 

ds coincides with dS, dS, d5, and ds. In the spe- 
cial coordinate systems corresponding to Eq. (36) 
(case C) and (36’) (case D), respectively, we have 


Be O90" aq 
|ds’|| =ds[O0 0 gq? 
(C) (Tdi (39) 


ieee dsifirte—His 
L= 


44 44 44 
(ds, / f = ds = ds’ = ds, /f = ds) 
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Go = i 

|| ds’ || =dS| q* 0 

q 0 , 

(D) (39°) 


Ass Se! ds! foot els 
00 00 = = 
(ds, =ds = ds’ = dS, =dS) 


44 42—~—t*«KO 

In case C[see Eq. (39)] ds’, ds’, ds’ and 
44 

ie Ae He are obtained from ds = ds” by multi- 
piieadon by the conformal factors 1, F# =(—F, w)”, 
F =—F,w and 1, gq” = (fu)”, q = fu. These con- 
formal relations, based on the reciprocity of the 
conformal factors w = 1/s and p= l/e, F and q, 
can be combined with Eq. (17’) and (32). In case D 
[Eq. (39%)] the indices 0 and 4 commute, so that 
the world and proper, kinematic and dynamic nami- 


44 00 Aa 
folds commute (in particular ds = ds and ds = dS). 


4. In case C we have the conformal relation 
1/q (=e/f), 


64 B2 62 0 
ds'/ds' = ds’ /ds’ = 1/F (= —s/F) 
0 


4a Qa 2x 0x 
ds'/ds’= ds’ | ds’ = 
(40) 


and the more general conformal relations, which 


follow from (46) [or (48), (48%)] of the form 


44 40 00 
dsds =dSdS_ or dsds = ds ds (41) 
(By MG. 70: (GD, (EID, 


In case D the indices 0 and 4 are interchanged in 
(40). More generally, the components T of any rela- 
tive tensor of zero order and arbitrary weight (de- 
pending on r= 4 variables) satisfy, in 
Ba 


V,, the conformal relations 


420% 


i By 


aa) 80 44 40 
Sekt = (are r ? (42) 
Cp 
In particular, for the components of F, g we have 
42 24 02 20 

pas Pe Ev Ore! 
; race da t. 

Kgs. a [as well as (41) and (42)] generalize 
Eqs. (32), (32°) with the constant conformal factors 
AS, (e’€,)*, which are valid for an elementary par- 
ticle as a whole; they also generalize the uncer- 
tainty relations, and in particular Eqs. (41) gen- 
eralize Eqs. (32’) for canonically conjugate quan- 
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tum quantities. Eqs. (40)—(42) reflect to some ex- 
tent the uncertainty of field quantities, as noted by 
Bogolmpey and co-workers*®**, Markov*’, Born, 
Raiskii®, Yukawa and others. 

5. The hey conformal theory generalizes the 
reciprocity principle 2?» %, which leads to cova- 
riance of physical laws [see Eqs. (3), (4), (6), and 
(35)] with respect to the variables of the manifold 

a 
v and therefore with respect to pairs of opposite 
variable forms of the existence (I) and attributes 
(fundamental properties) (II) of matter. In (I) we 
include the space-time variables, in I’ the space 
and proper variables (in the relativistic sense), in 
II the kinematic and dynamic variables, and in II’ 
the “world” (electric) and “proper” (magnetic) var- 
iables. Each pair corresponds to canonically con- 
jugate quantities. Mixed products, that is elements 
of the type dx ydt [space-time (Y = 1, 2, 3], dt ds 
(world-proper element), ds ds (4-current), ds dS 
(“gravitational” element), correspond to “self-con- 
jugate” quantities. With respect to I, the kinematic 
variables II break up into coordinates and time, the 
dynamical variables into momentum and energy, and 


the 4-current into the 3-current and charge. The 
elements of II break up in the same way with re- 
spect to II’, 1% The conformal factor Vk, = 1/ Vk, 
(or 5s = 5/Vw) thus relates the variables of II 
and the 4-current (that is the fields I, I, P), and 
ein iar! (ot 
the conformal factor Ve, = 1/ Ve, [or Vee = 
= [pyc *)> A] relates the variables of II’ and the 
mixed (gravitational) variables (in other words the 
fields I’, N, J, or P, F, H). I, Ul, 14-and II’, cor- 
aaa a aa 
respond to the cyclic groups Cy or C,, or to the 
Pauli groups®’ 1, , 8, The complete abstract 
group?» 10, 11, 28 (their direct product) is represented 
by groups of operators or functions and the ele- 
ments of a certain isomorphic group algebra which 
is a generalization of the Dirac algebra. 

The above theory can be extended to the case of 
complex Langrangians*9’*, nonlinear Infeld action 
functions®, nonsymmetric g. ee »8,23-25° as well as to 
the cases of meson and spinor fields ’+8 5» 3,37,41-44, 
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The cross section for elastic scattering and the cross section for diffraction splitting of 
fast deuterons by completely black nuclei are determined. The energy distribution of the dis- 
integration products is found. The cross section for splitting of a fast deuteron by a com- 
pletely black nucleus is calculated, taking the diffraction and Coulomb interactions into 
account. Expressions are obtained for the cross sections for elastic deuteron scattering and 
splitting, taking into account the semi-transparency of the nucleus. 


1 IT IS WELL KNOWN that the absorption of par- 
© ticles scattered by a nucleus brings about a 
perturbation of the incident wave and leads to 
elastic scattering not connected with compound- 
nucleus formation. In the case of point particles 
(for example, neutrons) with a wavelength short 
compared with nuclear dimensions, this scattering 
is analogous to the scattering of light by a com- 
pletely black sphere. 

The diffraction scattering of deuterons should 
differ by specific characteristics. In addition to 
purely elastic scattering, analogous to the diffrac- 
tion scattering of point particles, diffraction 
splitting should also take place in the case of 
deuterons. In fact, owing to the small binding 
energy of the deuteron, a comparatively small 
change in its momentum in diffraction scattering 
can lead to splitting that takes place far from the 
nucleus. Together with the stripping reaction, the 
diffraction splitting of the deuteron leads to libera- 
tion of a neutron and proton, i.e., increases the 
yield of neutrons coming from the interaction of 
fast deuterons with nuclei*. 

The diffraction scattering of point particles by 
absorbing nuclei can be studied by an optical 
method using Huygens’ principle. In order to gener- 
alize this method to the case of deuterons, we con- 
sider first the simple problem of the diffraction 
scattering of point particles by absorbing nuclei. 

The free motion of a particle in a plane perpen- 
dicular to the wave vector of the incident particle 
(Z-axis) is described by the wave function 

be = L™ exp {ixp}, 


% % 
v, vy dp = Oy, 


*The possibility of diffraction splitting of the deu- 
teron was independently established by E. Feinberg, 
R. Glauber and the authors’, 
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where L is the normalization length, x and p are 
the projections of the wave vector and radius vec- 
tor of the particle on a plane perpendicular to the 
Z-axis. The wave function W, = 1/L corresponds 
to the incident particles. 

The presence of the absorbing nucleus leads to 
disappearance of particles of this function for 
p< R(R is the radius of the nucleus). The dif- 
fraction pattern determined by this disappearance 
can be obtained by expansion of the modified wave 
function, equal to V = (p)¥,, where 


Opa0 <ale 
O <= Ss ’ 
(?) LGeeues 


in terms of the functions Le 


¥ = Q (0) % = Daeds. (1) 


The probability of diffraction scattering in which 
the wave vector x of the scattered particle lies in 
the interval dx, is connected with a, by the rela- 
tion dw = |a,)? L? dx / (27), and the corresponding 
differential scattering cross section is equal to 


do = L*dw = \ a, |*L4dx ] (2z)?. 


If K is the magnitude of the wave vector of the par- 
ticle, then x = Ksin $= K9 and dx = K*do, where 
do is the element of solid angle. The scattering 
amplitude f(%) is connected with the expansion 
coefficient a, by the relation 


.L2K 
f (3) = ee ay . 
From (1) follows that 


(2) 


ay, = \ 2. (0) dodo. 
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Carrying out the integration and employing Eq. (2), 
we obtain the well known formula 


f (8) =iRJ, (KR9)/3, dz = R®9-2J? (KRY) do 


(since the diffraction considerations are valid only 
for small angles, we replace sin9 by $). 

2. The treatment given for the diffraction of point 
particles can be generalized to the case of the dif- 
fraction scattering of weakly bound complex par- 
ticles (deuterons) by completely black nuclei, if 
the expansion of the modified wave function for 
this case is carried out as before, but instead of 
one, two multipliers, 0, and Q,, describing the 
disappearance of a ueiiron A ae ed are intro- 
duced. The idea of this generalization is due to 
L. D. Landau. 

In order to investigate the diffraction of deuter- 
ons it is necessary to take into account both the 
motion of their center of gravity and the relative 
motion of the neutron and proton in the deuteron. 
The motion of the center of gravity of the deuteron 
in a plane perpendicular to the direction of the 
wave vector of the incident deuteron (Z-axis) is 
described by the wave function (pj) = exp (ixp,), 
where x and p, are the projections of the wave 
vector of the scattered deuteron and the radius 
vector of the center of gravity of the deuteron on 
the plane perpendicular to the Z-axis. (The normal- 
ization length L is taken hereinafter to be unity.) 
The functions wp 4) form the complete orthonormal 
system 

| 4 (Pa) % (Pa) dx / (2) = 3 (pa — pa). 
The relative motion of the particles in the deuteron 
is described by the wave function 

v9 (1) = Vajon e-*/r, «= 1/2Ra 

(Rai is the radius of the deuteron). The relative 
motion of the neutron and proton freed as a result 
of the splitting of the deuteron is described by the 
wave function 


or (t) = elf 4 Ser, 


where Af is the momentum of relative motion of the 
particles and a = -1/(a— if), the neutron-proton 
scattering length for the S-state. Here it is assumed 
that the interaction between neutron and proton 


exists only in S-states. The sum of the plane wave 
and incoming spherical waves corresponds to the 
production of particles. The functions %%(r) togeth- 
er with the functions ¢,(r), describing the bound 
state of the system, form a complete set of ortho- 
normal functions satisfying the relation 


90 (r) G(r’) + | o4(r) 94 (0’) df/(2n)? = 8 (r —r’). 


Because the deuteron is a weakly bound system 
in which the neutron and proton spend most of their 
time outside the range of nuclear force, the pattern 
for the diffraction of deuterons by a completely 
black nucleus is determined by the expansion of 
the modified wave function V = 0,0 p¥olpg)polr) i in 
terms of the complete set of finictvens Ww Pa) Polr) 


YAP) P,(0) : 


Y= pa Axx (pa) 20 
where a 


for diffraction scattering and diffraction splitting 
of the deuteron. From (3) it follows that 


Ax = \\ 90(r) ¥% (pa) Qn Qp'bs (Pa) %0 (r) dead 
=— J} 20 (1) (pa) {on + oy — 
X 'bo (Pa) So (7) doadr, (4) 


(r) + >) Avex (pa) Ye (r), (3) 
Mm, f 


and A, are the probability amplitudes 


On @p} 


Ava =) 26 (t) 2 (Pa) 22 Qp (Pa) %0 (r) dpa 
= — J) ef (6) 95 (pa) {on + Op — Ontp} 
X Yo (0a)%o (r) dpadr, (5) 
where w = 1-( (in writing the last equalities, we 


used the orthogonality of the functions ¢, and ¢,). 
3. Employing the expansion 


0 (9) = x) exp tigeydg ©) 
and the formula 
* 4 L 
\ 2 (r) exp (ixp/2)dr = = tan*Z, (7) 


it is possible to express the amplitude for elastic 
scattering f($), connected with A_, by the relation 
(2), in the form 
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x RJ; («R) at 
“4a x 


(8) 


1 4a 
ea toh oae Je 


- 12g —%| Ria (@R) Ri 1% —8K(R) gg 


g Iz— | j 


The differential cross section for elastic scattering is equal to 


are « Ahi(ee3) 


Pugs aor x! 


x 


where x = xR, g’= gR, p = R/Rj. 
In the limiting case of large p this formula 
greatly simplifies: 


x’ 


5/2 Pie V2 OC) 
jo < 2c (2 ar 2} 8 
% p 


1 ; 
+ of le) Joe )} de’, x <p, pi. 10) 
To obtain the integral cross section for elastic 
scattering we use the completeness of the functions 


w,,. From Kq. (4) it follows that 
3, = \ 1? (oa) dpa, 
I (pa) = \ {@n + @p — Opty} %5 (7) dt 
If p > 1, the term in the cross section o,, coming 
from the region pz < R, is equal to 7R’ to within an 


accuracy of terms of the order 1/p’. 
In the region p; >R, O, 0p = 0 and therefore 


ae 


I (ea) = —\ dg exp {igpa} E™ 


x\ 26 (r) exp {igr/2}/dr 


C2 
— 2\ ms tan” pul (g) Je (£pa/R) dg, Ogee. 
0 
Because 


N JONG Te =51, (bk) Ko (ak) 


hk? + x? 


then - 


Se eat 


ee 


g | 


7 2p sant (26 — |’) 


[2g’— | 2p a’ (9) 


ti 


Employing asymptotic expressions for 1,(x) and 
K,(x) for x >> 1 we obtain 


I (ea) = b=pa—R, p>, 


and, consequently, the term in 0, coming from the 
region p, > R is equal to 


2nR \ do |\e-se |= = (1 —In 2) RRa. 
1 


0 


Thus, the integral cross section for elastic scatter- 
ing is equal to 
a. = aR + F (1 — In 2) RRa Ra <R. (11) 

We note that, integrating (10) with respect to x’, 
we would obtain as correction to the main term 7h* 
a coefficient two times smaller than in (11)% This 
is connected with the fact that large x’ have an 
appreciable role in the correction to 7R?. 

4. The cross section for differential splitting is 
connected with the amplitude Ax. by the relation 


dsq = | Axt |? (20) 2dx (27) Fdf. (12) 

Using Eq. (6) we put Ax» into the form 
Age — OR a 
39 
ceh = fe ee [O(u, z) + © (u,— z)] 
= A J; (g) wh (p)|z—g/P |) @ 
Qn \ dg g |z—¢g/p | o(u, 8 —*) ae 

= es ee —iux 1 eo (ZX 

D (u, Z) = x \ x (e an Aeris aes )e dx, 
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where z = x/2a, u = f/aand x= ar. 
For the integral cross section for diffraction 
splitting we obtain the following expression: 


Sq = = sila — | ® (u, 2) + O(u, — z)] 


1 eanienrg 2g : 
ae | Ji (g) Ja Z ( og ) 
Ja | 2 |Z2—g/p | aa Dares 
(15) 
If p > 1, then 


og = RRa\ ul (u) du, 
0 


where /(u) gives the energy distribution of the 
products of the splitting and has the form 


I (u) = — arcsin 


u 
el eee Tea 


= 16 (1 = In2) 7. (16) 


The integral cross section for splitting is equal to 


o4 =F (2In2—+) RRa Ra<KR, KK Ra. 
(17) 


This formula agrees with the formula obtained by 
Glauber*. (We note that in the expression for a4 ob- 
tained in Ref. 2 the region of large x was not cor- 
rectly taken into account. Therefore the numerical 
coefficient of RR, in Ref. 2 is equal to 1.25, dif- 

_ fering from the correct coefficient which is 0.96.) 

5. In addition to diffraction scattering and dif- 
fraction splitting of the deuteron, the reaction of 
splitting of the neutron and proton and absorption 
of both by the nucleus is also possible. The cross 
sections for the first two processes are given, for 
p > 1 (Ref. 5) by 

Pee e te RR sf 28 Ri OR: (18) 

Since the cross section of absorption of a single 
particle by the nucleus is equal to wR’, and the 
cross section for the process in which one particle 
of the deuteron hits the nucleus and the other 
passes outside the nucleus is equal to 7RR,/2, 
the cross section for absorption of both particles is 
equal to 


PERI RR 2oRaeeoR: * (19) 
The total cross section of all processes 9, can 
be determined knowing the elastic scattering ampli- 

tude at zero angle® 


0, = 4xk Im f (0). (20) 


For point particles f(0) = iKR?/2 and o, = 2cR?. 
In the case of deuterons the scattering arclende at 
zero angle is equal to 


f(0) = ix| ei 92 (r) {eon + py — Ont p} dpgdr , 


and the total cross section a, is determined by the 
expression 


ea) \ \ 0 (r) {on + Op — Opp} dpadr. (21) 


Using Eqs. (6) and (7), we obtain 


© FE) 
c= 4 RY |L — Pe ant Sone a az}, 
\ 6 3 (22) 
ae 
a 
For p > 
2 
= 4nkR? f —{ weg | = 2rR? 


In order to find the correction to this quantity for 
Ra «R, we calculate the difference of the integrals 


ee Tee eee 
\E tat 5 z _ é 


oo 
J? (pz “1 
di = \ Sue ee a I dz== 4p. 

0 
In the latter integral the region of small z is not 
important, large pz playing the main role; therefore, 
the well known asymptotic representation of the 
Bessel function can be employed. Setting here 
sin*(pz — 7/4) = 1/2, we obtain 


i d 
8p = = \ (tan z—2)5= Se 
0 
Thus, for p > 1 
( p ey i @) PRE Ai 
\ = tan p E di => 4p ’ 


and, consequently, the total cross section of all 
processes is equal to 


o, = 2nR? + «RRa, Razak; (23) 


For an arbitrary value of p, one has the following 


relations 
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Opt og= om, Snt Spt Sq = 1/29}. (24) 
In fact, substituting the expression (5) into Eq. (12) 


instead of A,,¢ and integrating over x and f, we 


find 
2 
Cp ++ og = \ \ ei (r) {@_ + Op — Opp} dpgdr . 


Comparing this expression with Kq. (20) we ob- 
tain Eq. (24). 

6. We show now how to take into account the 
Coulomb interaction in the treatment of diffraction. 
In the scattering by absorbing nuclei of fast charged 
particles, whose energies E are considerably above 
the Coulomb barrier ze? /R, we should, obviously, 
take the factor Q(p) equal to 


e<R, 
pe Rs 


e2in() 


2 (0) = {05 


where 7(p) is the scattering phase in the Coulomb 
field at infinity; for KR > 1 it is equal to 


(0) =n\n(Kp), n= Ze? /nv 


co 
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(v is the velocity of the particle at infinity). 


The diffraction scattering and splitting of fast 
deuterons by completely black nuclei with account 
taken of the Coulomb interaction is determined by 
expansion of the modified deuteron wave function 


Y? = 0 (p,) 27 (9,) ¥ (0g) % (1) 
P (25) 
= SAX, (Pq) P9(7) si ze Ava’, (Pa) 9 (F), 


where the expansion coefficients AZ and As are 

the probability amplitudes for elastic diffraction 

scattering and diffraction splitting of the deuteron. 
The amplitude for elastic scattering, which is 


connected with Ave by Eq. (2), is equal to 


foo) 


[f (3) = —ik (4 tan” i \ c7in(e) J, (xp) o do 
R 
ke -, |\2¢—%) RJ —g|R 
— been an ae Maal Oe) aah 


lt 
= 55 \ eM Jo (gp) p do. 
R 


In the limiting case Rj < R, the scattering am- 
plitude has the form 


(26) 


j()=—ik | ‘tan-t a \ e2in(°) J, (xo) 0 do — — etna) == 


R 


ale So eee Lod 2 [gn (09) 4 On g-2in—2 \ 


ce 2in+2 


2in 0 (27) 
aia «| pe 


(69)} 


1,o 


b=KR, ES 22/R, pS! 


The differential cross section for elastic deuteron 
scattering is equal to 


o (9) = |f (9) I’. 
Ifn<«<landl1<p<J,- then 
o (9) = 4n??/8, F< Y2n/l,, 
0 (3) = TE (19) (9,  V2Qn/y<F< 2p/ ly, 


o (9) = (lpX" / 8xp*) cos” (lod _ =) /9, ke) 


2p/ly¥< <1, 
Thus, in the case n <1 and1 <p < I, purely 
Coulomb scattering occurs only in the angular 


region § <\/2n/I,. In the angular region 


V2n/l, K 9 K 2p/l, the scattering of deuterons 

has just the same character as the diffraction scat- 

tering of neutral particles. Finally, in diffraction 

scattering of deuterons in the angular region 

2p/l, K 9 K 1, their spatial structure shows up. 
Ifin > landn <p <1, then 


o(3) = 4° /9*, $< 2/1, 
6 (9) = (20%? /) sin® (1, — =) / 9°, 
2n/Iy§$<<a< 2D ybgs 
o (9) = (13%? / 8xp?) cos? (108 = =) [ 9, 


apy tt 


(29) 


Sd eed, 
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Thus, in this case the region of purely Coulomb 
scattering broadens in comparison with the pre- 
ceding case, right up to angles of the order of 
2n/l. For 9 ~ 2n/l), a sharp decrease in the scat- 
tering, by a factor of the order of n takes place’. 
In the angular interval 2n/l, « 9 « 2p/l, the deu- 
teron scattering has the same character as diffrac- 
tion scattering of point neutral particles. The 
spatial structure of the deuterons shows up in the 
angular interval 2p/l,<« 9 «1. 

If, finally, 1«<p<«Kn <j, then 


ie) (9) — 4n2k2 Lo, $< 2p) lo: 
3 (9) = 4n%p'n®h? / 29°, 
2p [ly K9-<<2 nip)" / ly 
3 (9) = (lgx” / 8xp*) cos” (109 = =) / 9, 


(30) 


2 (a°n®pt) /$<9 <1, 

We see that in this case the region of Coulomb 
scattering does not extend to angles 2n/I,, but to 
angles of the order of 2p/l,. The region of diffrac- 
tion scattering of point particles vanishes, in 
general. The finite size of the deuteron begins to 
show up at angles of the order of 2p/J,. In the 
angular interval 2p/l, « § « An'n?p*)*/lp the 
cross section falls off as 1/$°, and then changes 


as 1/9. 


7. We turn now to consideration of the splitting 
of fast deuterons, taking into account the Coulomb 
interaction. 

The amplitude AZ, in the expansion is deter- 
mined by the relation 


Ai, =\Vexp (—ixp,} 2% (0) 2(0,) 2 (P,) deg at 


=a la, uioR (tc [eri (ne) m1R)} 


R 
—1 Joc) oda\e“"* of (r)eulr)dr (31) 


—(ag eee ee — 1] Jo (gp) p-de 


R 
x Stew \ ye (7) 0, (r) ar} 


The differential cross section for splitting of a 
fast deuteron is equal to 


doy = | Are|? (2) du-(2z). “df. (32) 
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For p > 1 we have 


z DT ; 
Awe {Aa — 25 ws (xo) e”" CHG) 5 do 


¥ \ ges (r) 2, (r) ar| ; (33) 


and the integral cross section for deuteron splitting 
is equal to 


Ela ce 


Z z » (34) 
ete — ly, (() Cat. ® (u, z) 
pz 


The expression for of diverges logarithmically 
for z + 0. This is connected with the Coulomb char- 
acter of the interaction, which leads to divergence 
of the elastic scattering cross section at small 
angles, i.e., at small z. In so far as the deuteron is 
assumed to be practically uhbound, this sort of 
divergence obviously ought to take place also for 
the splitting cross section. In reality, for splitting 
of the deuteron to take place, z must exceed some 
. This value can be determined, 
if we take into account the fact that the change of 
energy of the deuteron connected with the change 
of its momentum, which is approximately equal to 
fi’ Kx/2M, must exceed the binding energy of the 
deuteron € = f?a7/M. From this it follows that 
z= O/K =%/2R;. 

Just this value of the lower limit of the z inte- 
gration can be obtained in the following way. The 
treatment of deuteron splitting is valid for suffi- 
ciently large z satisfying the inequality z > z’ 

(1 > z’> a/K), since in this region of z the deu- 
teron can be considered approximately as an un- 
bound system. On the other hand, small z corres- 
ponds to large values of the impact parameter, for 
which splitting of the deuteron can be considered 
using perturbation theory. Going to the system in 
which the center of gravity of the deuteron before 
collision is at rest, and employing the perturbation 


minimum value Zn 


energy in the form 


272 
V (t) = Ze /[o2 + (2, — vt) 1", 
it is easy to obtain the following expression for the 
part of the cross section for splitting in a Coulomb 
field which corresponds to large values of the im- 


pact parameter 
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2 iK’rio 2 
do, = 55|\e-™" 0, (r) @, (r) dr| 
K’v—o) dK 
3ja—* : Ro} or dh, 


where K’ is the wave vector of the center of gravity 
of the deuteron after collision and ta =e + #f?/M 
+ #°K?/4M. Getting rid of the 5-function by integra- 
tion over the angle between the vectors K’ and v 
and carrying out the integration over f we obtain 
z 
oe = Sen’ RG \ 2 


zm 


where z,, ~ @/K and the upper limit 2’ is chosen 
such that perturbation theory can be employed. 

In order to obtain the total cross section for split- 
ting it is necessary to add Eq. (34), in which the 
integration over z is carried out from z’ to infinity, 
to Eq. (35). Since both these expressions behave 
as In z for small z, the sum will not contain 2’ 
and leads to the expression (34) in which z,, =a/K 
is taken as lower limit. 

Carrying out the integration in Eq. (34) over u 
and the angle determining the direction of the vector 
z we obtain 


ce 2 
a= Ha Rtpt Rel 


where @, is the cross section found earlier for dif- 
fraction splitting of the deuteron with neglect of 
Coulomb interaction, and o, is the cross section 
for splitting of the deuteron due to the Coulomb 
field of the nucleus. The quantity o,,, determinés 
the part of the splitting cross section coming from 
interference of diffraction and Coulomb scattering. 
In the expressions for a, and o;,, we set the lower 
limit of the z-integration equal to zero, since these 
expressions do not diverge as z_ +0. 

It is easy to see that the interference term a, 


int is 
equal to zero for p > 1. In fact, 


sie a 
cat “Re {in (a xe2in (dy yJy(y) J, oy)| 
1 0 

4x R® oa 
wee £ Refin |e sna (x —1)} = 0. 


1 


Thus, for p > 1, the integral cross section for 
splitting is equal to the sum of the cross sections 
for diffraction splitting and splitting coming from 
the Coulomb field of a black nucleus. It can be 
shown that the interference term is the order of p 
times smaller than o,. 

We consider in detail the cross section for split- 
ting of the deuteron in a Coulomb field for p > 1, 
defined by the general formula Eq. (36). It can be 


tan i) } | Vv (0) Car 


peed 


(36) 


<4 (tan zy a Qinx 2!" 2 seat (0) aries 


x 


evaluated in the two limiting cases of small and 
large n. lf n <1, then 


Va Oer at =| Od =F (x), 


Cc 
AF 2p? Jo (x) 
CaS ¢ x 


Papp 


ay, nails pew 


Integrating by parts we find 


( Te y 


a2 4 
di =—J@ (Den) Ai = + A, 


ile 


where A is the order of unity. Thus, the cross sec- 
tion for splitting of fast deuterons coming from the 
Coulomb field is equal, for n <1, to 


(the last formula is valid if pz, <1). This expres- 
sion coincides with the result obtained by Dancoff§ 
and Mullin and Guth’, using perturbation theory. 

We look now at the case of large n. Noting that 
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oc 


vy r2in sy ginl a wh in) C v2in yy 
Ae d=? Pam ys dt, 
a 0 


and using the asymptotic expansion 
x 


\Ji (6) cain ad Jas} ae (x) aint 


0 


4 Qin+o = 
+ Fado (x) °°"? + O(n), 


we obtain, neglecting terms of order 0(n7), 


eee yy a oe Vipees . 
— 2nk2 | é ie Zz) J? (pz) dz 
ee 2 2° 3 (38) 
=F Ri {in + 1 =o 
T 4 


The second term in this expression is of the same 
order of magnitude as the cross section for diffrac- 
tion splitting. In order that the asymptotic expan- 
sion can be used this term must be small compared 
with the first; in other words, the inequality n? > p 
should be fulfilled. We see that in this case the 
cross section for diffraction splitting is a small 
correction to the cross section coming from the 
Coulomb field. The total cross section for splitting 
is determined by the formula (accurate to within a 
constant factor in the logarithm): 
of = (42/3) n? R2In(Ra/k), n=l. (39) 
8. In the high-energy region when the mean free 
path of the particle in nuclear matter becomes com- 
parable with nuclear dimensions, the nucleus can- 
not be considered completely black, and must be 
viewed as a semi-transparent body characterized by 
a complex absorption coefficient b = b,-ib,, where 
b, is the absorption coefficient of nuclear matter 
and 6, = 2(v—1)K, where v is the index of refrac- 
tion of nuclear matter®. In the investigation of 
diffraction problems in this case, the expansion of 
the modified wave function can be used as before, 
if we consider the factor Q(p) equal, for uncharged 
particles, to 
OG) = feet V R?—¢"), o<R 
I p>R. 
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Application of these formulae to the scattering of 
fast neutral particles leads to the well known ex- 
pression for the amplitude of elastic scattering!® 


f (9) = — 212 (p) eH dp 


= IK \ (1 — exp {— b VR? — 0}) J, (xo) p do, 


Coty 


which, in the limiting cases of large and small ab- 
sorption has the form 

aipe [[UXeL 
j (9) = ik {AAP _ ER SRP, 


b2 


(40) 


see) i 
f(8) = ER Fe {pa — cosR} mS ROP. 

The following expression can be obtained for the 
amplitude of elastic diffraction scattering of fact 
deuterons by semi-transparent nuclei with no ac- 
count of the Coulomb interaction 


i) = aniKR? | tan” i x, ) Me («’)] 


eee “1 (28/—«'| 
ere cht 
X Yn (8) Xp (| »’ — 8" |) ag’t, 

1 


en, po’) = FeV (1 — exp {— bn, pPRVI 9) 


0 
XJo (xy) y dy 


(5, and 6, are the complex absorption coefficients 


of neutrons and protons). For p > 1 


j (9) =iKR? | 2 ait 


(41) 


x! 
2p 
1 
x | (1 — exp {— BR VI—#}) dg («') y dy (42) 
0 
Uy tan GP ) ays ae d:| 
= 25 \( =e — Hx, Ox, E—™ Dare 
where B is the complex absorption coefficient for 
deuterons equal to B= B,- iB, = b +6. 
The total cross section for all processes is 


given by the relation 
1 Ad 


o, = 4nR? Re{\( —exp {— BRY 1 — y*}) ydy 
z (43) 


= An (fone es i} Ln (®) Ly @) dil | 


In the case of large absorption of particles 
o-7R* > p, |b, )?7R? > p) the total cross section 
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and the cross sections of elastic scattering and 
diffraction splitting of the deuteron are given by 
the relations: 


oR) aera, 
Cj tat DATS é = ae vrs C 
t \ (Be +82) Ref * d 
, { 4(B}— 8) 
&, —— O R f + 2B?R? | By Beek 


+ 28 (1 —1n2)RRa 


og= 5 (21n2— 5) RRe- 
In the case of small absorption of particles 


(|b, |?R? <p, |b, |?R? < p) the cross sections are 
given by the formulae: 


op = of + 2 RiRe (bndp) R° Ine 
ire B, 
Ge = 09 —— RG|B/PR? np 
oe = 5- RB} 
oD es + R? | BP R4 beet 


0: . 
where 0} is the total cross section for all processes 


Ome . . 
and o, is the cross section for the elastic scatter- 


ing of point particles, the complex absorption co- 
efficient of which is the sum of complex absorption 
coefficients of neutron and proton. 
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General formulae for the effective cross section for disintegration of light nuclei in a Cou- 
lomb field are derived. The formulae obtained are applied to the cases of the Li’ and O*” nu- 
clei, where it is assumed that the former splits into an a-particle and a triton, and the latter 


into O'* and a neutron. 


l IN CONNECTION WITH the development of tech- 
® niques of acceleration it has proved possible 
to accelerate a beam of light nuclei to high ener- 
gies. In going through the Coulomb field of other 
nuclei, these nuclei can split, analogously to what 
happens in the case of the deuteron nucleus moving 
in a Coulomb field. The analogy with deuterons is 
complete for those nuclei in which the odd neutron 
is weakly bound with the remaining nucleus. Such 
nuclei are, for example, Be® (the binding energy of 
the last neutron is ¢ = 1.67 Mev), C!* (e = 4.9 Mev), 
O'7(e = 4.1 Mev) and others. Sawicki! considered 


the splitting of Be’ into the residual Be® and a neu- 
tron in a Coulomb field. He showed that for ener- 
gies of the Be’ nucleus of 170 Mev the effective 
disintegration cross section of this nucleus was 
equal to 4.10°?° Z? cm’, where Z is the charge of 

the nucleus through whose Coulomb field the beryl- 
lium nucleus passes. It is clear that analogous cal- 
culations can be carried out for the nuclei C**, 0%’ 
and others. The difference will consist in the fact 
that the odd neutron in these nuclei can be in states 
different from the states it is in for the deuteron or 
beryllium. For example, according to the shell mod- 
el the unpaired neutron in the O*’ nucleus is in a 
ds, state. Formulae will be given below for the cal- 
culation of the disintegration of a nucleus in a Cou- 
lomb field for the general case where the odd neu- 
tron in these nuclei occurs in an arbitrary state of 
angular momentum J. 

We consider more interesting, however, the con- 
sideration of those cases in which the light nucleus 
splits in the Coulomb field into two charged parti- 
cles. In Ref. 2, as a result of the study of stars in 
photographic emulsions irradiated by 340 Mev pro- 
tons, it is proposed that light nuclei have a clear 
cut structure. Such nuclei, according to these au- 
thors, can be considered as formed from groups of 
nucleons (for example, a-particles, tritons and deu- 


terons). 


Anumber of authors3, 4 have obtained satisfactory 
results by considering the Li® nucleus as a system 
consisting of an a-particle and a deuteron. There 
are grounds to believe that the Li’ nucleus can be 
viewed as a system consisting of an a-particle and 
a triton, in some approximation. We note, first of 
all, that the binding energy of the triton in the Li’ 
nucleus is equal to only 2.52 Mev, whereas the in- 
ternal binding energies of the a-particle and triton 
are 28.2 and 8.48 Mev, respectively. 

The binding energy in the Li’ nucleus is unequal- 
ly distributed. The nucleons in the triton and 
a-particle are bound considerably more tightly than 
the triton and a-particle are bound with each other. 
In this context one can speak of the triton and 
a-particle as constituting the nucleus. 

We indicate, further, that such a model of the 
Li’ nucleus leads to satisfactory agreement with 
experiment in relation to the magnetic moment of 
this nucleus. If the g-factor of triton is defined by 
the formulae 

we, = (eh /2M,c) g,l, pw, = (eh /2Mc) g,s, 
where M, denotes the reduced mass of the triton, 
then the magnetic moment (in nuclear magnetons) 


w= S12 8, + g,/2= 3,56, 


is obtained, assuming that the Li’ nucleus is in a 
Ps, state, and the experimental value of the magnet- 
ic moment of the triton is taken for p,. The value 
of the magnetic moment of Li’ obtained agrees well 
with the experimental value of 3.25. 

It is interesting to note that for several other 
light nuclei, also, values of the magnetic moments 
which are in satisfactory agreement with experimen- 
tal data are obtained if it is assumedthat in these 
nuclei of the type es fe the magnetic moment is 
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determined not by the odd proton, but by the triton 
moving in the field of the remaining part X$h. For 


example, the magnetic moment of the Alf} nucleus 
which, as is well known, is in a ds, state, is equal 
to 3.72 under this assumption. This agrees well 
with the experimental value of 3.€4. More or less 
acceptable values of the magnetic moments of 

B?° (2.11) and F49(2.98) are obtained on the basis 
of this assumption. 

It is natural to assume that those nuclei which, 
with relation to asymmetry in distribution of mass 
and charge, can be represented as consisting of 
two particles with relatively weak binding between 
them, split into two particles in going through the 
Coulomb field of a heavy nucleus if the frequency 
of variation of the field is such that the correspond- 
ing energy quanta are larger than the energy of bind- 
ing of these particles with each other. 

The present work is devoted to a study of the 
probability of splitting of light nuclei in a Coulomb 
field. 

2. We denote the masses and charges of the con- 
stituents of the nucleus by M, and M, and Z, and 
Z,', respectively. In the case where, in addition to 
the residual X oe , there is a weakly bound neutron, 


Z,' =0 and M, =M, where M is the mass of the neu- 
tron. We assume that a light nucleus of mass 
M, = M, + M, and charge Z, = Z,'+ Z,' goes through 
the Coulomb field of a heavy nucleus of charge Z. 
The Coulomb interaction, in the general case, will 
have the form 

V =Z, Ze? /17, +2, Ze / to, (1) 
where r, andr, are the distances from the center of 
mass of both particles of the light nucleus to the 
center of mass of the heavy nucleus. We can con- 
sider the radius of the light nucleus to be signifi- 
cantly less than the distance between centers of 
the nuclei considered. Therefore, in Eq. (1), we 
can set approximately r, = r, =r, where r is the dis- 
tance between centers of the given nuclei. In the 
system of reference in which the light nucleus, as 
a whole, is at rest but the heavy nucleus is moving, 
the electrostatic energy of the light nucleus, viewed 
as a perturbation, is equal to 


V = Z,Ze*/ (6? + (2 — ot)2] 2, (2) 


u“ 


where Z, = Z, + Z,', vis the velocity of the heavy 
nucleus moving along the z-axis, z and b are the 
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projections of the center of mass of the light nu- 
cleus—where, in the present approximation its 
charge Ze is concentrated—on the z-axis and on 
the perpendicular to it. 

The effective differential cross section of the 
process considered can, as is well known, be writ- 
ten in the form® 

do =| A PL*de,dQy (L/ Qn)*d ky, (3) 
where €, is the energy of relative motion of the con- 
stituents of the light nucleus after disintegration, 
k, is the wave vector of the center of mass of the 
light nucleus after disintegration, k is the wave 
vector of relative motion of the products of the 


light nucleus after disintegration, L is the edge of 
the cube, 


(4) 
(5) 


fpr A Vigetot dt, 


otk 
kh 
Vis =\ voy dr dre. 


Here r, is the radius vector of the center of mass 
of the moving nucleus and.r is the radius vector of 
the relative motion of the products of the light nu- 
cleus after splitting. The wave functions of the in- 
itial and final states, which enter into Eq. (5), 
have the form 

ws Lo Pe (r) ctF oti, 


L 


(6) 


Ve L7"te! Kary (r) eiENh 


where k, is the wave vector of the center of mass 
of the light nucleus before disintegration, E,=-e is 
the binding energy of the constituents of the light 
nucleus before disintegration, 

E, = «, + ki/QM, + M,) is the total energy of the 
light nucleus after splitting, w;(r)is the wave func- 
tion of the ground state of the light nucleus before 
disintegration, normalized with respect to volume, 
Yr) is the wave function of relative motion of the 
products of the light nucleus after disintegration. 
The wave function of the final state can be taken 
as a plane wave, normalized with respect to en- 
ergy, t.€., 

Y(t) = (py. / (2eh)*) "e™ , (7) 
where p is the momentum of relative motion of the 
products of disintegration, and p=M,M,/(M, + M,). 
According to the law of conservation of energy we 
have 
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ho = Ey — E, = Sr a a niki / (M, + M,). (8) 


As Dancoff5 has shown, the matrix element 4 can 
be represented in the form 


A = 2L>* (Z,Ze* / hv) Inde, (9) 
4x Sin[g,—o/v)L / 2] 
gq pean : 
Be .. exp |-i pat . “Wha (k (kr) }2,@) YO), (10) 


where q, is the projection of the vector q=p,/h on 
the z-axis. It is possible to show that for suffi- 
ciently high energies of the light nucleus ~ 100 Mev 


the quantity k,r <1. Therefore, it is possible to set 


exp \— i (k, r). 


(11) 


Taking Eq. (11) and the orthogonality condition of 
the W-functions, h can be written 


oat Me (kr) See: ra) = ap 


i= —i 


lead - hen 
aM \ (k,,r) ¥* (r) vy (r) 7? sin 9d6 de. 


(12) 


Here M, denotes the mass of the lighter of the prod- 
ucts, freed in the breaking up of the light nucleus, 
e., the mass of the neutron, deuteron or triton. 
Denoting the angle between k, andr by # we 
have 


cos} = cos7cos§ + sinysin cos (y—¢’), (13) 
where y is the angle between the vectors k, and k. 


The last term in Eq. (13) does not contribute to the 
integral in Eq. (12). Therefore, we can write J, as 


J; =—1 oor R, COS ¥ \ bi (r) o" (r) 8dr. (44) 
The wave function Wr) is given by Eq. (7). In 
order to determine the wave function of the bound 
state Vj(r), the form of the interaction between the 
decay products must be chosen. We assume that 
this interaction can be represented as a potential 
well of depth Vo and radius R. In this case we can 


take 
v; (rt) = Ri (r) Yim (9, ¢), 


R; (r) = Cift (Br) for r xt Hee 


oS R) 
‘hy (aR) 


(15) 


1 a) ee RypNar)) = tor: s7- >. R, 
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where 
hO=V Edun (0, 
Ry (x) = pK n= V 2% eine, (i 
mx itl wi 2 € 141, (x), 


B? = 2u (Vy —e)/h2, 0? = Que/h?. (16) 


Here J, 4y, and A,{t y are the Bessel and Hankel 
functions. 

The conditions of continuity at r = R and normali- 
zation give 


— at (2R)/Ry («R) = Bia (BR)/fi (BR), 
Ci = — 202/(a? + B*) R8fr—a (BR) fis (BR). 


(17) 
(18) 


It is easy to show that, after averaging over initial 
states, we finally obtain for | J, |? 


| J, 2? = ( A pee une 2 
o M+ Mz h? (27h)? |(20 + 12 ~ 4 
= Oa Di. pal 
R 
D1, 141 = Ci \ ft (87) frar (Rr) 8dr 
; (19) 
f, (BR) ¢ 
+ C14 eR) Rr (ar) fisa (Rr) r°dr. 


3. We consider several special cases. We assume 
that / = 1 in the initial state. This is the case, for 
example, in the Li’ nucleus. We will view the lat- 
ter as consisting of an a-particle and triton. Here 
the orbital moment of relative motion of the triton is 
1=1(py state). 

As a result of calculation, we obtain for the dif- 
ferential cross section 


hu 


1080 /Z,Ze?\2 de 
do = 3555 ( =) DO, (1) =, In ep ape 29 
where 
®@, (¢;) = 7 inV oe, 
1 (£1) (a ce Ve sin Ve 1 
as as Kea 
Efe (= a pe ie cos Vee ; 
a, = Cy/B?, ay = A(2u)—""[BR*Fo (BR) — 1/8] Ci, 


As = (h7/2n) 2BRfo (BR) Ci, 
a, = [(1 + %R)/e?] BRIy (BR) Ci, 
Gy = ERC) 2p; = QaRn?. 


664 V. I. MAMASAKHLISOV AND G. A. CHILASHVILI 


The coefficient C, is defined by Eq. (18); the 
quantity ¢, which enters into Eq. (20), denotes the 
binding energy of the triton in the Li’ nucleus and 
is equal to 2.52 Mev. 

4. We consider further the case in which the light 
nucleus has orbital momentum / = 2 in the initial 


ZyZe h 


where 


1 e2\2 h sin? V pe, 
dco = si ( 50 ) Vigo ee - OD, (9) de, In 


state. This case is encountered, for example, in 


the O'” nucleus, where the odd neutron is in a dsy 


state. 
For the effective differential cross section of 


the process we obtain 


ho 
(e+e) R’ (21) 


®, (e) = ee ee. + A —D, cot V pe, if 


1 Ve, 
A 6a? [- — fo (3R) 


™ (a? -— 8%) fi (BR) fs (BR) R? 


AS per (R)| 
fo (8R) 


B2 


B2 
Baw (r:) (a? + B2) R? fs(BR) fa (BR) ’ 


he 282 


fo (3R) ie 


= (2u) 2 (a2 


All formulae for the effective differential cross 
section which we introduced above contain the 
quantity (8R), which is the solution of the transcen- 
dental equation (17). By giving the nuclear radius R 
and requiring the depth of the well representing the 
interaction of particles of the light nucleus to lie in 
an acceptable interval of values between 5 and 30 
Mev, 6 can be unambiguously determined by solving 
Eq. (17) for a given value of /. The formulae ob- 
tained by us hold for the system in which the light 
nucleus is at rest. In order to obtain expressions 
for the effective cross section in the laboratory sys- 
tem, in which the heavy nucleus is at rest, it is 
necessary to carry out a transformation analogous 
to that which is made in the theory of disintegra- 
tion of the deuteron in a Coulomb field®. 


+ 8°) R? fs (BR) fr (BR) ? eye 


(2) 


We note, in conclusion, that the order of magni- 
tude of the effective cross section for the disinte- 
eration of light nuclei in a Coulomb field, at ener- 
gies in the range ~ 100 Mev turns out to be equal 


to: 10° "0275) em*. 
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The radiation emitted by an element of volume of an anisotropic medium is examined 
on the basis of the electrodynamic theory of thermal radiation. A generalization of 
Kirchhoff’s law is given. The thermal radiation from continuously varying magnetoac- 
tive media is considered. The case of weak gyrotropy is considered in some detail. 


1, INTRODUCTION 


IRCHHOFF’S LAWS, which constitute the basis 
of the classical theory of thermal radiation, 
were established for an isotropic medium. Attempts 

to apply these laws directly to an anisotropic me- 
dium* encounter certain difficulties due mainly to 
the birefringent properties of such a medium. How- 
ever, thermal radiation from anisotropic media has 
lately acquired practical importance—principally in 
connection with the development of radioastronomy. 
By way of example one may cite problems such as 
the role of thermal radiation (at radio frequencies) 
from the sun’s corona in the general magnetic field 
of the sun!—3, or radiation from sunspots. Another 
example, which concerns apparatus by itself, is 
that of the thermal emission from the ferrite used in 
the wave guides of modern instruments. 

This paper formulates the problem of the thermal 
radiation of an anisotropic medium and solves that 
problem from the point of view of the electrodynamic 
theory of electric field fluctuations and thermal ra- 
diation as evolved by Rytov4. According to the bas- 
ic concept of this theory, thermal fluctuations of the 
electric field in a medium may be described as the 
result of action by several extraneous random fields 
(or currents). In the same way these fields are also 
used to describe the random (thermal) radiation 
from each volume element of the medium. 

In order to compute statistical averages of the 
energy values (which are quadratic in the extrane- 
ous field) one need know only the statistical char- 
acteristic of the extraneous random field, i.e., the 
correlation matrix of the field components. The 
form of this matrix has been determined by Rytov4 
for an isotropic medium. Recently L. D. Landau 
and FE. M. Lifshitz, in reporting on the papers by 


*Under the meaning of “anisotropic media” we include 
both optically inactive and active (gyrotropic) crystals. 
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Callen et al.5-8, have generalized the form of this 

matrix to media with arbitrary anisotropy*. In this 
case, when the medium experiences only electrical 

losses, the correlation matrix of extraneous random 
currents 7 ,(r) 


where fi is Planck’s constant divided by 27; O=AkT 
the temperature in energy units; and €ag is the di- 
electric permittivity tensor for the medium**. 

Thermal radiation from a plasma situated in a 
constant magnetic field (magnetoactive medium***) 
is of practical importance. It is a medium of this 
type that we shall have in mind henceforth in this 
papers Absorption in such a medium is caused, as 
is known, by collisions, ordinarily with v/w< 1 
where v is the collision frequency and w is the 
wave frequency. The smallness of v/@ implies the 
smallness of the absorption coefficient for an or- 
dinary wave throughout all space available to it 
(see, for example, Ref. 11). In this case the maxi- 
mum absorption occurs in the region of reflection, 
i.e., where the refractive index is nearly zero. 

The nature of the absorption coefficient for an 
extraordinary wave is more complicated on account 
of resonance absorption. The resonance is the 
strongest when the wave travels along the maghetic 
field and when w = @), @y being the gyro- 
frequency (= eH/2mc) of the plasma. The width of 


*These results have not yet been published. I wish to 
thank the authors for making their manuscript available 
to me. 

**We point out that Levin® and the author?® have used 
Eq. (1.1) before but without thorough substantiation. 

***From a phenomenological point of view, ferrites lo- 
cated in a magnetic field can be assigned to this same 
type of category. 
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the resonance frequency band, in which the absorp- 
tion is large, is on the order of v. Outside of this 
comparatively narrow band, i.e., where 


|«@ ~@,|> v, the absorption coefficient for the 
extraordinary wave then becomes of the same or- 
der of magnitude as in the case of an ordinary wave, 
v/w. The spatial distribution of the absorption co- 
efficient is the same as for an ordinary wave, i.e., 
with its maximum in the reflection area. 

Therefore, if one disregards the resonance region 
that exists for longitudinal propagation, absorption © 
in true magnetoactive media may be considered 
small. This is the principal argument in favor of 
the assumption made below that the radiating me- 
dium* is a weak absorber. 

The subjects analyzed below have been examined 
in more detail in the author’s dissertation 0. 


2. INTENSITY OF THERMAL RADIATION 
FROM A VOLUME ELEMENT 
OF A MAGNETUACTIVE MEDIUM 


Let us examine how a volume element of a mag- 
netoactive medium radiates, i.e., how one must 
generalize Kirchhoff’s law, 

No = %ea ta (2.1) 
where 7. and aw are respectively the emission and 
absorption coefficients of an isotropic medium, and 
I. is the intensity of the equilibrium thermal radia- 
tion in the given absorbing medium. As has been 
noted before4, the concepts of equilibrium intensity 
and emission coefficient in an absorbing medium 
have definite meanings only when the absorption is 
so small that it is possible to disregard terms of the 
second order so far as losses are concerned. In this 
case Clausius’ law is fulfilled 


Lg = Lg N*, (2.2) 


*In actuality, nearly longitudinal wave propagation may 
be found, for instance, in sun spots. Here, however, no 
resonance region is in fact observed because of the spe- 
cial nature of the inhomogeneity of the solar atmosphere 
whereby an increase in the radius p causes a monotonic 
decrease in both the electron concentration N(p) and mag- 
netic field intensity H,(p). The result is that extraordi- 
nary waves, whether they are generated by an element in 
the medium at resonance frequencies (la ~ @y|<v),or 
pass during emergence from the medium through a region 
of resonance absorption (@y decreases with increasing 
layer height) are unable to emerge outside 2. 
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where I) ,, is the intensity of the equilibrium radia- 
tion in vacuum, and n is the index of refraction for 
a transparent medium. 

In the case of an anisotropic medium the problem 
is complicated first because two types of waves 
are propagated and secondly because the radiation 
intensity must depend on the angle formed by the 
direction of propagation and the axis of symmetry 
of the medium. Therefore, the generalized law (2.1) 
must specify both the distribution of the radiated 
energy for the two possible types of waves (polari- 
zations) and the mentioned angular dependence. 

Let us first write the components of the tensor 
Cp, which enters into the correlation matrix (1.1) 
of the extraneous random currents, for the case of 
a magnetoactive medium. If the magnetic field is 
directed along the Z axis, the tensor e;, is written 
as (see, for example Ref. 11, p. 326): 


s —ig 0 “ 
Sik — ig 6 O (2.3) 
OioneO) 1% 


When there is absorption, the quantities ©, 7 and g 
are, in general, complex. The explicit dependence 
of the components ©;, on the parameters of the 
plasma do not concern us here. 

Substituting (2.3) in (1.1) we obtain 


m hw? Ome 
Oe OLY ep ays 2i ae 
fiw? ho iF — 7 
Css = Gan Coth gg * 5; (2.4) 
ho? ho * 
Ca —C,= = coth 30 & 5 iy F 


C= CaS C= Coo 0. 


We shall assume a weakly absorbing medium and 
therefore disregard terms of second order (i. é., 
terms ~ Cp): Then when the emission coefficient 
is computed, the medium external to the radiating 
volume element dV can generally be treated as 
transparent. 

The emission coefficient characterizes that por- 
tion of the total flow of energy from an element dV 
which diminishes only according to the exponential 
law as it travels away from the element, i.e., that 
portion which is due to the wave field. However, 
from our point of view, the volume element dV is a 
dipole with a random moment of dp = jdV/iw where 
j represents the density of the random extraneous 


currents. The wave field of the dipole in a magneto- 
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active medium was previously found to be [see 


Bunkin !8, Eq. (5.3)1: 
E} (r) 
= 4ck®A' (6) (hr) exp {ier (6)} a\2 (6, 2) pr, 
(2:5) 
where p; represents the components of the dipole 


moment and where the A“), pr), all are determined 


by the components e©;, and thus depend on polar an- 
gle 0 (measured from the axis of symmetry, i.e., 
from the direction of the external magnetic field) 
and on the azimuth angle 9 of the radius vector r, 
as well as being determined by the index of refrac- 


tion n; and its first and second derivatives [Bunkin}3, 


Eq. (5.4) and (5.5)]. The index i refers to one of the 
two possible types of waves (i = 1 for an ordinary 
wave, i = 2 for an extraordinary one). 

From Eq. (2.5) for the dipole field and correlation 
matrix (1.1) and (2.4) for the current j, one can com- 
pute the emission coefficient 7. for the medium un- 
der discussion. The following result is obtained 


Me = AE a + no, ce 


where 7") is the emission coefficient for i-type 
Ss a By (12) 

waves (the natural emission coefficient) and 7‘); 

is the “interference” emission of thermal radiation. 

We are omitting the equations for the dependence of 


these coefficients on the values 4", ali) and pi, 


since our main interest is not in these equations 
but rather in presenting 7. in such a form as to gen- 
eralize Kirchhoff’s law, Eq. (2.1). In this connec- 
tion there arises a difficulty due to the presence of 
the interference emission 712). However, as de- 
tailed examination reveals, “the interference term 
proves quite inconsequential in practical problems. 
In clarifying this further we shall limit ourselves to 
a few remarks only. 

The interference term describes the “fine struc- 
ture’’ of the thermal radiation field. The difference 
in the propagation velocities of the ordinary and 
extraordinary waves causes the three-dimensional 
oscillatory character of the interference emission 


(see F. V. Bunkin!0) thus 
72?) = g2B (6, «) cos {er [Y™ (6, @) 


— yp? (6, w)]+¢(8, @)}, 


We have indicated an explicit dependence on fre- 


(2.7) 


667 


quency ®, since we allow for the presence of dis- 

persion, i.e., the dependence of ©;, on w. Asis 

evident the emission coefficient 7(12) is of second 
w 


order in the gyrotropy parameter g. When 0 = 0 and 
0 = 7/2, the “amplitude” B(6, @) becomes zero, i.e., 
there is no interference emission in directions along 
and across the external magnetic field. 

Because of the oscillatory dependence of ie on 
r and 0, this interference between the ordinary and 
extraordinary waves is totally lost when the inves- 
tigated radiation is only slightly nonmonochromatic 
(slightly, that is, relative to the bandwidth of the 
receiver). 

We note that the presence of interference between 
ordinary and extraordinary waves in thermal emis- 
sion is precisely characteristic of a magnetoactive 
(gyrotropic in the general case) medium. In inac- 
tive crystals, such as uniaxial crystals, for which 
g = 0, there is no interference. 

As for the natural emission of thermal radiation, 
the problem, as has been stated, is to write 7X6), 


expressed in terms of AO), WX), and al?(8, ), 


in such a form as to obtain a generalized Kirchhoff’s 
law, i.e., as 


oO) al 1, = 1,2). (28) 
It is natural to take ey as the intensities of equi- 
librium thermal radiation in a transparent magneto- 
active medium, in which case pei) depends on the 
parameters e, 7, g and angle @, and is given by 
Rytov4, page 150*. 

The following expression is then obtained for 
the coefficients aft? = aliX6), 

op?) (8) = 2kn; (Eo:) %i (1) COS (Fo: — 9). (2.9) 

Here n,(&) and x,(€) are related in the usual way 
to the real and imaginary parts of the complex index 
of refraction nf &)[1—ix,(€)] for an i-type plane 
wave propagating at angle & to the z axis (terms 


*Rytov derives equations for equilibrium intensities 
yi) due to a beam of plane waves whose normals form an 


angle 0 with the z-axis. The energy flow vector of this 
beam forms a different angle, which Rytov designates by 
&, It must be borne in mind that our notation is different, 
we use € to represent the angle between the normal and 
the z-axis and @ to represent the angle of the energy flow. 
We find it expedient to express the intensity J(‘) in terms 
of the angle 0. o 
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aS Ki are neglected). The angle E of= E569) is 
determined from the equation 

n; (Ei) /Ni (ey) = tan (Eo: ae 0) (2.10) 
and is equal to the angle between the wave normal 
of a plane wave and the direction of the magnetic 
field, where the energy flow vector of this wave 
makes an angle 6 with the magnetic field"'. The 
components Cag of the correlation tensor no longer 
enter in Eq. (2.9) because they are expressed in 
terms of n(&o,) and x {o;). 

For an isotropic medium, €0; = 9, ny= Mm, Ky =K, 
and are independent of direction, so that Eq. (2.9) 
now becomes the usual one for the absorption coef- 
ficient of an isotropic medium a, = 2knx. Since in 


this case [\?) hee =4%n'low (see Rytov4, p. 150), 
Eq. (2.8) reduces to Eq. (2.1). Thus, Eq. (2.8) and 


Eq. (2.9) are actually rational generalizations of 
Kirchhoff’s law and the concept of absorption coef- 
ficient. 

As has been mentioned, Eq. (2.8) is the solution 
to the problem of the division of the energy radiated 
by a point thermal source between the two possible 
types of waves, and this in turn makes it possible 
for one to determine the degree of polarization of 
this radiation (see next Section). 

Let us pause briefly to examine the results of 
some numerical computations. In solving practical 
problems it is convenient to express the components 
of the tensor e;;, in terms of the plasma parameters 
h, v, and gU. These are determined in the follow- 
ing manner,* 

A= y/o, 0 = (@/0)*, 7 =r/0, (2.11) 
where wy and wo are respectively the gyromagnetic 
and critical frequencies of the plasma and v is the 
collision frequency. The requirement of small ab- 
sorption means the one must eliminate that frequen- 
cy region w, which satisfies the condition |1—A lSq. 
The expression for the absorption coefficient 
a’ t(6) is given by [with n; = nii€ oi), 

k ‘ (l= ni) 
al) (6) = a COS (E93 — §) aie) 
2 (4 —v)? (v—1-+4 n?) + h?on? sin? es 


2(1— v) (v—1+ n)+hRi— n®) sin? ae 


(2:12) 
x 


*Al’pert,et al!! use the parameter u= A? instead of h, 
and furthermore use s instead of q. 
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The curves in the figure illustrate the dependence 
of the dimensionless quantity 1FX0)/gklow on the 
angle 0 when v = 0.4 and h? = 0.3, Numerals I and 
II refer to the ordinary and the extraordinary types 
of radiation respectively; the straight dotted line 
represents the emission coefficient of an isotropic 


medium (v = 0.4, A = 0). 
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It is obvious from the figure that the introduction 
of a magnetic field with wy =~ 0.55w increases the 
emissive power of each volume element of the plas- 
ma for extraordinary waves and decreases it for or 
dinary waves for all directions of emission. The 
total emissive power (for both wave types) when 
the field is present exceeds the emissivity when 
the fieldis absent. For other values of h (i.e., 
for other frequencies with the same magnetic field) 
the ratio between (nD) 4 7?) and bees the emission 
coefficient of an isotropic medium (h = 0) will, of 


course, be different, but invariably* 
9) (8) + 2 (8) > 7. (2-13) 
Thus, when the magnetic field is applied, there is 
an increase in the output of thermal energy by each 
volume element of the plasma. Of course, this does 
not mean that there must of necessity be an increase 
also in the emissive power of the total volume of 
the plasma, for as the emission coefficient grows 
larger, reabsorption of the energy also increases 
(just as an increase in the resonance radiation of 
atoms is accompanied by an increase in their ab- 
sorption). The general considerations indicating 


*Further on it will be shown that when A is small, 


ma) (8) + 0f3)(8) = nf). 


oO 
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this circumstance were once set forth in connection 
with the discussion of the increase in the radiation 
of sun spots }4, 15, 


3. POLARIZATION OF THE THERMAL 
RADIATION FROM A VOLUME ELEMENT 


In the study of the thermal radiation of anisotro- 
pic media, questions concerned with polarization 
are of special interest in addition to the questions 
of radiation intensity. In general only partial polar- 
ization occurs, t.e., the flow of radiation at any 
one point is the sum of the unpolarized (randomly 
polarized) and completely polarized (in general, el- 
liptically polarized) components. The completely 
polarized portion of the flow is, of course, also 
random, but the field here fluctuates in such a way 
that the amplitude ratio and the difference in the 
phases of the two orthogonal projections remain 
constant. 

In this Section we shall determine the degree of 
polarization of the thermal radiation emitted by a 
point source (volume element of the medium), i.e., 
the ratio p() of the intensity in a given direction 
of the totally polarized component to the total in- 
tensity. Moreover, we shall determine the degree 
of ellipticity (the ratio of semiaxes a/b = tan8(6) 
of the polarization ellipse of the electric field) and 
the position of the polarization plane, i.e., the an- 
gle of inclination (6) of the major axis of the el- 
lipse to a certain direction. These questions can 
be most simply solved by using Stokes’ parameters 
Q, U, and V which must be expressed in terms of 
the components of the tensor Cag*. In this case 


we have for 8(6) and y(6) 


sin28 = VY @ + U? + V?, tan2y = U/Q, (3-) 


rif 
E, = 8%sin(wt—a), b= E00) sin (wt — 2) 


are two mutually perpendicular components of the electric 
field, then by definition the Stokes parameters are 16-18 


(Gi = (6002 (2002, i= 2¢00) g(0) cos 8, 
Y = 26 EO) sind, 5 = € —ép. 


Stokes introduced yet a fourth parameter / = (E(0))2 45 GO, 
to determine the intensity in isotropic media. In aniso- 

tropic media this parameter does not determine intensity 
and therefore is of no interest. 
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where x is the angle formed by the major axis of 
the ellipse and the €, axis. The double valuedness 
of these equations is eliminated by the following 
auxiliary condition: if of the two values for f the 
smaller in absolute magnitude is selected, then the 
sign of cos 2x should coincide with the sign of Q. 
The sign of 6 is understood to be counter-clockwise 
(from axis €, toward axis &,). 

Let us introduce an auxiliary Hermitian tensor 


Pin (vr) = Ej (r) Ext), (3:2) 
where E(r) represents the electric field. The deter- 
mination of Stokes’ parameters [where one utilizes 
the definitions* and Eq. (3.2)] leads to a connec- 
tion between Q, U, V and P;,. If, for example, the 
polarization in plane (x, y) is of interest, we have 


Q = Pyy — Pog, U = Pyg + Pay, 


: eo 
V = —i (Py, — Py). (3.3) 


Returning to the question of the polarization of 
thermal radiation in a homogeneous medium, which 
is of interest to us, we make use of the representa- 
tion of the field E(r) by the extraneous current j(r) 
(see Bunkin33), 


Ark , 
AQ =F) Tae WhM. ea 
Vv 
Substituting Eq. (3.4) into Eq. (3.2) and utilizing 
Eq. (1.1), we find 


1672 h2 * 
Pin = SS \ Tin (F, 11) Tig (Fs 11) Cap dVy 
(3.5) 


= ( pin (r, r,) V4. 


The additivity of components Pj}, is obviously a 
consequence of the incoherence of the radiation 
from separate volume elements of the medium. The 
tensor p;,(r, r,)dV, characterizes the radiation po- 
larization at point r due to the volume element d/,, 
which is at point r,, and allows for both ordinary 
and extraordinary waves. Thus, in the general case 
we have 

Din = Ps + Pin + Pik s (3.6) 

C2 )e : 

where p;, is the interference term. For the same 
reasons asthose given above in the discussion of 
the interference term in the energy flow, the term 
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p 2) nay be disregarded. The components of the 


tensor pi = 1, 2) are determined with the aid of 
Eq. (3.4). 


In the wave region which is, of course, the only 
one of interest, we obtain 


pi = Bla? (6,9) af (Be)Cap, (7) 


BO) = (16n2h8/c2p?) | A” (8) ?,.0 =|r—ti|, (3.8) 


where the functions 4“, 
Eq. (2.5). 

By substituting Eq. (3.7) into Eq. (3.3) we estab- 
lish the relationship of the Stokes parameters, 
which relate to the radiation from a volume element 
with the components of the tensor Cag. The ex- 
pressions thus obtained for the parameters QCX6), 
UG), and V6), which depict the polarization 
of the field in a plane orthogonal to an arbitrary 
direction of emission, are rather cumbersome and 
are not given here. These expressions show that 
thermal radiation from a volume element in waves 
of every type will be completely polarized, and in 
general elliptically. However, it is a matter of 
practical importance to determine the state of po- 
larization of the total emission (i.e., the flow of 
ordinary and extraordinary waves, assuming, of 
course, that there is emission of both types of 
waves, i.e., that the refraction index at any given 
point be real for both ey Since we disregard 
the interference term Bae , then the Stokes param- 
eters Q, U, V for the total beam are 


Q = Q) =f Oe Wis yu ae U?), 


ay are the same as in 


(3.9) 


In this case the flux is only partly polarized. The 
degree of polarization p(0) can be evaluated by the 
equation 

2 (6) — a) ) 


p (8) = 
(3.10) 
bi na aa 

— a® @) 1 @) +22 72 (0) 


In the case of weak gyrotropy, i.e., when h< 1, 
the approximate expression for n)(6), which was 
obtained in Section 5 of this article, yields a very 
simple equation for p(), correct to terms ~h 


VV 


p (6) = 2h (1 ae Tia (3.11) 

As an example, let us examine the case of longi- 
tudinal (@ = 0) thermal emission from a volume ele- 
ment. For the Stokes parameters we obtain 


TA) | e084. 


VO) = = 49%? (Cy, + iC,2) B”, 


(3.12) 
Q) aa) ye =) 
Thus [see Eq. (3.1)] 
sin28 = = 1, (3.13) 


i.e., as might have been expected, longitudinal 
thermal emission from a point source is circularly 
polarized. The total flux is only partly polarized, 
naturally, though again circularly and with the same 
direction of rotation as for an extraordinary plane 
wave. The degree of polarization for this particular 


case is, 
p (0) 
_ [may ne + 1 — 0)? — ng (1 + A}? (nf uniter 
my (1 — Aye (2 + 1 — 0)? + ng (1 +)? (ni 4 Saye 
(3.14) 


4. THE EQUATION FOR TRANSFER OF 
THERMAL RADIATION IN 
A MAGNETOACTIVE MEDIUM 


The problem of thermal radiation in inhomogene- 
ous media reduces, as is known, to solving the 
transfer equation; to write this equation one must 
know the emission and absorption coefficients of 
the medium. Since we have obtained these values 
for a magnetoactive medium, it is now easy for us 
to write the transfer equation. If J+) is the inten- 
sity of the i-type thermal radiation (i = 1, 2) in the 
direction 6 (6 is the angle between the direction of 
interest and the magnetic field at the given point), 


then 


(dJQ J ds) + af? (6) J = 7 (6), (4.1) 


where do is the element of ray length, and a’ #(@) 


and 7{'X@) are respectively the absorption and emis- 
sion coefficients of the medium. 

The intensity of radiation emitted from the me- 
dium in a given direction is obtained from Eq. (4.1), 
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thus ES 
ID =) PO, ope dc, (4.29 
: 
where +; (c) is the optical thickness, 
(9) = lal? (6, 0) do. (4.3) 


i) 
The integration in Eq. (4.2) and Eq. (4.3) is to be 
performed along the ray under consideration. 

Thus the problem reduces to (as in the case of 
an isotropic medium) a computation of the trajectory 
of the ray. However, in contrast to the case of an 
isotropic medium, where it is sufficient to use the 
refraction law (Snell’s law) to determine the trajec- 
tory of the ray, the corresponding computations in 
the present case require consideration of both the 
refraction law (whose form is considerably more 
complicated) and the relationship between the di- 
rections of the wave normal and the energy flow. 
The result is that even for a comparatively simple 
case of anisotropy (e.g., a plane inhomogeneous 
ionosphere stratum in a homogeneous magnetic 
field9-™) the computation of the trajectory of the 
ray necessitates cumbersome calculations and can 
be completed only by combining analytic and graph- 
ic methods. In the case of the sun, which is of 
practical interest, the ray trajectories have not, to 
our knowledge, been computed with allowance for 
the magnetic field (i.e., for the “anisotropic” sun). 

It is not out purpose here to compute the ray tra- 
jectories for any concrete problems, but to examine 
the particular, but practically important, case of 
weak gyrotropy, i.e., effects due to anisotropy 
which can be treated more or less as corrections 
to the solution for a corresponding isotropic me- 
dium. 


5. THE CASE OF WEAK GYROTROPY 


The condition for weak gyrotropy @7/o=h<1 
is realized in the earth’s ionosphere (where the 
magnetic field H, ~ 0.5 oersted) for wavelengths of 
a meter or less and on the sun—for the general mag- 
netic field (H, ~ 50 oersted) and the field of small 
sun spots (H, = 10? oersted)—for wavelengths from 
a decimeter to a centimeter (here h <0.1). 

We shall find approximate expressions for the 
quantities that are of interest which are accurate to 
terms of the order of h. The general expression for 
the index of refraction for an ionized gas in a mag- 
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netic field’»!® reduces in this approximation to a 
simple equation, 

n* = 1l-v thv|cos €|, (5.1) 
where €is the angle formed by the wave normal and 
the magnetic field. The quadratic term in A in the 
expansion of n? is one order of magnitude smaller 
than the preceeding term only when the angle satis- 
fies the following condition, 

sin €-tang 2 2 (1 — v). (522) 
When this condition is not fulfilled the anisotropy of 
the medium proves to be of order h?, i.e., the medium 
is isotropic in the approximation discussed here 
(~ h) and consequently an analysis of the phenom- 
ena that interest us becomes superfluous. Eq. (5.2) 
obviously means that the directions of propagation 
must not be too close to the transverse direction. * 
Thus, when v = 0.4, the angle € should not exceed 
about 56°. Henceforth we shall invariably assume 
Eq. (5.2) to be fulfilled. 

When Eq. (5.1) holds, it is easy to produce the 
corresponding approximate expression for the angle 
xX; Lec )= Shy —0, as well as for the absorption 
te? (@)] and emission In (0)] coefficients [the 
exact expressions for these quantities are given by 
Eq. (2.8), (2.9) and (2.10) respectively]. Thus, 


v sin 8 


Xi [E0: (8)] == = D) (4 250) h, 


af? (8) = af) [1 2 (1 + Fg hg) f|c08 6], 
(5.4) 


(5.3) 


a) (8) = oc® (6) 11? (6) 


U 


= Yen [1 2(1 + 4p) [cos |]. (5:5) 


Here 
a) = gku/VY1—2, 
eu bee a Oe hea) 
are the absorption and emission coefficients in the 


corresponding isotropic medium (h = 0). We note 
that the equilibrium intensities 1) (6) in the dis- 


*It should be noted that Eq. (5.2) is not a condition of 
“quasilongitudinality” (Ref. 11). 
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cussed approximation are equal to just half of the 


equilibrium intensity in the corresponding isotropic 


medium, 
LP 6) = 1/12 + O}) 
= Wel <P) Jon tO Cs 


(5.6) 


where /, ,,is the equilibrium intensity in a vacuum. 

Let us now compute by Eq. (4.2) and (4.3), ac- 
curate to terms of the order of A, the radiation inten- 
sities 7 from an inhomogeneous magnetoactive 
medium. 

Let the ray equation be given in parametric form, 

t= X (5,1), z=2(¢,h), (6.7) 
i.e., the arclength o (0 <o <.o) is treated as a para- 
meter. Since the angle Xa\io) between the wave 
normal and the energy flow vector is of order h, ac- 
cording to Eq. (5.3), the perturbation of the ray 
trajectory by the magnetic field is also of order h. 
This means that the expansion of x, y and z in 
powers of h is linear, 

x (6,8) = Xo (6) (9) hk eee, (5.8) 
where x, (a), in general, differs from zero. 

In our computations we shall allow for continuous 
changes in the properties of the medium by treating 
all the subsequent quantities as dependent on the 
coordinates only through 

c=px, q=uy, S=p2, (5.9) 
where p is asmall parameter. The magnitude of p 
is determined by consideration of the fact that the 
relative changes in all the quantities over a wave 
length must be on the order of .* We shall con- 
sider henceforth that 
v&h. (5.10) 


Substituting Eq. (5.4) in Eq. (4.3) and utilizing Eq. 
(5.8) to (5.10) we obtain the following expression 
for the optical thickness 


7; (¢) = 2 (c) = Ax (a), (5.11) 


(5.12) 


*The region in which the transfer equation is valid 
coincides, as is known, with the region to which geo- 
metric optics apply. 
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o 
Vv 


Ac (2) = 2) a0) (1+ */a p=) cos ds, (5,13) 
0 


where the integration is along the unperturbed ray 
x=%,(0), Y=Y¥(0), 2 =Z(0). 

An approximate expression for intensity is ob- 
tained by substituting Eq. (5.5) and (5.11) in Eq, 
(4.2) and employing Eq. (5.8) —(5.10). This gives 


JO 1), JOT AT), (5.14) 
jo =| “$0 e-2 (9) da, (5.15) 

0 
0 (5. 16) 


Xh| cos 6|— Ac (2)} e-7) (3) ds, 


again, as in Eq. (5.12) and (5.13), the integrals are 
taken along the unperturbed ray. 

On the basis of Eq. (5.14), the degree of polari- 
zation of thermal radiation from a magnetoactive 
medium in this approximation is, 


p= PJs) US Ea) S| Ae i eer 


The question of thermal radiation from the 
“anisotropic” sun was analyzed by Smerd® who cal- 
culated its total magnetic field assuming h < 1. 

He made use of earlier unpublished theoretical 
equations that in some respects do not coincide 
with the results obtained here. Thus, our expres- 
sion for the correction to the optical depth At(c) 
[Eq. (5.13)] differs from the corresponding expres- 
sion in Smerd’s paper by having the factor 


Q4+%- 


1—uv 

terms of the order of v? (ay ~ v) are neglected, a 
procedure that is far from being always justified. 

The advantage of the approximate method out- 
lined here for solving the transfer equation is that 
it permits one to deal with only the unperturbed 
form of the ray. This is due to the assumption that 
u<h. It can be shown that this advantage remains 
valid also for calculation up to terms on the order 
of h*, if it is assumed that u< he 

In conclusion the author wishes to avail himself 
of the opportunity to express his deep gratitude to 
Prof. S. M. Rytov for suggesting this subject and 
for his constant help in the preparation of this 
paper. 
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On the Mechanism of Fission of Heavy Nuclei 


V. V. VLADIMIRSKII 
(Submitted to JETP editor March 16, 1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 822-825 (April 1957) 


The effect of the state of individual nucleons on the shape of the nucleus prior to fis- 
sion is studied. It is shown that the presence of excess nucleons with large values of 
the angular momentum projection on the symmetry axis of the nucleus may lead to loss of 
stability of the nucleus with respect to asymmetric deformations in the saddle point. 


This facilitates the explanation of some of the experimental facts. 


UR PRESENT IDEAS about the fission of heavy 

nuclei at low excitation, based on the liquid 
drop model’, are connected with the fact that, for a 
sufficient elongation of an incompressible drop, the 
sum of the Coulomb and of the surface energies at- 
tains a maximum equal to the fission threshold, 
further elongation of the drop being energetically 
favorable. It was shown by various authors” that, at 
the critical elongation, the nucleus retains its sta- 
bility with respect to asymmetric deformations. The 
energy of the nucleus expressed in terms of the de- 
formation parameters possesses therefore a saddle 
point at the critical elongation, the loss of stability 
depending only on the one deformation parameters 
that characterizes the elongation. The shape of the 
nucleus in the saddle point remains symmetric. 


‘Uhe quantitative comparison of calculations based 


on the liquid drop model with experimental data en- 


counters a number of difficulties. The theoretically 
predicted strong dependence of the fission threshold 
U~(1—<x)?* on the parameter x ~ Z’/A has not been 
confirmed experimentally’. In fact, the threshold 
was found to be almost identical for a number of 
elements. Difficulties are also encountered in at- 
tempts to explain the observed asymmetry in the 
mass distribution of fission fragments. It has been 
shown in recent works*”* that it possible to explain 
this asymmetry on the basis of the liquid drop mod- 
el. The authors indicate that upon further elonga- 
tion of the nucleus, after the saddle point has been 
passed, the stability with respect to asymmetric 
deformations is lost and there may be a fast in- 
crease in the asymmetry of the nucleus. It seems 
very probable that their estimate of the mean ratio 
of the masses of the fission fragments is correct. 
The calculations pertaining to the dynamics of 
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such systems, however, have not been done as yet 
and the correctness of the above explanations can- 
not, therefore, be regarded as sufficiently estab- 
lished. 

It is easier to explain many of the singularities of 
the fission process by assuming that the loss of 
stability with respect to asymmetric deformations 
during elongation of the nucleus occurs before the 
energy maximum of the symmetric shape has been 
passed. In fact, instead of a single saddle point we 
have in this case two saddle points with an asym- 
metric configuration of the nucleus. The inequality 
of masses of the fission fragments is therefore 
basically explained. If the saddle points of the 
different nuclei correspond to elongations of the 
same order, the valve of the fission threshold 
should be proportional to (1—x) and, therefore, the 
dependence on A and Z should be much weaker than 
the one predicted by the Bohr-Wheeler theory. Still 
another experimental fact can be explained more 
easily by assuming that the shape of the nucleus is 
asymmetric at the saddle point. Fraser and Milton’ 
measured the ratio of secondary neutrons emitted 
in the direction of motion of the light and of the 
heavy fission fragments respectively. It was found 
that this ratio differs considerably from unity and, 
which is of special interest, does not approach 
unity (remains of the order of 3) even when the frag- 
ments have almost equal masses, namely 
m,/m, = 1.1. This fact indicates that the fission 


of the nucleus into fragments of similar mass is not 
really a symmetric event and the excitation energies 
of the two fragments differ considerably. Were the 
symmetric shape of nucleus to correspond to the 
saddle point, the fission into two equal fragments 
would correspond to the not very probable case of 
the nuclear shape changing by a sequence of com- 
pletely symmetric deformations and there would not 
be any serious reason for the occurrence of such a 
case. On the other hand, for an asymmetric saddle 
point the inequality of the light and heavy fragments 
is inherent from the very beginning and there is no 
reason to expect all the parameters characterizing 
the fragments (charge, excitation energy) to be equal 
in case of a change equality of masses. 

The above considerations add interest to the 
study of possible conditions for the occurrence of 
asymmetric saddle points, despite the fact that such 
a notion does not lie within the classical framework 
of the liquid drop model. The explanation of this 
effect, given below, is based upon the study of the 
states of individual nucleons in the deformed nu- 


V. V. VLADIMIRSKII 


cleus in the spirit of the collective model, and is of 
a qualitative character. 

We shall consider only such states of deformation 
of the nucleus for which the nucleus possesses ro- 
tational symmetry with respect to the OZ axis. Such 
states are most favorable energetically for a given 
elongation of the nucleus and there are all reasons 
to suppose that they lead more easily to fission. 
For such a symmetry of the nucleus the wave func- 
tions of free nucleons can be classified in terms of 
the quantum number 2 =/, + s,, equal to the projec- 
tion of the total angular momentum of the nucleon 
on the nuclear axis of symmetry®. The quantum num- 
bers Q represent the approximate integrals of motion 
and are adiabatically invariant with respect to slow 
changes in the shape of the nucleus. Out of the 
variables r, z, gand s_ which determine the posi- 
tion and spin of a nucleon in the cylindrical system 
of coordinates, the latter two can be separated by 
introducing the functions exp {i(Q +/)y}. The order 
variables, as arule, cannot be separated. For a 
symmetric deformation of the nucleus we have to 
account also for the classification of the wave func- 
tions of individual nucleons with respect to their 
parity, which is not conserved for asymmetric defor- 
mations. Evidently, for excitation energies of the 
order of 5—6 Mev, corresponding to fission resulting 
from slow neutron capture, the quantum number will 
not represent the integrals of motion so accurately 
as in the case when the nucleus is in the ground 
state. Strongly elongated states that are prone to 
fission should, however, approach the unexcited 
state since the greater part of the energy surplus 
has been already used up for the elongation. The 
nucleus in this state has so to speak cooled down, 
which renders transitions between various states of 
individual nucleons more difficult in view of the 
Pauli principle. Besides, departures from rotational 
symmetry which would facilitate the mixing of states 
with different Q, are reduced, owing to the lack of a 
sufficient amount of energy for the excitation of the 
corresponding degrees of freedom of the nucleus. 

With the progress of the elongation of the nucleus 
the states with high become energetically unfa- 
vorable because of the centrifugal energy h? L? /2mr?, 
the mean value of which rises sharply with dimin- 
ishing radial dimensions of the nucleus. At the 
same time, the number of energetically favorable 
states with small values of Q increases with in- 
creasing length of the nucleus. Consequently, a 
reorganization of the filling of nucleonic levels oc- 


curs during the elongation of the nucleus. As men- 
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tioned above, for the largest energetically permis- 
sible elongations such reorganization is difficult 
and there is every reason to believe that the nucleus 
in such a state will posses an excess of nucleons 
with large values of the angular momentum projec- 
tion Q, while there will be a deficiency in the 
filling of levels with low Q. 

In the asymptotic approximation of a large number 
of particles, the energy of the degenerated Fermi 
gas depends only on the volume and not on the 
shape of the container. This, however, is true first 
for the case of the nucleus only for a very large 
number of nucleons, and secondly for the equilibrium 
distribution of levels with different values of angu- 
lar momentum. As it is well known’, it is indeed the 
deviations of the state distribution of nuclei from 
the asymptotic laws that lead to a marked elonga- 
tion of nuclei with unfilled shells in the ground 
state. An analogous influence of the nucleon dis- 
tribution on the shape of the nucleus should take 
place in fission as well. 

It is easy to show that the presence of excess 
nucleons with high values of () in a strongly elon- 
gated nucleus should sharply diminish its stability 
with respect to asymmetric deformations and should 
slightly increase the stability with respect to sym- 
metric deformations. This effect can be approxima- 
tely estimated in the following way: let the elon- 
gated nucleus be of the shape of an axially sym- 
metric body with a-symmetric generator 


r, (z) =r,(—2z), the maximum r,(z)_ = 6 being at- 
tained for z = 0. We shall consider a small asym- 
metric deformation of the nucleus Ar = 8n(z) = 

=— Bn(—z). The maximum of the cross-section of 
the nucleus will be shifted in the direction of posi- 
tive Ar and will be equal 


ee 0 1 8? (dy d2)35 10°F, | a2" |2-0- 


The energy of a nucleon with the largest value of 
angular momentum (2 can be estimated from the max- 
imum cross-section of the nucleus r_: 


W~h? P/2mr7. 
For an asymmetric deformation the energy increases 
by the amount 
AW ~ — B2 (4? [2 / 2b) (dy/dz)z—o| d?r; / dz* z=, 


the sign of which indicates the decrease in stability 
with respect to the deformation Bn(z). Ve shall 
note that, even for d? r,/dz? > 0 the sign of the ef- 
fect is invariant, although the change of the maxi- 
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mum radius cannot be estimated in such a simple 
way. For the shape of the nucleus approximating 


an ellipsoid of revolution with semiaxes a, and 
b, = Va?—e?: 


mil ciel V Aaa 


Z=ay, A=ay[l +P; (u)], 


we obtain 
Gf) ee =D) On Nie Oe ce. 
AW ~ — 9n°U2 a8? / 8mb*. 


The sum of these values for the excess nucleons 
with the largest Q has to be equated to the defor- 
mation parameter distribution of the Coulomb and of 
the surface energies, separating the terms propor- 
tional to 6? which determine the shape stability 
with respect to asymmetric deformations. For a 
spherical nucleus this term equals 
Dy 1 ® 10 

NBA e 
where f is the coefficient of the third-order Leg- 
endre polynomial, E. is the surface energy of the 
nucleus and x is the fission parameter. For the 
case of elongated nuclei with the axis ratio equal to 
1.5—2 this value, according to the estimates of 
Ref. 5 and 6, is reduced by a factor of % at least. 
Assuming for our estimate x = 0.7 and Ee = 500 Mev, 
we obtain, for the case of elongated nuclei 


AE =f?- 100 Mev. 


Assuming for the case of the uranium nucleus 
ab? = (1.3 x 107%) A and 6 = 0.54, we shall estimate 
the effect of one excess nucleon with orbital angu- 
lar momentum L ay: 


AW = — B?-350 Mev. 


For the case of a strongly elongated nucleus, 
therefore, the effect of a single additional nucleon 
with a large value of angular momentum is very large 
and the shape stability with respect to asymmetric 
deformations is, evidently, lost much sooner. It is 
possible that this occurs at elongations only slight- 
ly larger than the initial elongation of the nucleus 
in the ground state. 

It should be noted that the loss of stability with 
respect to small asymmetric deformations, due to 
such a mechanism, should not cause an unlimited 
increase of asymmetry. When a pear-like shape is 
attained by the nucleus, any further dilatation of 
the wider end should stop as soon as the maximum 
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radius attains such a value that the energy of nu- 
cleons with the largest value of angular momentum 
equals the Fermi limit. This makes it possible to 
explain qualitatively the experimentally observed 
fact that the mass of the larger fission fragment is 
is equal for different elements. As it is well known, 
the mass of the lighter fragment varies within much 
wider limits. Evidently, for all studied fissile nu- 
clei, the maximum values of the nucleonic angular 
momentum coincide prior to fission. Most probably, 
all of them then posses a pair of neutrons with an 
angular momentum of the order of 5—6. The angular 
momentum of these nucleons determines the cross- 
section of the wider end of the nucleus which sub- 
sequently forms the heavier fission fragment. It 
follows from this approximate quantization of the 
size of the heavy fragment that the variations in 

its mass are smaller than is the case for the lighter 
fragment. 
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The problem of singling out the collective degrees of freedom of a system consisting of 
N interacting particles is considered. It is shown that for some special states of internal 
motion, the energy of the system in the center of mass system can be represented as the 
sum of the energy of internal motion and the rotational energy. The concept of the moment 
of inertia of a system of N interacting particles is introduced. 


INTRODUCTION 


T PRESENT it has been established that the 
lowest excited states of nuclei in the mass 

number range 150 < 4 < 190 and 4 > 225 are rota- 
tional states. Such states arise in Coulombic exci- 
tation of the nuclei, in processes of radioactive de- 
cay, and also in inelastic collisions of particles 
with the nucleus. 

An explanation of rotational states of the nucleus 
in the quasi-molecular model of the nucleus pro- 
posed by A. Rohr! is related to the motion of a 


wave around the nucleus. The nuclear matter is re- 
garded as an incompressible, irrotational fluid (the 
hydrodynamical model). The part of the nuclear 
matter which participates in the rotation, according 
to the hydrodynamical model, is proportional to the 
square of the deviation of the form of the nucleus 
from a sphere. If we assume that the nucleus has 
the form of an ellipsoid of rotation with semiaxes 

ce and a, then the moment of inertia of the nucleus 
is given by 


J =1/,;mA (c? — a?)? / (c? + a’), 
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where m is the mass of the nucleon, and 4 is the 
mass number of the nucleus. For small deviations 
from spherical form J=2/, mA R2(AR / Ro)?, where R, 
is the radius of the sphere with volume equal to 
that of the nucleus, and AR is the difference be- 
tween the larger and the smaller semiaxis. If it is 
assumed that the nuclear charge is uniformly dis- 
tributed, then the quantity AR/R, will correspond 
to the quadrupole moment Qy = 4/;ZR2AR/ Ry. in 
a coordinate system fixed with respect to the nu- 
cleus. Determining AR/R, from experimental val- 
ues of the quadrupole moments, we find values of 
the moments of inertia (for R = 1.2 A% 107"? om.) 
which are 3—5 times less than the experimental val- 
values2. In addition, it is found that the experi- 
mentally determined moments of inertia of nuclei 
with odd A are (up to 40 percent) larger than the 
moments of inertia of even-even nuclei with approx- 
imately the same deviation from spherical form3. 
Both of these facts indicate the inadequacy of the 
hydrodynamical model of the nucleus2; 3. In this 
connection, a number of papers have appeared re- 
cently concerning the separation of collective and 
one-particle degrees of freedom in nuclei. In the 
paper by Inglis4 the kinetic energy of rotation was 
obtained by studying the motion of the nucleons in 
the rotating self-consistent field of a three- 
dimensional harmonic oscillator, which deviates 
slightly from spherical symmetry. Similar calcula- 
tions are carried out by A. Bohr and Mottelson$ 
who take into account deviation from the self- 
consistent field due to the sum of pair interactions. 
In both of these papers over-determined coordinate 
systems are used, i.e., coordinates describing the 
orientation of the self-consistent field and coordi- 
nates of the center of mass are introduced as addi- 
tional superfluous variables. As is well known, a 


similar difficulty conceming the center of mass co- 
ordinates occurs in the shell models. It is usually 
assumed that for a large number of nucleons the su- 
perfluous coordinates change only slightly the re- 
sults of investigations of internal nuclear motions. 
However, in investigations of the collective mo- 
tions of the nucleons in the nucleus, it is neces- 
sary to study the change of just these superfluous 
variables, so that a special investigation of the 
possibility of such investigations is needed. In the 
papers of Tolhoek5 and Coester®, which are devoted 
to a study of collective motions in nuclei on the 
basis of the N-body problem, the possibility of 


separating collective and internal motion is as- 
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sumed; however, the choice of the coordinates de- 
scribing the internal degrees of freedom remains 
unspecified. 

In the present paper we examine the question of 
distinguishing collective motions in a system con- 
sisting of N interacting particles. In the first sec- 
tion, using the example of a system consisting of 
three interacting spinless particles, we carry out 
an explicit separation of the collective degrees of 
freedom associated with the translational motion of 
the center of mass of the system and the rotation of 
the system. We give an expression for the square 
of the angular momentum of the whole system in 
terms of collective angular variables, and condi- 
tions are indicated under which the energy of the 
system can be represented as a sum of an internal 
energy and a rotational energy, determined by a 
moment of inertia which depends on the intemal 
motion. The results obtained in the second section 
are applied to the case of a system consisting of 
one light and two heavy particles (hydrogen mole- 
cule ion). A system consisting of N particles is 
studied in the third section. 


1, SYSTEM CONSISTING OF THREE 
PARTICLES OF EQUAL MASS 


We consider three spinless particles of equal 
mass m, interacting with central forces of an arbi- 
trary type. Letr,, r,, 1; be the radius vectors loca- 
ting the position of these particles in space. We 
go into the center of mass system (c.m.s.) xyz by 
introducing new coordinates according to: 


Ws (ry tre +rs)=R, —r,+%/e(te+rs) =r, 


—T,+f3=p=2q/V3. (1.1) 
In the c.m.s. the kinetic energy operator 
T=T,+T,, Tg = — (4? /2u) Ay, (1-9) 


T, = —(h?/2u) A, 


is the sum of the kinetic energy operators of two 
equivalent particles of mass p = 2m/3, which com- 
pletely describe the behavior of the system of three 
particles in the xyz coordinate system. Instead of 
the vectors q, r we introduce polar coordinates. 


Then 
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era G ae 
he {5 (r2 ee yet 


~ Qur2 ler or / iF 


= — {2 (sin, &) + ate Sh: 


We introduce a new, moving coordinate system 
(En, €) related to our particles in such a way that 
the ¢-axis coincides with the direction of the vec- 
tor q, and the , ¢-plane coincides with the plane 
of the vectors r, q. In Fig. 1 


i OE J 


Fic. 1. 


the direction of the z axis and the vectors q andr 
are indicated by the points z, q, r on the surface 
of a unit sphere. The broken line represents the in- 
tersection of this surface with the xz plane. The 
polar angles ¢, and 6, of the vector q, and the 
angle ¢ between the planes going through the axes 
z, € and ¢, €, completely determine the position of 
the system. In addition, let 6 be the angle between 
the vectors q andr. The angles g 9,¢, @ are de- 
termined by the angles y4, 9,%,, 9, with the help 
of the relations 


haar d= 3, 


+ cos8,cos#,, sin@sind = sin, sin(e, —9,), 


sin 8 cos } 


= cos $, sin 3, cos (p, — ¢,) — cos 9, sin 9,. 


The potential energy of the system as a function of 
the distances between the particles will depend 


only on the coordinates gq, r, 0., which we shall call 
the internal coordinates 


V=V(VrP+ 42/3 +4 2qrcos0/V3, 24/V 3, 


V 4+ @2/3—2qr cos 6/3). (1.3) 


COs v==1 0 3, sin 9, cos (p2=.9:) 


We shall call the angles p$¢@ determining the orien- 

tation of the system &7 ¢ the external or collective 

coordinates. 

The operator corresponding to the total angular 

momentum of the entire system has the form 
aL = — in iqxV,+r x Vp. (1.4) 

In the new variables we have for the operator cor- 

responding to the square of the angular momentum 


(1.4). - - 
CY Oey ee Y j a 
aL k lane Pw ETS (sin 5) 


1 0? 2 e2 
+ cnt Ge se C08 aie aa) » (1.5) 


aL, = — thd / 09. (1.6) 

In going over to the variables +, g, 0, , ~, ¢, the 
H =T +V of the entire system is expressed by the 
equation 


H=% +V + WL? / 2g? 7, (1:7) 
ay, ptf Ledapggan 
SS al 73 ori catia) 
iP oN a a 
Mang 5g (4 57) q? Og? 


4 4 \ 4 0 : 0 \ 1 0? 

legates) lame oe (sin 9 a0) + ane ar |: 
(1.8) 

_ # [fsing a a 
1 — age [S25 Bees — cos ¢ 3 —— ra cot dsin ¢ | 3 
0 : 6a 0 } 

cof ; i : cos 2 
-+- co co S cos og + sind se + 252 | St, 
(1.9) 


the other operators involved in (1.7) were defined 
earlier. 

It is easy to see that the operator corresponding 
to the square of the angular momentum (1.5) and its 
projection (1.6) commute with the complete Hamil- 
tonian of the system (1.7). Consequently, the quan- 
tities corresponding to them will be integrals of 
motion. The square of the total angular momentum 
operator and its projection have eigenvalues and 
eigenfunctions given by the equations 


js Dur = 1 (L + 1) Dix, (1.10) 
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L, Dux = MD 4x, 


Mi Kennet ee 


eae 


ct a, eile di; x (9) go. 


(asi 19 


diux (3) = 


NaS aM SEI or treet) 


—x)!(L+M—x)! x! («+ M—kK)! 


Se cos2l+M—K—2x (+) sin2*+tM—K (+) . 


The functions ee are the irreducible representa- 


tions of the three-dimensional rotation group, first 
introduced by Wigner’. They form a unitary matrix 
and satisfy the orthogonality relations 


° ° - rd 81:2 . ™ 
\sin 9a | de 2 | dgDinx Dine = py tut Bm Pax 
0 0 0 


For M =0 or K =0, the functions Dee 


the spherical functions 


L =s 4r Y o. 9 
Do VS tm (9,9), 


| es ] [2% 
Dox = pe EK? 9). 


The stationary states of the system of three parti- 
cles are determined by the Schroedinger equation 


reduce to 


(1.12) 


(7 — E)v=0. M13) 
- Let us consider the states with definite values of 
the integrals of motion L and M. The wave func- 
tions of such a state can be represented in the 


form 


aes D Diin(@ % He q(r a Y) 
(1.14) 


In particular 8 = q(r, g, 9) for L =0, i.e., the 
properties of the system in the s-state do not de- 
pend on its spatial orientation and are determined 
only by the internal coordinates r, g, 6. The wave 
function ¢,(r, g, 9) satisfies the equation 


Aetiml dof ON A 7 (4-5) 
\— a r? Or (r ee gq? aq \4 aq 


ve (= 2 os lav sin 8 = (sind 5 v)] (1.15) 


i v—z} g(r, 9, 0) =0. 


We substitute (1.14) into (1.13), multiply the result 


by V(2L + 1)/80? Les and integrate over the ex- 


ternal variables. Then we obtain the system of 
equations 


{yer IL(L + 1) —K(K +1] +£(K)—E} 


XP = DAI RO (1.16) 


end a dO 


ee mA z (7 a 
EL @d)e(he4) 
x say oy (sins) — S| si Sie aL: 


The operator of internal motion (1.18) depends only 
on the absolute value of K. The diagonal elements 
of the matrix (1.17) are equal to zero. 

If we omit the right side of (1.16), we get the 


system of independent equations 
{(h? / 2uq?) [L (L + 1) —K (K+ 1)] 


+2(K)—Bheg(.g.8)=0. 119) 


The system of equations (1.19) will be a good ap- 
proximation to (1.16) if two conditions are met: 

a) the system of three particles has axial symmetry 
in the coordinate system fixed with respect to these 
particles, and b) the € axis of this coordinate sys- 
tem coincides with the axis of symmetry*. 

We shall assume that both these conditions are 
fulfilled. In this approximation the number K is a 
good quantum number; its value determines the pro- 
jection of the angular momentum on the ¢ axis. For 
K =L, equation (1.19) goes over into the equation 


* The multiple-valued nature of the choice of the sys- 
tem €, 7, ¢ is important for the symmetry properties of the 
wave function, and will be considered in a subsequent pa- 
per, where systems of particles with spin will be studied. 
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[-£(K) — sx] ¢ (rq, 0) = 0. oe 
Solving equation (1.20) we obtain a series of energy 
levels. We number these levels in order of increas- 
ing index a, which takes on the values 0, l, 2, ..., 
and designate the corresponding wave functions by 
ax- In particular, the wave function gox corre- 
sponds to the lowest energy. 

We introduce the concept of the moment of iner- 
tia of the system in the state pox with the help of 
the relation 


Cm: eel 
Je = =| 24 “7 ox A | (1.21) 
If the inequality 
W? | 2) 0K Six — Sox? (1.22) 


is fulfilled, then, according to (1.19), for a given 
value of K, the energy of the system corresponding 
to the state of lowest energy of internal motion can 
be represented approximately in the form of a sum 
of the internal energy €), and the rotational energy 


with L > K. 


EoKL 
cy (1.23) 
= 8 + (hb /2d,,){L(L + 1)—K (K+ 1)}. 


If inequality (1.22) is not satisfied, a division of 
the energy into internal and rotational energy is im- 
possible. The representation of the energy in the 
form (1.23) is approximate. If we take further ap- 
proximations into consideration, we can find a rela- 
tion between the internal motion of the system of 
particles and the rotation of the system as a whole. 

Thus, in states of a system of particles which 
exhibit an axis of symmetry coinciding with the € 
axis, the problem of determining the energy levels 
of the system of particles can be divided into two 
parts: first the energy levels of the system of par- 
ticles are determined by solving Eq. (1.20) for a 
given value of K, and then the motions of the en- 
tire system (rotation) are studied fora given state 
ax and different values of the total angular mo- 
mentum L > K of the system. The rotational angu- 
lar momentum is R=L~K. Since only values of 
L 2K are possible in (1.23), the projection of the 
angular momentum on the axis of symmetry ¢ must 
always be zero. In other words, a system of parti- 
cles with axial symmetry in a state of internal mo- 
tion described by the function Pax Can rotate as a 
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whole only about an axis perpendicular to the axis 
of symmetry of the system. 


2. SYSTEM CONSISTING OF THREE PARTICLES 
OF DIFFERENT MASS 


The example just considered of a system of three 
particles of equal mass has only methodological 
interest, since in this case the states with the low- 
est internal energy do not have a sharply distin- 
guished axial symmetry. In order to deal with a 
system of three particles which satisfy the above- 
mentioned conditions for the possibility of distin- 
guishing rotational energy, we study a system con- 
sisting of two particles of identical mass 
(m, = m, = m) and a third particle of considerably 
smaller mass m, = am, where a ~10°°. 

If the position of the particles is described by 
vectors r,, r,, r;, then the transition to the center 
of mass system is effected by the coordinate trans- 
formation 


rot+r 
rs—te =p =2V sera, mrilinr pee 


fg+fetar, _ 
pet eh R. (2.1) 
In the c.m.s. the kinetic energy has the form 
T =— (47720) (A7+-G,), (2.2) 
wu = 2am / (2+). (2.3) 


Thus, all the results of the preceding section 
can be retained, if by g and p we understand the 
quantities defined by (2.1) and (2.3). Since we are 
considering the case a < 1, we have approximately 

w=am, p=qV 2a. (2.4) 
Since both particles lie in the direction of the vec- 
tor q, this direction will coincide with the direction 
of the axis of symmetry of the system (for a < 1). 
For the case K = 0, Eq. (1.20) has the form 


ee ee AN cored) 240) fn ee 
{ as ar \" a) += $5 (¢ eal 


+ (B+) aro (90) 


+V—eheo(r, 9, 8) =0, (2.5) 
V=V(o) +V (VP? + (67/4) + 19 cos 6) 
+V (Vr? + (07/4) — pcos 6). (2.6) 


MOMENT OF INERTIA OF A SYSTEM OF INTERACTING PARTICLES 


in terms of the variables r, p, 0. 

Since the small coefficient a appears in the de- 
rivatives with respect to p, the solution of (2.6) 
can be accomplished in two steps. First we define 
the lowest energy of the system for fixed values of 
p (the adiabatic approximation), i.e., we solve the 


equation 
ee Oa) tle to) aes 
- (sin 6 =) | Ew) } fy (r, 6) =0 ee 


Sol ving (2.7) we obtain the energy as a function of 


the parameter p. Then setting 


o (rs p» 9) = fo (r, 6) u (e) /p, (2.8) 


and using (2.7), we obtain from (2.5) an equation 
which determines the function u(p). 


[— (#2 / m) d2u /do® + Ey (p) —e] u (p) = 0. (2.9) 


If we designate by p, the value of p for which 
E,(p) has a minimum, then, expanding E,(p) in pow- 
ers of the difference (p — p,) we obtain 


E,(p) = Ey + = (o — 0)", 


mat _ 1 (06) 
4 2 \ op? Pooh 
to within an accuracy of terms of the second order. 
Equation (2.9) reduces to the equation of a one- 


dimensional harmonic oscillator. Therefore we can 
immediately write for the energy and eigenfunctions 


(2.10) 


Ey = EB. + hw (x ce 1/5), 
Ua (p) = (mw/ 2k)" e—*"? H, (x), 


Xx = (9 — p) (me / 2h)”. 


We are interested in the case a = 0, where 


Uy (0) = (me / 2%) e*"?, (2.11) 


Setting (2.8) in (1.20), and taking into considera- 


tion (2.4), we obtain 
2 - —) om 
Joy = [=| ub (0) 0°? ao ae aie 


i.e., we obtain the usual expression for the moment 
of inertia of two bodies of mass m, a distance p, 
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apart, with respect to the axis which is the perpen- 
dicular bisector of the line joining them. 


3. SYSTEM OF N INTERACTING PARTICLES 


We consider a system of N identical particles of 
equal mass, interacting with central forces. Let 
T,,,T), «-- , fy be the radius vectors of these parti- 
cles. We go into the c.m.s. by introducing Jacobi 
coordinates 


AGS Scott ono 


aly to SSA hee) Se (3.1) 


wt jem eter 20g) = Doses 


nav Tyiy 0 Py 


=— Py_y- 


The kinetic be operator in thec.m.s. is 


BOSS 


i=1 


u=(N—1)m/N. 


(Waet—pw— 1) 
Nii) Ao js 


For convenience we modify the length of the radius 
vectors in accordance with the following relations 


q; = oA [VM (N — i) /(N+1 —)(N—1)J*, (3.4) 


Then the kinetic energy operator is 


N-1 
ie La ah (3.5) 
Ty te ee te ; 
i=l 
We go over from the vectors q,,. q, --» , qN—1 to po- 


lar coordinates Gas fis Iy_ey Bwep Pn-1 
with respect to a center of mass coordinate system 
with a fixed direction of the polar axis. In these 
coordinates (3.5) has the form 


h2 at =o 0 i (3 6) 
Ba — a, i aA ag JH ee 
i=1 
where the operator corresponding to the square of 
the angular momentum of the i’th particle is defined 


by the equation 


WL? = {— ik (9,V]} 


2 4 0 0 1 0? \ 
ie a 09; (sin, 09; sce sin? 9; Qg2S” 


(3.7) 
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We introduce a new coordinate system & 1» G 
associated with the system of particles in such a 
way that the plane €7 coincides with the plane of 
the vectors q,, q,, and the ¢ axis lies along the 
vector q,. The position of this coordinate system 
is determined by the polar angles ¢,, 9, of the vec- 
tor q, and the angle d, between the pixies ZC and 
CE. If y,,9,, d, are given, then the position of 
the vector q, is completely specified by the angle 
0, between the vectors q, and q,. The position of 
qy_1 inthe €n¢ 
Pi -h 
> 3. In Fig. 2 the intersection of this plane 
with the plane xz is represented on the surface of 


the remaining vectors q,, 4, ++ 


sy stem is determined by the angles a; = 
for i 


a unit sphere by the dotted line. The points z, q,, 
%, 9; characterize the position of the z axis and of 
the radius vectors q,, q, 4; drawn from the center 
of the sphere. The arcs $,, 9,, 9, correspond to 
the polar angles of these vectors with respect to 
the z axis. 


We go from the angles 4, 9,92, «- 
angles o, 9, d,, @, ... 0 


relations 


n— to the 


v1 With the help of the 


d=, O=%, cosh; =sind, sind; cos(9, —9,) 


+ cos 3; cos $,, 
sin 6; sin ¢; = sin 9; sin (9, — 9), 
(3.8) 


sin 0; cos $; = cos % sin 9; cos (0, — 9;) 


—-ASiNT COS ye] = One 


The operator corresponding to the total angular mo- 
mentum of the entire system has the form 
N-1 
aL = — ik Dq, V,I- 
i=T 
In the new variables (3.8) the projections of the to- 


(3.9) 
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tal angular momentum (3.9) on the axes x, y, z have 


the form 
2 lin ) 0 
Ly=—i)sing outs cot cos 3 a9 
N- 
COS @ i te) \ 
at sin 9 Foor Og; 
(3.10) 
; 0 : C) 
se —if{cos¢ 3g — cot 3 sing ans 
N-1 ay . 
sin® : 
= BOE fv mee 
ind 06S? —* : 
sin Ss j (eke 
We introduce the new notation ¢ = @, and 
a;=; — $2, ifj 23, then 
pundits te le onl Wormeta 3 
Ob» ag is 0a; , 0g; da, Zz ONS 


and the components L,, L, of the total angular mo- 
mentum simplify to 


=> 


5 fle () ts) 7) 
— <p ae ays aa cot NCSD eed) 
Ly=—i {cos 9 3% — cot dsing yo — Sa Sh 
(3.13) 


The operator corresponding to the square of the to- 
tal angular momentum depends only on the external 


(collective) angles 9, 9, ¢ 


Uy Be at dé (sin 4 ae) 
(3.12) 
a 2cos 9 \ 
sare |e dg? t 2 COS aug + Hl! 


and, of course, has the same form as the total angu- 
lar momentum operator (1.5) of the system of three 
particles. 

The potential energy of a system of N particles 
interacting with central forces depends only on the 
absolute values of the vectors q; and the cosines 
of the angles between them. The cosines of the 
angles between q, and all the other vectors q, . 
qv—1 are cos(q) q,)= cos 9;, j > 2, ei, 
The cosines of the angles between the other pairs 
of vectors are 


cos (qiqj) = sin 0;sin 6j;cos ($; — 


$i) 
=“ 'COs'0;cos/07 ay 2. 


MOMENT OF INERTIA OF A SYSTEM OF INTERACTING PARTICLES 
Consequently, the potential e 
3N — 6 internal variables tr} = T. 72. 6s NaI 


| oc On], @3 ++. dy—1, and does not Area on the 
epllective variables y, 3, d. Therefore the op era- 
__ tor corresponding to the square of the total angular 
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nergy depends on the momentum of the system (3.12) and its projections 


on the Z axis commute with the total Hamiltonian 
of the system. 


In the new variables the kinetic energy operator 
of the system has the form 


Vege? a [a G Ti ag, a 
Sees eye te. 
; 1 
N-— 
R,= — (ane 562( (sin Oy 5¢,) + sith 62 a ~ Rat 
Bean a 6, 50; (sim 5a sin?6, da a bezae 


Po Soe a + Sd {cos (a — *) 555, + [cot 6; cot 6; j COS (a; — a%;) —1 ] 


legs 
Net (3.13) 
o2 
0? ‘ =} COS «,; 
“Tada, + 2cot (; sin («;— a,) 50,64, eee ‘00:0 Os 
i ee 
+ cot 6; cot 6, cos Qa; 0b 00 ane 
i) 
asa Sud 
f, si eS eee ba sees 
Geter on 3a Dae 
j-3 
* N-1 a 
= fj — 
c= a 2 { cot ¥ [cot 4; COS ( (a; + $) 9% Fin (a ai + $) 5 ak b 
i= 


: 0 
ana sn ot & eyeet ss 108 (ai + 9) 54, ee ae + [cot pas +) oa; 


N-1 
Sas) h2 { 0, | <9 (4; i) 

— cos (a; There ce rl ender # Beara ea pa ; 
tk; $) a as 2uq? sind de \ag¢ jose da, 


2 , 0? sing 0 6) ; BOE ele 
+ cot cos ¢ ve 4- sing 3555 |+ [ars an —cos $ =o + cot sin > salaos : 
a ee ee eee 
The stationary states of the system of N parti- (Eictt)) = haere 
cles are determined by the Schroedinger equation 
(1.13). The wave function of the state with defi- ee ee E} bs 5) (K 12] K?) exe, 
nite values of the integrals of motion L and VM can = 


now be written in the form 


Doses eee >) Dak (2 @ $) om (£73). (3.14) 
K 


(3.15) 


where 


o 2L4+1 * 
(K|t| K’) = Sa | Di + Di, dO 
Substituting (3.14) in (1.13), we obtain the system 

of equations 
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is a matrix with vanishing non-diagonal elements; 


“ N-1 
Ly (K)=—¥ QL +1) (I6usy Dif, {+ [2 _( 


g Gg 


is the Hamiltonian operator of the “internal” motion. 


For systems such that Kis a good quantum number, 
the right side of (3.15) can also be omitted here, 
and we obtain a system of independent equations 
for each value of K. For L = K equation (3.15) re- 


duces to 


{Ly (K) — £ax } Pax = 9, (3.16) 
which determines the “internal” state of the system 
N interacting particles. Furthermore, we can carry 
out the same considerations as in Sec. 1, and ob- 
tain the moment of inertia of the system of /N inter- 
acting particles, corresponding to the internal state 
of motion gq x: 


JoK= [— 


7 (3.17) 


\-1 
\ 9% 72 eax d*| 
The index a characterizes the quantum numbers 
which, together with K, determine the internal state 
of the system of N particles. If inequality (1.22) is 
satisfied, we can represent the energy approximate- 
ly in the form of a sum of the internal energy and 
the energy of rotation 


Fox, = Sox + A?[L (L + 1) --K (K+. 1)]/2Jox. 
(3.18) 


The normalized wave function describing the rota- 
tion of the system has the form 


1.(294) = = ‘Dix (99>). (3.19) 


For K = 0, according to (1.12), this function reduces 
to the usual spherical function 


Di (93>) = Yum (99). 


The complete wave function of a system with ener- 
gy (3.18) is the product of the function (3.19) of 
the collective degrees of freedom and the wave 
function (3.19) of the collective degrees of free- 
dom and the wave function 9 ax ({r;}) describing the 
internal motion in the system 


Potke = Ph (29>) oak ({ri}). (3.20) 


0 
Pea tes oa 


i=y “! 


FM ese ee: Pi |} Dg 2+ WK (K +1) 
1 


2ugq3 


The separation of the total energy of the system 
into rotational energy and internal energy, and the 
representation of the wave function in the form of a 
product of functions of internal and collective co- 
ordinates is possible only in systems with marked 
axial symmetry and where the inequality (1.22) is 
satisfied, i.e., in the case where the rotation takes 
place slowly enough so that it does not substan- 
tially change the internal structure of the system 
of N particles. As the frequency of rotation 
wo =hloxVL(L + 1)—K(K + 1) increases, the par- 
ticles will not be able to follow adiabatically the 
change of orientation of the mean field. Centrifugal 
and Coriolis forces will arise in the system, lead- 
ing to an interaction between the rotational motion 
and the internal motion of the particles. If the fre- 
quencies of rotation are small with respect to the 
fa41,K \/n, corresponding to 
transitions to excited states near Ka, then accord- 
ing to (3.17) each state of internal motion has its 
own moment of inertia. This conclusion does not 
agree with the remark by Coester® that the moment 
of inertia does not depend on the internal wave 
function. In systems which deviate slightly from 


frequency lear - 


spherical symmetry, which were studied in the pa- 
pers of Inglis* and Coester®, the projection of the 
total angular momentum on the axis of symmetry is 
not conserved, and the representation of the wave 
function in the form of the simple product (3.21) is 
not justified. 


14, Bohr, Kong. Dan. Vid. Selsk. Mat.-fys. Medd. 26, 
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The absorption coefficient for metals has been computed, It is shown that ifwt “< s/v 
(w = frequency, t = relaxation time, s = sound velocity, v= boundary electron 
velocity), the absorption coefficient is proportional to w? tT. For wt >> s/v, the ab- 
Sorption is proportional to the first power of the frequency and does not depend on tT, 


i.e., it is independent of the temperature. 


l IN THE INVESTIGATION of the absorption of 
* sound waves in solids, we must distinguish 
two cases, as is well known!*3: 

of the sound waves @ is much greater than the 
reciprocal of the relaxation time 7, and when the 
frequency of the sound waves is much smaller than 


7, In the first case (wz > 1), we can treat the 


sound absorption as the absorption of sound quanta 


of energy fiw and momentum fk (k = wave vector of 
the sound wave), which takes place as the result 
of collisions of the sound quanta with the quasi- 


particles which characterize the energy spectrum of 
the solid, i.e., with phonons in ordinary dielectrics 


and with electrons and phonons in metals. 
In the second case, when wr << 1, the sound vi- 
brations can be considered as a certain external 


field in which the gas of quasi-particles is located, 
2,3 


and which modulates the energy of these particles? 
This modulation leads to the result that the fre- 
quency of the phonon Or and the energy of the 
electron acquire additions proportional to the de- 
formation tensor produced by the sound wave: 


wp = 09 (1 + wintin), © =&o tAintin, (1) 


where wand ¢, are the phonon frequency and elec- 
tron energy in the absence of sound, u;, is the de- 
formation tensor, p;;, and A;, are tensors of second 
rank which characterize the solid; the tensor p;;, 


depends only on the direction of the wave vector of 


the phonon f, while 4,, depends both on the direc- 
tion and on the magnitude of the quasi-momentum 
p of the electron. 

We note that in reality the change of the energy 
of the electron brought about by the sound field 
must contain, in addition to the term A;,p;,, an 
additional term connected with the Stewart-Tolman 
effect. This term is equal to m(d«/dp;)(du;/0t), 


where m = mass of the free electron, uw, = vector 


when the frequency 


displacement. However, this term is significantly 
smaller than ri bik and is disregarded. Actually, 
in order of magnitude, A,, is equal to the limiting 
Fermi energy pty, whence 


: Bay, 
hik Uih ~ Upku ~ morau/s, 
m (0z/0p;) Ou;/dt~mov,wu, 

where v, = velocity of an electron on the Fermi 


surface (~10*°cm/sec), s = sound velocity (~10° 
cm/sec) and, consequently, 


de OU; / eee Sel pee ees 
| asap | | | an an | oo 

2. In the present paper, we shall consider the 
sound absorption in metals at low temperatures. In 
this case, the role of the phonons is important,° 
since their number tends to zero with decrease in 
temperature (proportional to 7°) and the sound ab- 
sorption is determined by the interaction of the 
sound waves with the conduction electrons. We 
note that this is possibly connected with the ex- 
perimentally observed difference in the absorption 
coefficients of ultrasound in metals in the normal 
and superconducting states. 

We first consider the case in which w7 <1. 
Here the sound wavelength A = s/w can be larger 
or smaller than the mean free path of the electron 
l= v,r. Therefore, both the time and space changes 
in the electron distribution function brought about 
by the sound field are important. 

We denote the electron distribution function by 
n(p, r, t). For simplicity, we shall assume that the 
collision integral has the form 


(dn/ot), =—(n—n)/=, (2) 


where n = fe, r, t).is the mean value of the distri- 


685 


686 


bution function over a surface of equal energy 


n=Gn S/he, (3) 


ds is the element of area in momentum space of the 
isoenergetic surface and v = |0t/dp|. The kinetic 
(Boltzmann) equation in this case can be written 
in the following manner: 


on On ° on [Sandee (A) 


Setting 


Ong 
i= No ras Oe ’ 


where p is the limiting energy, and noting that at 
low temperatures 


—<dOn,j/ds¢=6(e—np), 


it is easy to show that the energy dissipation per 
unit volume is equal to the product of the tempera- 
ture and the time derivative of the entropy, and has 
the form 


f ———— = (els 
TS = (anny? { (XP! x2) PS] ne) 


c= 
where the values of all the quantities entering into 
the formula are taken on the Fermi surface. 

The sound absorption coefficient is connected 
with the dissipation function by the relation 4 


y=TS/E, (7) 


where £. is the energy of the sound wave per unit 
volume. 

Thus the computation of the sound absorption co- 
efficient reduces to the determination of the func- 
tion x (p, r, ¢). 

3. As has been shown, the sound field leads to a 
change in the energy of the electrons given by 
Eq. (1). In turn, this brings about a change in the 
chemical potential p» and temperature 7: 

p=pte, T=Ty+T’, 
where flo and 7’, are the values of y and T at u,, =0, 
while y’ and 7” are the additions to p and T, and 
are proportional to u;,. They can be found from the 
conservation laws of the number of the electrons 
and the energy. Taking it into consideration that 
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the sound vibrations represent a plane monochro- 
matic wave 


Wig = Yo [Ous/O x; + Ouj/Ox;], u; = udelot—ke) ,(8) 
we can show that 


? ae (=. 9 
B= hatin T= TP Mins (9) 
where the bar over the Vk denotes an averaging 
over the Fermi surface, and p;, is a certain tensor 
of second rank whose explicit form was derived in 
Ref. 3. Since a temperature change enters the 


kinetic equation in the form 


then the contribution brought about by this change 
in the dissipation function is proportional to the 
(T/p,)’, which is significantly less than unity. 
This means that at low temperatures in metals the 
thermal conductivity does not play an important 
role in the dissipation of energy, which is deter- 
mined chiefly by the “friction” of the electron gas. 
Therefore we do not have to take the temperature 
change into consideration. 

The force p (which acts on the electron) entering 
the kinetic equation (4) is obviously equal to 

p = cE — Ve = cE —)3,Vuin. (10) 

where E& is the electric field which arises as the 
result of the redistribution of charges in the metal 
under the action of the sound wave. This field can 
be found from the simultaneous solution of the 
kinetic equation and the Maxwell equation. Since 
the velocity of the electrons and the sound velocity 
are significantly smaller than the velocity of light, 
one does not have to take the resulting magnetic 
field into account, and we regard the electric field 
as longitudinal. On the other hand, thanks to the 
high conductivity of the metal, the volume density 
of the charge p is practically equal to zero. 

Inasmuch as 


= 2e f 2 = 
P= “any Joo Xt 


then, to find the field, we must start from the con- 
dition 


(11) 


~ | 
| 
° 


| 
| 
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Substituting the expression for n in the form (5) 
in the kinetic equation (4), and making use of the 
second relation of (1), and also (8)-(10), we obtain 
the following equation for the function y (in the 
linear approximation in uy): 


: Xx 
fas Wat)? Games 


= evE+ (ik = on ) Ts = Vv(v) hik SS ; (12) 
whence 
Tin Din) Yin + ley (CE 4X jp, tip /) 
a 1 —ikl’xv 73) 
Boke, V— v/0, =f (Tier); 0". 
Tt follows from (13) and (11) that 
1 ; ; 
a — —)intlin + isp Aun. (14) 
Here 
1 =, Aik mae ‘pf (15) 
|S are ee ew er eee piel 
Substituting (14) in (13), we get 
: if Oink — Ain) +A IAS 4 
oo * 4+zx Sear 


. Then, by Eq. (6) we can find the energy dissipation. 


The quantity [y|?(Jv|? = 0) entering into Eq. (6) has 
a complicated form in the general case of arbitrary 
z. We therefore consider only the main term in the 

equation for Ixl?, which gives the principal contri- 
bution in the limiting cases of large and small |z|: 


Ix]? sn \c’|*tl ik ie 


ds (Aik — Ain) Qn at 
x { [i--ew Pe ee 


Noting that the tensor 4,, is of the order of mag- 
nitude of ,, we obtain, in the limiting case of small 
| z| (i.e., for wt < s/v), the following formula for 
the sound absorption coefficient: 


1 ~ w?Np,/9s?, ot<< 8/0, 


(16) 


(17) 


where p is the density of the metal and N is the 


number of electrons per unit volume. This formula 


coincides with the result obtained in Ref. 3. In 


this case, Eq. (17) is applicable if wz « s/v (the 
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inexact criterion wr <1 is given in Ref. 3). We 
note that we can represent the quantity 7 in terms 
of the electronic conductivity. 


In the case of large |z|, we can represent (16) in 
the following form: 


: ase 
— F|t' Win Uim 


de / $F 


where K(q) is the Gaussian curve of the Fermi 
surface and the integration is carried out along 
the line where v |x. 


ixP= 
QT 
Arp ah Oe aa) 
0 vK (¢) liz 


(This circumstance is con- 
nected with the fact that the electrons moving in 
the planes of equal phase of the sound wave play 
the principal role in the energy dissipation.) 


The absorption coefficient for |z| > 1, i.e., for 
wr > s/v, is equal in magnitude to 
{~ONp)/vos, wt >>> s/v. (18) 


We see that in this case the absorption coeffi- 
cient is proportional not to the second, but to the 
first power of the frequency, and does not depend 
on 7, i.e., on the temperature. This expression can 
be obtained formally from (17), by substituting for 
the path / the wavelength » = s/w. 

We note that all considerations are valid if 
y <w. As it is easy to see, this condition reduces, 
in the case wr > s/v, to the inequality m/M < s/v, 
where WM is the atomic inass. 

4. Up to the present we have used the classical 
description of the sound wave, regarding it as a 
certain field in which the electrons are located. 
Such a consideration is known to be valid if a7 <1. 
On the other hand, for w7 > s/v, the relaxation 
time 7 does not enter into the absorption coefficient, 
for the computation of which we have not used the 
inequality wr « 1. This shows that Eq. (18) ought 
to be valid for wz > 1. 

We can establish this by considering the damping 
of the sound as the absorption of a sound quantum 
which takes place as the result of its collision with 
the conduction electrons. The probability of the 
absorption of a sound quantum is given by 


Com = \ | Uys P[ny(1 — ny) — n(1 — ny)] ’ 
dp (19) 
a) 8 (ey + ho £2) (2mh)8 ? 


where n,, are Fermi functions corresponding to the 
energy values €, = Ap,) and «, = e(p, + 4k), and U,, is 
the matrix element of the transition, equal to 
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Wi = ei kj 20 en 


(e is the unit vector of the polarization of the sound 
wave). We note that the change in the chemical _ 
potential is taken into account by having AG ~ Ai 
and not d; ., enter into U,,. 

Since Ra K pig, Hk <K po, then 


ny (1 — ng) — n.(1 — ny) = — (0 n/d®) io, 


> Sa 
6 (ey + hw — &,) = 3 (cos — =}, 


hov 
where @ is the angle between the vectors k and 
v = de/dp. Substituting this expression in Eq. (19), 
we get the value of y given by Eq. (18). We note 
that the coincidence of the results of classical 
and quantum theory in the case wr > s/v is essen- 
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tially connected with the small value of s/v in 
comparison with unity. 


In conclusion the authors express their gratitude 
for valuable discussions to L. D. Landau, I. M. 
Lifshitz and I. la. Pomeranchuk. 
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The excitation of rotational states in nuclei by neutrons is studied in the energy range 


from the threshold up to 1.5—2 Mev. 


1, STATEMENT OF THE PROBLEM 


E SHALL INVESTIGATE interactions between 
neutrons and nonspherical nuclei and the ex- 
citation of rotational states, using an optical model 
which has been modified to take into account the 
nuclear deformation caused by the existence of ro- 
tational states. 
On the usual optical model’ the total scattering 
cross section is divided into two parts: 


Op ES Ororar Lae (1) 


where o,, is the elastic scattering cross section 

for a spherically symmetrical complex potential, and 
o, includes both the cross section a for the for- 
mation of a compound nucleus with subsequent emis- 
sion of particles of the same energy and the reac- 
tion cross section (Feshbach, Porter and Weisskopf 
call o, the cross section of compound nucleus for- 


mation, which is not quite correct because it in- 
cludes the cross sections of direct expulsion proc- 
esses and the excitation of collective motions which 
will be considered below). All these processes are 
described by the imaginary part of the complex 
potential, 


For nonspherical nuclei this model must be mod- 
ified as follows: 1) the complex potential must be 
nonspherical; 2) since the deformed nucleus is ca- 
pable of rotational motion, the nonspherical poten- 
tial of the optical model must be capable of a 
change of orientation. 


In the interaction between a neutron and a nv- 
cleus different rotational levels can be excited, 
i.e., the rotational velocity in the potential can 
change. We thus have a problem in which the vari- 
ables which characterize the orientation of the non- 
spherical potential must be regarded as dynamical 
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variables. The Hamiltonian can then be put into the 
form 

H = — (A2/2m) vy? + V(r, 0;) + Trot, (2) 
where V (r, 6;) is the nonspherical complex poten- 
tial, r is the neutron radius vector, 0, are the Euler 
angles which define the directions of the nuclear 
deformation axes, and 7,,, is the nuclear rotational 
energy operator which acts on the 6;. Bohr? showed 
that for an axially symmetrical deformation the op- 
erator can be written in the form 

Prot = (h*/2)(Q?— Qo(Qot+ 1), — @) 

where G? is the operator of the square of the total 
nuclear angular momentum and Q, (Q, + 1) is its 
value in the unexcited state. By solving the 
Schroedinger equation 


Au(r, 6) =Ew, 6), (4) 
we can calculate the elastic scattering cross sec- 
tion o,- for a nonspherical potential, the cross sec- 
tion o,,, for the excitation of different rotational 
states, and the combined cross section a, of the 
other processes which are associated with the imag- 
inary part of the potential. On this model the total 
cross section is thus divided into three parts, viz: 


US hope rl Gp Se. (5) 


Just as o,, is only the portion of the elastic scat- 
tering cross section that is not associated with the 
formation of a compound nucleus, o,,, is only that 
portion of the excitation cross section which is not 
associated with the same process. However, the 
small value of the imaginary part of the potential, 
obtained by comparing the calculated and measured 
total neutron cross sections up to about 3 Mev, 
shows that for such energies the average probability 
of compound nucleus formation is small. It therefore 
seems that the excitation of rotational states in the 
interaction between a neutron and a nucleus does 


not proceed principally through the formation of a 

compound nucleus but rather through the direct trans- 

fer of energy to the collective motion. This means 

that in the indicated energy range ,., is the main 

portion of the excitation cross section for rotational 

states. We shall hereinafter limit ourselves to these 
| energies. 

The exact solution of (4) would evidently be very 

complicated. No solution has yet been obtained 
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even for the simpler problem of scattering by a non- 
spherical potential without rotation. We shall there- 
fore consider slightly deformed nuclei. More pre- 
cisely, if 


V(r, 6;) = Vo(r) + Vi (r, 04); 
Veli Oo teh: 
Vir, 8) 0 torr ht Re 


(6) 


we shall regard as small and shall neglect the quan- 
tities (k AR)? and (AR/R,)?, where AR=R,—R,, 
k? = 2mE/h’. If we do not claim high precision in 
calculating the cross section, these conditions are 
valid for the majority of nuclei in the given energy 
range. Whenever the conditions are not satisfied, 
our treatment will be of the nature of a limiting case. 
We shall also assume that the nuclear deforma- 
tions are axially symmetrical and thus 
V,(r, 6;) =V(r, 9), where 9 is the angle between 
the radius vector and the deformation axis. This is 
well fulfilled for almost all deformed nuclei. Intro- 
ducing for convenience 


U (r, 8;,) = rb (r, 9;); Vo (r) = (2m/n®) V(r); 
V; (r, 9) = (2m/a*) V, (r, 9), 


we obtain 
[(a*jdr*) +- kV, (7) —Vyi(7,-9) 


A (7) 
Fr (/?/r?) 9 (2m/h?) T rot] U ie 6;) — 0, 
where /? is the operator of the square of the neutron 
angular momentum. Eq. (7) must be solved subject to 
the conditions 


(KAR)? Seis (AK/ Rd. (8) 

We note that k’AR (where &’ is the average wave 
vector of the neutron inside the nucleus) will not be 
regarded as small. Therefore the phase difference of 
the neutron waves traversing the nucleus parallel to 
the major and minor semi-axes can be large and the 
pattern of scattering by a nonspherical nucleus can 
thus differ essentially from that for a spherical nu- 
cleus. For real nuclei, for which we can expect to 
obtain a rotational spectrum, k’AR > 1; therefore for 
such nuclei the scattering is strongly influenced by 
the deformation and cannot be treated by perturba- 
tion theory. 

We shall show that a solution can be obtained be- 
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cause when (8) is satisfied we can neglect in (7) the 
terms k?, 2mT.,, /fi? and [?/r? in the region 

R, <r <R,. The equation can then easily be solved 
in this region. The problem is then solved by 
smoothly joining this solution with the solutions for 


rk, and r >it. 
2. THE WAVE FUNCTION FOR R, <r <R, 


For the purpose of proving our last statement we 
write (7) in the form 
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U(r, 9;) = Ye (t) D5 (41), (10) 


where Doe is the eigenfunction of the operator 
ry ie) 
7__ for the ground state. 
rot 
From the symmetry properties of the nuclear wave 
function it follows? that each state can be descringg 


0 
and pee - 


But it can be shown that this does not cere the 
result. 


by a superposition of the functions Dae 


U (r, 9;) = U® (r, 93) ao Let G(r, 6;; r’, 0;) be the Green’s function of (7) 
4 G(r, 01", 0’) Vi(r', *) U(r, 9: dr’ dQ’ db’ without the term V,(r, 9). It is given by (r, r’> R,): 
G(r, 9:5 8', 6;) = >) Greg (t,8') Dinu (91) Dor (6); (1) 
OM 
_ [Dude Aor) he (Ror’) Yim (Q) Yin (Q') for 1’ > 4; 
Gro l(t, ar 5 Im 
| dit (ker’ ) hy (kor) Ke lin (Q2) sie ( ) for if’ << tas 
ii (x) = al (x) exp (2i8?) — h) (x)]; A a HY 
l Pp l 1(X)}; Ar (x) Hs), (x); 
= 2 — (m/J) [Q (Q + 1) — Qo (Qo + - 
- 4 4 he _* 
by (r) = = > ijn (Rr) Y im (Q) Y tm (Qk), (10a) 
i,m 
where 5° is the complex scattering phase of a neu- aU°(Ry,0.) 
tron with a wave vector ko by the complex potential F® (02,0) a 
V,(r). ‘ 
For (9) in the region R, <r <R, and with (8) sat- + \ fects sue (asd ee 5(O% 0;) 
isfied for all essential k,, of the problem we can BS 
expand the functions j&) and h, (x) in (10) and (11) 0°G (R1,9;, Ry, 64) 9 (Q! m)| dQ’ dv, (13) 
in powers of ko (r—R,), of which only the first two OR,OR, ett “ 


terms of the series are retained. In complete anal- 
ogy to the calculations given in Ref. 3 we obtain 
for this similar problem 

i(c- 6) = 


FY (Q, §;) 4 (r aes R,) Fo (Q, 6;) 


a \(r— r')V, (r',8) U (r’, Q, 94) dr’: 


6 
F® (Q, 0,)=U? (R,,9;) 
af Nie (Ry,0;:Ry, 61) &(Q’, 94) 


AG (R1,9;; Ry,9;) ie ; 
Sr 0 (2, 05) | dO 


- 
aR, 


(12) 


G (R16; R19) =— >} ig Di 


Oman 


x (9:) De (81) 


X Yim (Q) Yin(Q’) ju(koRs)hilkeRs); 
E(Q, 0 WAG 9) U (r, 6) dr; 


He 
uf (Q, 0;) = \ V; if d) U (re 0;) (r — R,) dr. (14) 


In the expansion it was considered that the 
joining conditions make j, (kR,) ~~ k/k’ extremely 
small while j/~ 1; therefore in the expansion of the 
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products j,h, we consider terms of the order 


jyh((k& AR)?. Differentiating (12) twice with respect 
to r we obtain 


d?U (r, 0;)/dr? = V, (r, ) U (r, 9,), (15) 


which is the desired proof. 
In accordance with (15) we have 


U (r, 8;) = A (Q, 9;) 91 (7, 9) + BO, 91) 2 (r, 9), 
(16) 
where ¢, and ¢, satisfy (15) and the conditions 
21 (Ry, 9) = 1300, (Ry, 9)/OR, = 0: 
os (Rs 9)i= 07 Ors (R,, 2)/OR; = 1. 


By joining (16) with the solutions for r < R, and 
r > R, we can obtain A and B and thus complete the 


(17) 


solution. The usual method of joining requires that 
we obtain the derivative 0U/dr, which is not desir- 
able because when U(r, @.) is calculated to terms of 
the order £ AR inclusive, differentiation can reduce 
the accuracy by one degree. We therefore proceed 
as follows. According to (12) 


AnFOD pF). (18) 


U(r, 6;) in the region R, <r <R, is therefore ex- 
pressed in terms of &(Q, 6;) and  (Q, 6;), which in 
.turn according to (14) depend on the behavior of 
U(r, 0;) for Ry <r <R,. Therefore by inserting (16) 
and (13) in (14) we obtain an equation for € and 7. 
In the next section it will be shown that the ex- 
citation amplitude can be expressed simply in terms 
of € and 7. The equations for the latter are 


&(Q, 6) = F™ (Q, 6;) a, (9) + F® (Q, 0;) a (9), (19) 


7 (Q, 6;) = F (Q, 4,) By (8) + F Q, 91) Bo (9), 
O%,2(9) = \ Vi (7, 9) G12 (7, 9) dr, 


Bio (9) = \ Vi (r, 9) e12 (7, 9) (r— Ry) dr. (20) 
For simple potentials V,(r, 9) Eq (15) can eas- 
ily be solved; therefore we can assume that 
01 (r,9), g(r, 9) and thus %,2(9), By,2(%) are 
‘known. The coefficients in (19) are thus determined 
and our problem is now the solution of the latter. 
The pair of integral equations (19) can conven- 
iently be converted into a pair of equations for the 
coefficients of the expansions, of €(Q, 0;) and 
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7 (Q, 6;) in terms of the functions Yim (Q) and 


De (,), or more precisely for the quantities 


ee and took defined by 


21 "Ie 2 OT ae ae ta 
s (Q, 0;) = — » i’e \ 2, + 1 Jl. (kR,) Comp lm 
1,10 


Im 


COM 1.0Y 1m (OQ) DF. (9:)5Q1:0,103 


2r'l2 , RET ie 
9 (Q, 8;) = DiV/ 2, + I jr, (RR) COM, tm 
LIQ 


XC Guts to Y im (2) Dir (8:) Mots ate (9) 


IM 
QM;lm 
Inserting (21) into (19) we obtain 


are the Clebsch—Gordan coefficients. 


+] if 
£Q0; Ql = Kai; Qt, 


ip 
— >) Kau; Qt |Z — [Ferv; Qt, 
Qu Q 


+ kerja: 9,11; 


I a 


— >) Kai; ew [Eons aut, 


Our 


+ ka Prje; etd: 


I =I 
Eat; Qt, = Kat; 0,1, 


I 
Kai; Qin 


A 


X Cries Oe LLL OO sii = ay” 


er 
+ koyvas”); 


jiu = jr(Rohi); hy = hy (RoR); 


O, = Aj/hy, x1 = ii/ jr; (23) 
W (abcd; ef) is the Racah coefficient; 
a(t) — | 2,2 (9) P, (cos 9) sin 99, (24) 
0 


and K! through the re- 


01:Qolo differs from Ke -Oolo 
placement of %1,2(%) by By. (9). 
If instead of (22) we introduce Ce Ge 


defined by 


as 
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ay ; y 
Ft: Qt + REPT! Cale 
k 


5 — Cor ont] 
fy ae ae 


k 


= — 611.0 
in’, [ Il, QQo 


(25) 
then considering that 1/j,h, =, —®, we obtain 
— ko (x1 — D1) C01; Qate = 8QQ.911, 
+ Sy (Kor: Ql ft ko® Kor. ri) Coe: (ONES (26) 
Ql’ 
: [ vl 
foi; ate = — (A/it,/1,) >) Kor. veo; Qty» 
Outs 


: es rail 
NOL: Qate = — (R/ft,ht,) D) Kor e501; Qster (27) 
Qt 


In the next section the excitation amplitude will 
be expressed directly in terms of C€; therefore we 
shall consider only (26). From the latter it follows 
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that the ¢’s are slightly dependent on the energy. 
Indeed since by virtue of the joiniag conditions 
ky, ~ k’is slightly energy dependent the same 
true for k(x, —®) ~k’. Similarly 


‘ af , as 
Kot Oats + BOP 1K at; Oot ~ Kt; Qate ~ Const. 


The complexity of the equations depends on how 
many of the Gregor are non-vanishing for given Q 
and / (on the number of interconnections). According 
to (23) this depends on how many coefficients alX) 
must betaken into account when the «,. (0) are ex- 
panded in Legendre polynomials. 

In the majority of cases which are of practical 
interest this number is small and a numerical solu- 
tion can be obtained. In many practical cases (see 
Sec. 4) the nondiagonal elements in (26) are small 
compared with the diagonal elements. This equation 
can then easily be solved by perturbation theory 
with the result 


COste:Qote = — (2 (Xt — D1) + KO,ts Oot, + Ra. PrKOate: Qotl 2: 


pl 
Ket; Qt, + Po 1K or: 0,1, 


(28) 


‘ = 
=QU; Qolo — 


[29 (41 — ®) + Kou; ai + %eP Kor: gil 


Q f= Qo 


This solution is unacceptable if any of the diago- 
nal elements 


Cor = ko (X12 — Od) + Kau; at + ROP iKOi; a1 


is smaller than any of the nondiagonal elements, in 
spite of the fact that in general the nondiagonal 

elements are considerably smaller than the diagonal 
elements. But the equations can easily be corrected 
in this case. For this purpose we must in the equa- 
tion containing this diagonal element retain the non- 
diagonal terms in the first approximation and append 
equations for the quantities Corp OT 
in these terms. In the nondiagonal elements it is 


only necessary to retain terms containing oe wes 1 
I ‘ ~ »>~0+o0 
and ] - 
Corea. By so ving pes eae Ts we ob 
tain the corrected value of 601;0 1, We then obtain 
»>~0+0 
instead of (28) expressions in which Cor is re- 


placed by 


which appear 


; 
Co, — ps (1/Con) (Kou on 
a 


+ ke Kor; ev) (Kev; a1 + ke PvK ov; ot): 


o : 
2Qola; Ce Eon 


or ce ey 

A general solution of (26) can also be obtained in 
the form of continuous fractions, incorporating the 
corrections in convenient form. 


3. CALCULATION OF THE EXCITATION 
CROSS SECTION OF ROTATIONAL STATES 


The amplitude of a nuclear transition to a state 
with angular momentum Q and projection M, with 
simultaneous scattering of the neutron into the solid 
angle ay can be written as 


fom (Qkq) = ~~ ge \ Yee” (r) DSre (6:) Vi (r, 9) 


XU (r, 9;) dr dQ db: (29) 


Ve 4 ; 43 i" 
1 (r) = > i'Y im (Q) Yim (Qu) i (Ror) - 
lm 


Expanding Yeo (r) in powers of kg (r—R,) and 


retaining the first two terms, inserting (21) and (27) 
into (30) and using the equality 
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D> (Kor ow + kei K Qi; er) Cow; aut, + Ro (11 


Q’ Uv 
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yl 
— D1) >) Koi gu tor: ost 
Qe 


= — 099,81, — (Re/jrhi) ke ite — Dy Kar ob, oat] 


we obtain 
fom (Q) = 22" >} 
Ul 
I eek 
Fat; Qt. = Seu; Q.1 


iV 
hy, (RR) hy (kgRi) 


yi I 
wD) Kai; oboe; astee 


Ql’ 


mM, IM, I : 
COM; tm Qed: t0Y tn (Q) Ft: Oates (30) 


Ql (3 1) 


With the use of (30) we easily calculate the excitation cross section 


deg (Q)/dQ = 


Ueol(2Q0+ 1A] 2) | fom (Q) /? 


M,M, 


Fou; Qst.FQrr Qut, 


(21 +1) (2h 


1 hy (gRx) Ay, (ARx) hy, (kgRiyhy’ (RR}) 


N(QQollol' lol n) =a 


N (QQollol'lgIT'n) P.(cos 9); 
(32) 


7 [(2l + 1) (20 + 1) (2 + 1) (2 + YT" 


i! ean ae 4W (Ll'11'; nQ) W (Iploll’; nQ). 


Following integration over the angles the result is considerably simplified and the total excitation 


cross section becomes 


21+1 


k 
og = 4n—@ py 50,41! For; Qste|? | Au (Ro M1) fi, (RR) |? 


The en i like the ae Oolo 2° only slightly 


dependent on energy, so that the energy dependence 
of the cross section is determined mainly by the 
[hh ‘ae |"? factors, each of which is the product of 
the penetrabilities of the centrifugal barrier for an 
incident neutron with angular momentum /, and a 
scattered neutron with angular momentum /. 

Since these factors decrease rapidly as /, and / 
increase, only a few terms of the summation in (27) 
are actually important. For example, when the first 
rotational level of an even-even nucleus (Q, = 0, 

Q = 2) is excited by 1—2 Mev neutrons the three im- 
portant terms of the summation in (33) are those for 

1=0, 1, =2;l=1,1,=1,;1=2, 1, =0. Eq. (33) is 

- considerably simplified when we consider excitation 
near the threshold (kg > 0). In this case |h, |*>6, 

and 


_ kg 2Q+1 


eee o, 180: Ost. © 34 
‘gated ZoeFt Th, GRA Th, @RvP et 


(33) 


When we consider excitation of the first rota- 
tional level, in most cases £R < 1 and the sum in 
(34) is reduced to a single term: 


ave kg 20 44 (RR, )2(Q— —Qo) . 
= FE 2Qe FI [RQ —205 ITF | Fee: 00-2, P- 
(35) 


The formulae derived enable us to make a rough 
estimate of the magnitude of the excitation cee 
section without detailed calculation. The i: Qol 

040 
like the ¢! have an average magnitude ~ 1/k’. 
Assuming 
T , = 
fot; Qt. ~ F/R’, k == 154-10 cm 
we obtain for the excitation cross section of the 
first rotational level of an even-even nucleus near 


the threshold 
~ 3 (fa/B) | f° 107 om" 


Q1;Qolo 


and for energies near 1 Mev 0, ~ 2x 10° |f|? cm?. 
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4. AN ELLIPSOIDAL SQUARE WELL MODEL 


We shall consider in this section a square well of ellipsoidal shape; we shall assume 


ip = R 
(36) 
V 5 mae eon ho raha AR cos? 3 
WS 0 i <eoRy he Ry 4 AR Cos? 0. 
Let us consider a prolate nucleus. It was shown Furthermore, in accordance with (20) 
in Ref. 1 that €can assumed to be 0.03. Absorption 
in a layer of thickness AR is determined by the a, (9) = — Rk’ sin (x cos? 9); 
magnitude of k’AR €, which is small when kAR~ 1, Pon sa (38) 
The assumptions already made give k’ AR ~ 1 so a) ah oa) 
that we shall neglect 4’AR€& compared with 1. Bi (3) = — x cos? 9 sin (x cos? 3) — a, (9); 
Subject to this condition, it follows (15) and (17) 
that 
9, (7,9) = cosk’ (r — &,), Inserting these expressions in (24) we obtain 
(A) (A) : ; 
92 (r, 9) = sink’ (r — R,)/k, (37) 1,2 and By's as integrals which are expressed 


simply in terms of Fresnel integrals. After calcu- 
lating these integrals we obtain, for example 


R,<r< R, +AR cos? 4. 


for x = 1: 
a — —0,62k; a? =—0,2; Bp =—0,16; po =— 0,09 1/k'; 
eo) = —0,23k; of? =—0,1;- pP=—0,1; p= — 0,02 1/6 (39) 
af!) — —0,0024'; a2” = — 0,006; BY’ =—0,1; BS” = 0,048 1/k’; 
for x = 2: 
a = — 1k a,” = — 0,34, Bi = 0,9) pO = 00851 a, 
a= —0,31k; of =—0,18; BP = —0,09; 2 =0,06 1/8’; (40) 


af? = —0,16', 03” = —0,03; pi? =—0,11; pM = 0,045 1/’. 


Energy dependence of the excitation cross section of 
the first rotational level of an even-even nucleus 


Inserting (39) or (40) in (23) and (26) we see read- 


28) can b ! i 
ily that for these values of a‘ and pi the non ie i ed ne “at eat ee 
: 1.2 certain values of R,, i.e., of the mass number A, 
diagonal elements in (26) are considerably smaller for which some diagonal element is unusually 
than the diagonal elements, so that the formulas 


small. For such values of A the equations must be 
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solved more exactly. For the values k’R, = 11.2; 
k’AR = 2(AR/R ~ 0.2; A~ 190) and using the val- 
Be of a‘ and oe from (40) we calculated first 

ai; Ae (with (28) applying i in this case) and then 
a Ol, fF the excitation of the first rotational 
level of an even-even nucleus with 0.1 Mev excita 
tion energy. 

As has already been indicated, for this case the 


three important terms in (33) are those with: lieve 500 » 
fis,21 and f25,92- The figure shows the result of 


substituting the values of these quantities in (27). 


fom (Q) = 2r'h > Cox Coat avae (Q) 


U,f 
1 


et 
ee 


The differential and the total elastic scattering 
cross section o,, differ from (32) and (33) respec- 
tively through the replacement of PE by the 


expression in the square brackets in (41). The 
total cross section can be calculated by using (41) 
and the optical theorem: 

(4x/k) Im fo.M, (0) = o = ose + Ge, (42) 


where fo Mo (0) is the forward scattering amplitude. 
0: 
Averaging foom, over the values of M, we obtain 


1 hi, 
im |e (fs —1] +- 


At low energies (£R) < 1 this expression 
becomes 


o=4n (Ri —2R, Re foto; Qu0) we 


a? 27 +4 
e. 7, 2Q0 + 1 Ai 


Ai Fost, eu 
(43) 


“Im Fo%o; Q.0- (44) 


It was shown in Ref. 1 that at low energies there 
exists a simple relation between the total scattering 
cross section and the ratio of the average level 
width of a compound nucleus to the average level 
spacing: 


o = 4nR? + 2-7kAD / Dz (45) 


Hence 


r 


a= 2 k Im feo; Quo: (46) 


Feshbach, Porter and Weisskopf compared the 


Fexoaa] Vo 1. 
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5. EFFECT OF NUCLEAR DEFORMATION 

ON THE TOTAL NEUTRON SCATTERING 
CROSS SECTION 


The existence of deformation and rotational levels 
in nuclei will affect both the elastic cross section 
and the total scattering cross section. Formulae 
for these quantities are easily obtained by using 
the results of the preceding sections. 

For the elastic scattering amplitude we easily 


obtain instead of (30) 
= 1} 


a a 
Bik Ste La 


(41) 


value of 1’/D which was obtained experimentally 
with the value that was calculated on an optical 
model with a spherically symmetrical square poten- 
tial. A marked deviation was found in the region 

A ~ 150—160. The theoretical curve shows a sharp 
peak in this region, whereas the experimental data 
do not reveal this peak. Following Bohr and 
Mottelson these authors state that the discrepancy 
results from the fact that nuclei of such mass num- 
bers are highly deformed. The matter can investi- 
gated by using (46). We are interested in the posi- 
tion of the maximum of fo; o0- When fo. o9 is cal- 
culated by using (28), (31) and (40) we find that the 
maximum is only slightly shifted by comparison 
with a spherically symmetrical potential. But (28) 
cannot be used near the maximum because at the 
maximum the diagonal element of (26) 


Rk (xo — Do) + Koo; oo kD Koo; 00 


is extremely small. When the solution of (28) is 
corrected as shown in Sec. 2 the maximum shows a 
greater shift. Thus for k°AR ~ 2, it is shifted for- 
ward A ~ 175. This in itself is insufficient to ex- 
plain the discrepancy. It must be noted, however, 
that the magnitude of the deformation varies strong- 
ly but not monotonically with A. The existence of 
a deformation in the region A ~ 150 — 160 transfers 
the maximum to another region where the deforma- 
tion is either much greater or much smaller. Con- 
sequently, the maximum may either be nonexistent 
or much less steep. 

In conclusion I wish to express my deep appre- 
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The functional-derivative technique is used to investigate the annihilation (or production) 


of two interacting particles which may also exist in a bound state. Covariant equations have 
been found for the Green function (probability amplitude) which describes the annihilation of 
an electron and a positron into two quanta as well as for the Green function of the reverse 

process. The equations thus obtained have been used to solve the problem of interaction be- 


tween the electron and positron during pair production (or annihilation) with account of radia- 


tive corrections. 


Ree ae bea invariant equations for 
bound states were obtained by various au- 
thors‘~>. Not enough attention, however, was paid 
to equations that take into account a possible 
annihilation of particles. In the present work the 
functional-derivative technique is applied to the so- 
lution of the problem concerning the annihilation 
(or production) of two interacting particles which 
may also exist in a bound state. While up to now 
functional equations were derived for the probabil- 
ity amplitudes (Green functions) describing transi- 
tions not accompanied by any change in the number 
of particles, in the present case functional equa- 
tions have been set up for the probability amplitudes 
(Green functions) describing the annihilation or pro- 
duction of particles. The resulting equations are, 
therefore, of a different form. Starting with these 
equations, it is easy to obtain the wave equation of 
positronium, the possible annihilation of the elec- 
tron and positron being taken into the account®. 
Such generalization of the method of functional de- 
rivatives to problems involving a change in the 
number of particles during the studied process en- 
ables us to calculate with any desired accuracy 
the probability of a two-photon (and in general, 


n-photon) annihilation of particles existing in a 


bound state. The results of previous works ’~® 
dealing with the annihilation of two interacting par- 
ticles in the S and P states are essentially repro- 
duced if we limit ourselves to the first non-vanish- 
ing approximation. The contribution of Coulomb 
interaction in pair production is also accounted !°. 
The proposed method, however, makes it also pos- 
sible to find the radiative corrections for the above 
processes (cf., Ref. 11 and 12). The investigation 
of radiative corrections for the probability of pho- 
toproduction and annihilation of positronium con- 
firms the results of Ref. 13 with respect to the 
infra-red divergence in bound states of the parti- 
cles. 


1. DERIVATION OF THE EQUATION FOR THE 
GREEN FUNCTION OF TWO PARTICLES 
ANNIHILATING INTO TWO QUANTA 


The Green function G, (x, x,, €€’) describing the 
transmutation of two photons into an electron-posi- 
tron pair (and the two-photon annihilation of the 
particles as well) is defined, according to Ref. 14, 
in the following way: 


COVARIANT EQUATION FOR TWO ANNIHILATING PARTICLES 


Gp (X1%2, 66’) = 
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8°G (xX) 
BT(E) BIB) [yo () 


= #9 (41) 8 (x2) A (8) A) —7 4 (41) D(a) CA) AE), 


pee G(x, x,) is the Green function of one parti- 
cle’, J (x) is the external current, and 5/8] (x) de- 
pales the functional derivative with respect to the 
current, w(x) and A(é) are the operators of the 
free Relds of electrons and photons respectively, 
and the brackets <...> should be understood to 
mean, for example, 
cy (x3)  (%5)> ae [f (Y (x) 0 (X2) 2) lecem vac 
= [ST ($ (x1) 9 (%))] 


where the subscript “ vac” indicates that the corre- 
sponding expression is averaged over the state of 
the vacuum. The index T denotes the 7-product of 
operators standing within the parentheses and, oper 
ators in the Heisenberg representation are every- 
where in boldface. Furthermore, 


ST (exp \—i \ Hewix) dtx}) - 


Hint (x) = (— J (x) + J (x) A (*); 


(1’) 


-1 
vac’ vac’ 


(3 


in (2) = > vee (Pa (*) Ye (*) — Yo (x) ba (x), (1) 


while y= pty, y? = B and yir2s8 S. Bats, 

’ Besides, the system of units in which # =c = 1 

is always used and the following summation rule is 
adopted: ab = a,b, — a,b, — a,b, — a,b . 

In order that the electron and positron (with 
coordinates x, and x, respectively) enter the theory 
symmetrically, we shall go over ir Fg. (1) to the 
charge-conjugate field with respect to variale x,, 
i.e., we shall exchange W(x,) by w’(x,), so that the 
Green function Gep describing the transmutation of 
two photons into an electron and a positron will be 
now of the following form: 


Gep(%i%a, £6’) = i <p (X41) Y’ (%2) A (&) A (?')D 
| (2) 


— i <9 (x1) 9" (x2) <A DAE), 


"where w’(x,) is the field operator, charge conjugate 
with w (x,): 


be (x) = 


Gal 22ECT 


—s 
Coo'Vo (x), 


Con'be (x), Yo (x) = 
Crs —(Oe Cy) = —C. 


We shall define the Green function Gep describ- 
ing the reverse process, i.e., the annihilation of an 
electron and a positron with the emission of two 


quanta, in the following way: 
 (x%4)> 
—i KAA) Y (%) O (4). (3) 


It can be easily seen that all the relations ob- 
tained for mG. (x,x,, €€’) will be fulfilled for the 
function G, ma he x, %x,) if we make the following 
subatiitions: 


Gop (8', %2%4) = A (@) AE) Y (%) 


vy, C>C}, [De 0 (4) 


(the last one for the momentum of both the electron 
and the positron). We shall limit ourselves there- 
fore to the derivation of the equation for Gos only, 
since from this will follow automatically, taking 
into account relation (4) , the equation for Con 

In the following it is convenient to make use of 
the matrix notation of Karplus and Klein, which 
consists in the following: the set of all coordinates 
and the spinor indices of a particle will be denoted 
by one number, while & (or &, €"... ) will be de- 
note the set of all coordinates and projections of 
the photon polarization vector. The matrix index 
will be represented as the argument of a function, 
being a number in the case of a particle and € 
(or &, €"... ) in the case of a photon. Summation 
is understood in case of repeating arguments (for 
the spin indices and the projections of the polari- 
zation vectors) and integration in the case of coor- 
dinate variables. In this notation, the functions 
y(€, 12) and C(12) have the following meanings: 


1 (6, 12) = yar 8 (E — x4) 8 (4, — 14), 


C (12) = Coyag’ (1 — Xp). 

To find the equation satisfied by the function 
Ge p(12, &E’) we shall introduce, following 
Schwinger’, the auxiliary function /(é) of the 
external sources of the photon field |/ (€) does not 
contain field operators], i.e., we shall assume again 
ie the interaction operator toe is of the form 

Hx, =(—J +7)A. All the Green functions deter- 
mined above will then represent functionals of the 
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sources J, depending on them through the operator 
S(1"). It should be assumed henceforth that J = 0 
when the Green function is applied to the calcula- 
tion of real physical processes. 

If we make use now of the fact that in the 
Heisenberg representation the electron and positron 
operators fulfill the Dirac equation, respectively,* 


(p (11’) — ey, 11’) A) — ma(11’)) (1) = 0, 
(5) 
(p (22') + er & 


we can write the functional derivative equation for 
G., (12, €&7). In fact, applying the operator 
p(11’) — m6(1Y’) to the function G,, and taking 


into account relations (5) and (5’) we obtain 
(p (11’) — mi (11’)) Gep (1’2, &') 
=iex (IN) <ADVIIVQADAED © 
1’) <A (@) 8 (1') 8 (2)> <A) A E')- 


— iey (5, 1 


Making use of the self-evident equalities 


—i<h(1) ¥'(2)> <A), 


a <b (1) 9" (2) A (6) A (E’)> (7) 


—i<h (1) ¥’ (2) A) AG) <A) 
we can write Eq. (6) in the following form: 


oF * (1 1’) Gep (louse) 
a <A (2) A D>.) 


= er (6, 11') (1) ¥ (2) = 


where the following notation has been introduced: 
F (11") =p (11) —ey (11). <A @S.— mo(119) 
+- iew (é, 11) 6/aJ (é). (9) 


If we apply from the left the operator F?(22’), which 
differs from 


* p (12) == 18 (x1 — 2) y” 


, 
y Ah 


0/Ox,. 


22") A (&) — md (22')) ¥’ (2’) = 0, 
G6) 
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F? (22) == p(22') -+ er (§ 22’) <A (&) 
— ma (22') — iex (, 22’) 6/aJ (6) 
by replacing m6(22’) + iey(é, 22’) 8/5] (E) by the 
mass operator (cf., itef. 1) MP (22’) and from F°(11’) 
by the sign of the charge, to both sides of equation 


(8), we shall obtain the following functional e qua- 
tion for = 


FE (22’\o7 5 (11) Ges ee Rea) 
= —ey(&, LI) C(I Tare —— Bes 
(10) 
— dey (@, 11’) C (1'2) ae <A (&)> <A (')), 


Die) = SHES <A (8); 


where D(€, €&’) is the photon Green function?. 
It is convenient to write the first term of the 
right-hand side of Eq. (10) in another form, making 


use of the relation 


— ey (&, 11’) C (12) D (5’) 


XG) 


= ie*y (E, 13) C (32) D® (€’) (11) 


SEM (25) * (', ot) Gep (28 be’), 


the correctness of which can be easily ascertained 
expanding both sides of Eq. (11) in a series in e’. 
D® denotes the zero approximation of the Green 
function of the photon. 


(p2(22;) Be (hi) — J (12;1'2’)} Gep (1'2’, 56’) 
= — iey & 11) C(1'2) <A @)> <A eye 


where the interaction operator is defined, according 
to (10) and (11), in the following way: 

PAZ Rio tGee Ce eed) 
= ie; (é, 13) C (32) D® (&%’) 


KCH (23:7 G5 31) Ga, (1 ee 


+ FP (22 jm (1 ) — ier &, aie = 


— #1) G ap (1’2", §"). 


Eq. (13) may be transformed by means of Eq. (12) 


into a functional equation for the operator /: 


COVARIANT EQUATION FOR TWO ANNIHILATING PARTICLES 


699 


P(12,1'2") Gop (12', 86") = ie* (%, 11’) D GT? ©, 29') Ge, (1'2', &) 
+ ie? (&, 18) C (32) D° () C+ (2'3') 1 &, 3°) G, (12, &) — 


— e% (& 11’) G°(1'3) 7 


(CREE Ge) ee 


SU 14) 
wea) A> AED ‘ 


— ie (F, 11’) G2(1'3) Seat 32, 32’) G.. (3'2", ey, 


where 


[TP (€, 22’) ==8F? (22’) / 8e <A (€)>, 


re (é, 11’) == — 3 F 11’) /8e <A (6)> 


denote vertex operators. 

Since the term in Eq. (14) containing the func- 
tional derivative of (JG,,) is of secondary impor- 
tance compared with other terms (this term includes 
the radiative corrections), Eq. (14) can be solved 
for the operator / by the method of successive ap- 
proximations. This makes it possible to find the in- 
teraction operator in any approximation of e7. If 
the iteration process of solution of Eq. (14) is con- 
tinued ad infinitum, the operator / will be repre- 
sented as the sum of an infinite number of terms 
corresponding to all the irreducible diagrams” de- 
scribing both the electron-positron interaction and 
their two-photon annihilation. The interaction oper- 
_ ator found in this way yields, upon substitution in 

Eq. (12), when J = 0, the covariant equation for the 
determination of the Green function G,,. 

It should be noted that, although the interaction 
operator / is found in the form of a series in e”, the 
fact that we obtain the corresponding approxima- 
tions of the Green function G,, does not mean that 


{ F° (22') F° (11') — ie®y (é, 


— ey (é, 


=e (6,11) a° 


where the index 0 denotes that the functions are 
taken in the lowest order in e?. The indices p and 
e in G and F may be dropped for J = 0. 

The first term of the operator / in (15) represents 
the interaction of particles by means of exchange of 
one virtual quantum, while the second one refers to 
the interaction of particles due to a single-photon 
virtual annihilation. 


I) On 7) 9 OLE (0 One 
(173) x (@, 33’) C (3’2) (D° (€) D° (#2) - 


this function has been expanded in powers of the 
charge. The situation we encounter here i similar 
to the case of the Bethe-Salpeter equation”. In 
fact, if we retain in the operator only the terms 
proportional to e”, then it is equivalent in the 
S-matrix scheme to accounting, in the infinite sum 
determining G,,, of an infinite number of reducible 
diagrams of the ladder type* (Fig. 2) beside the 
irreducible diagram of Fig. (1). 


In order to obtain finite results (for J = 0) it is 
necessary to carry out a renormalization of the 
operators F(11’), F(22’) and /(12, V’ 2’) in Eq. (12) 
at all degrees of approximation in e*. As it can be 
seen from Eq. (14) and the relation F = G ” the 
renormalization of F(11’), F (22’) and /(12, 1’ 2”) 
is carried out in the usual way (cf., for example, 
Ref. 14) 

Eq. (12) will take the following form for J =0 and 
for the operator / corresponding to the first non- 
vanishing approximation in e? 


1 )De G2), 22)) 


3) 7 (5,8 1’)} Gep (1 (15) 


Hereinafter we shall be interested in the interac- 
tion operator /, taken with an accuracy of e*. For 
this purpose, it is necessary to calculate in Kq. 
(14) the variational derivative of (IG -) with re- 
spect to the current, where I) is the feet non- 


*For brevity we omitted diagrams corresponding to 
the single-photon virtual annihilation of particles. 
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vanishing approximation of the operator /. Besides, 
in all other terms of the right-hand side of Eq. (14) 
the functions G, D and I’ should be taken in such 
approximation that the terms up to e* inclusively 


TSO ay a: 


EKSEEV 


aw-—----- 


should be taken into account. 

For the calculation of the variational derivative it 
is convenient to represent (2G); by means of 
relations (14) and (12), in the following way: 


om (E, 11’) D® (2) + &, 22’) 


— je*x (2, 13) C (32) D® (&’) C™ (2'3’) x (&, 3’1’)) G° (15) G?-(2'4)} 
x 1 (54, 5’4’) Gara 4, Sy 
iL 52 
<= —er(& 11’)G° 3 RS gO 6 ee CAE Ante» 
o E11) 6° (1'3) 1 @, 33°) € ( aes @><A@) - 
+ e% (E, 11’) D® (&') 7 &, 22’) G2 (13) GP (2’4) 7 & 33’) C (3'4) 
x sg SAM CAR) + eh 18) C82) DG) C23! 
x 1(&, 31’) G°(1’5) GP (2"4) 1 & 55’) C (5'4) a <A (8)> <A (&')>- 
Denoting for the time being the left-hand side of derivative 
Eq. (16) by A(12, 54)1°) (54, 5°4)G,, (54, &€) 
and the right hand side by B (12, &€’), we shall 6 (L9G, )/ed we Ne + U™Gep) ata Ag. (18) 


rewrite Eq. (16) in the form 
AM 6,,) = B (17) 


From this we obtain the expression for the re quired 


(level ee 


(1'2", 65") = 7, (12, 12’) Gy (1/2, & 


After a calculation we obtain (for J = 0) the fol- 
lowing expression for the interaction operator / with 
accuracy up to e*: 


bee 


— eT , 11’)G (1'3)P &, 33’) C (3'2) (D @) D&%) + DB) D8), 3 
where 
1, (12, 1/2’) = ie? ue ae (VT &, 22°) 
+ ies (&, 13) C (32) D (6) C4 (23) 7 &, 3’1’) 
+ (ie?)*4 (¢, 1) G (33’) x & 3/1) D DH) (8, 24) G9 (44') 7 (&, 4'2") (19’) 
++ (de?) (¢, 18) G° (33’) x (@, 3°5) C (52) D® Eee), 
x [C7(1'4) 7 (@, 44’) G° (4'6) 7 ole? 
— C1 (2'7') x (8’, 7'7) G° (75’)  (&, a 


As it can be easily seen, the interaction operator 
1 (19) contains two groups of terms. The first group, 
denoted by /;, is determined by the effects of ex- 
change of one and of two virtual quanta and the 


one-and two-photon virtual pair annihilation. This 
group coincides exactly with the electron-positron 
interaction operator, found in Ref. 6. The second 
group of terms in expression (19) is determined by 
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the possibility of the real annihilation of particles. 

The required equation for the Green function G.. 
with the interaction operator / calculated up to e* 
inclusively is of the form: 


CBO) F (1), 112,012} Gee (127382) 


— 2D (E, 11’) G(1'3) T (%, 33’) C (3'2)(D (&) 


D (e¥) + D (8) D (8’8).) (20) 
where the operators F'(11’) and F (22”) contain also 
the radiative corrections up to terms proportional 
to e*. The latter can be easily found if we note that 
F =G* and make use of the corresponding correc- 
tions ‘> to the single-particle Green function G. 

Eq. (20) describes the production (or the annhila 
tion, if transformation (4) is carried out) of free and 
bound particles. It can be applied as well to the 
calculation of radiative corrections to the photo- 
production and the single-photon annihilation of 
positronium in an external field. The application of 
Eq. (20) leads to the following wave equation of the 
electron and positron with possible annihilation of 
the particles: 


EP (22)-F (11) —1;,(12, ’2’)} ¥ (12) = 0, (2) 


where (1’2’) is the wave function of the electron 
and positron and the operators F and /; were defined 
above. This wave equation for the system electron- 
positron was obtained by another method in the work 
of Karplus and Klein®. 

The generalization of the results for the case of 
the n-photon annihilation of particles is straightfor- 
ward. 


2. ACCOUNT OF THE INTERACTION BETWEEN 
THE ELECTRON AND POSITRON DURING 
PAIR PRODUCTION 


As an application of equations derived in the pre- 
ceding paragraph we shall consider the problem of 
accounting for the electron-positron interaction dur- 
ing pair production (or annihilation), paying atten- 
tion to radiative corrections. 

The interaction between the electron and positron 
is usually not taken into account in all calculations 
of pair production. The final state of each particle 
is considered as free. This is caused by a consid- 
erable simplification of calculations involved, 
since accounting for the interaction between the 
components of a pair correspond to taking into 
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the account the higher approximations of the scat- 
tering matrix. 

It was established by Sakharov! that for the 
case of a small relative velocity of produced parti- 
cles, the account of the Coulomb interaction reduces 
to the multiplication of the differential cross-sec- 
tion do, of the free-particle production by the factor 
| w (0) |? / | w, (0) |?, where W(x) is the non-relativis- 
tic wave function of interacting particles in the rel- 
ative system of coordinates and w(x) is the wave 
function of free particles, 


do = (|¥(0) ?/|¥, (0) ?)do, (22) 


where do is the differential cross-section with the 
interaction between the produced particles taken 
into account. 


Ye shall show in which way relation (22) should 
be generalized for the case of arbitrary relative 
velocity of produced particles and an arbitrality 
high degree of approximation.* For the sake of gen- 
erality we shall deal first with interacting particles 
which are not necessarily in a bound state, while 
for simplicity we shall study in detail the case of 
pair production by two quanta. For the case of pho- 
toproduction in an external field it is necessary to 
add to the matrix element considered below a certain 
number of matrix elements corresponding to the 
single, triple, etc., scattering of the produced par- 
ticle by the external field (higher Born approxima- 
tions). These matrix elements can be found by 
means of the Green functions Ce, TDs Coaches 
GoeiZ, &€'E" E"), etc., describing pair production 
by two quanta with the complementary emission of 
one, two, etc., quanta. The given proof is after- 
wards extended for the case of pair production in an 
external field. 


a) First non-vanishing approximation 


The relation (22) can be easily obtained if we 
make use of the expression (15) for the Green func- 
tion describing the photoproduction of interacting 
particles. In fact, the solution of Eq. (15) is of the 
form 


*The problem whether Eq. (22) remains correct for 
higher approximations was considered by Sakharov*®, 
In that work, however, the meaning of higher approxima- 
tions remains unclear, since non-covariant perturbation 
theory is used. 
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Gep (12, 6) = — e2K (12, 1’2’) x, 178) G? (33’) 7 (@,3'5) C (52’) (D°(%) D® (@é’ 
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(23) 


= D8 (Ee) D's), 


where K(12, 12’) is the Green function of the inter- 
acting electron and positron. Making use of Kq. 
(23) we can write the amplitude .¢ of photoproduc- 
tion of particles as 


A a= — &F (12) % (&, 11’) 
XG (13) % (2, 33’) C (32) Dans (22 
(AS ca ) C (32) Brn (52/) (24) 
2a |F (x2) xg)1 Co + 


Roky, 
+17 G(x, x5) "Ceilhxet hh’) qty, d4x,, 


where the wave function of produced particles V (12) 
fulfills Eg. (21), with the operator §, containing only 
terms proportional to e’. 


Dane (H) =~ (heglty 7" Uy EL exp i (le + RS) 


+ Ine Lnexp i (Re’ + k’2)] 


is the symmetrized function of photons with mo- 
menta k and k’ and polarization J’ and 1", while 
T= Virkys 

The calculation of the matrix element (24) with 
the exact function (12) of interacting particles is 
difficult. We shall, therefore, as in the non-rela- 
tivistic case (22), find the relation between the 
photoproduction amplitude of interacting particles 
and the amplitude of photoproduction of particles 
which are free in the final state, this task being 
much more simple. 

The wave function W” 7 (x, x,) of interacting par- 
ticles, entering into Eq. (24), is an eigenfunction of 
the total energy E and also of all other constants of 
motion o, forming the given full set of physical val- 
ues. We shall denote by eae x,) the wave func- 
tion of free particles which is an eigenfunction of 
the full set E and o. Since, however, the equations 
of motion (determining the eigenvalues of £) of the 
wave functions Y*? and les are different, the fol- 
lowing expansion is true: 


ypEs Cm) = NG (E, E’) yee (aah) dE’. (25) 


The coefficient C(E, E'’) is a &-like function with a 
sharp maximum at the point E’ = E, while interac- 
tion disappears, e”? > O, the coefficient C(E, E’) 


tends to 5(E — E’). This means that the essential 
domain of integration over E ’ is, for the coefficient 
C(E, E’), the region close to E. We shall, therefore, 
bring the smooth (with respect to E ’) function We 
outside the integral sign at the maximum point of 
the coefficient (E = £’), and obtain as an approxi- 
mation 

PE? (xix5) 


= ((C(E, B) dE") ¥F° (1 2) == Ny” (41), 
(26) 


where the coefficient N is defined by the relation 


yE? (0) =N pF? (0). (27) 


where w”7(0) and wP°(0) are the same wave func- 
tions as in Eq. (26) in relative coordinates, taken 
at the point x = 0. For the square ofthe absolute 
value of N we have 


INP = Yaen (0) Yair (0) /%¢ 29, (0) Yt orte (0), (28) 


(identical indices denote summation and the indices 
E and o are omitted). 

The amplitude (24) of the photoproduction of in- 
teracting particles can be now written, making use 


of (26), as follows: 


A= N {—eF-(12) 7 11’) 


0/172) ., (er ; P ner (29) 
G® (1’3) + (&, 33’) C (3°2) Day (%)). 


The coefficient of N* in (29) represents the ampli- 
tude of photoproduction of free particles. 

Consequently, if we denote the differential cross- 
section for the photoproduction of free particles by 
do,, the differential cross-section do for the photo- 
production of a pair of interacting particles can be 
written in the form 


do = [(9(0)'9(0))/(2¢ (0) %, (0))}dey,, (30) 
where (1 (0) W(0)) = Sp[w(0) (0)], and the wave 
functions (in relative coordinates) y and Ww, of inter- 
acting and free particles respectively are eigenfunc- 
tion of the same set of values. 

In contrast to Eq. (22), Eg. (30) is true for arbi- 


trary relative velocities of produced particles, in- 
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cluding relativistic values. For small relative ve- 
locities of the produced particles the coefficient 
(%(0) W(0)) is equal to its non-relativistic value 
and relation (30) coincides with formula (22) given 
by Sakharov ?°, 

If pair production takes place in the external 
field of a nucleus of charge Ze, then, in order that 
Eq. (30) be applicable, it is necessary that the 
produced particles move with relativistic velocities 
(namely Ze? /hv, « 1, Ze? /Rv, « 1), since in der- 
ivation of Eq. (30) the external field is regarded as 
a perturbation, while the relative velocity of these 
particles can be arbitrarily small. 


A = — eF (12) x (2, 11’) G°(1’,3) x 
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We shall prove that Eq. (30) remains in force when 
we take into the account radiative corrections of 
any order. (W(0)W(0)) should then be calculated in 
Eq. (30) with the same accuracy that is chosen for 


do,. 


b) Radiative corrections 


The amplitude of the photoproduction of the inter- 
acting electron and positron can be written using 
Eq. (20) as an approximation with first order radia 
tive corrections: 


(&’, 33’) C (3’2) Dan (6) + 


+ ie (12) (E, 11’) G°(1’3) x 2,33’) G (35) D®  &) (@,55") G (5'7) 7 (8,77) 


X C(7'2) Dyn($E’) + ie“ ¥ (12) 7 (%,1 


x G°(5'7) 1 (5°,77') C (72) Dane (58 


1’) G° (1'3) x (€,33’) G9 (35) 
) + iet¥ (12) x (, 11’) G°(1'3) x 33’) 


D°  &")y (#,55’) (31) 


x G° (3’5) DG &) x (2, 55’) G° (5'7) x E477’) C (72) Dans (8). 


Calculating in (31) the matrix coefficients propor- 
tional to the highest (fourth) power of e we can 
make use of relation (26), remaining within the 
limits of the given accuracy. Such an approximation 
for the wave function (12) of interacting particles 
is, however, not satisfactory for the calculation of 
those matrix elements in Eq. (31) which are propor- 
. tional to e”. It is necessary to introduce a correc- 
tion of the order e? into the approximation (26) of 
the wave function (12). Owing to the weakness of 
the electromagnetic binding, this can be done by 
successive approximations, using for this purpose 
the wave equation of interacting particles (21) in 
the integral form 


W (12) = ¥ (12) 


LG (139 G (24) 1,134, 112) F (12), 82) 


ap) (12) = (NW, (12)) + G° (13’) Go (24’) Ii? (3’4’, 12’) (NW, (1’2’). 


where ¥ '°) fulfills the equation for free particles 
F (11) F (22%) ¥°°)(1’2’) = 0, and the particle in- 
teraction operator /;is assumed to be given [ef., (14) 
and (19)] in the form of a series in e?. In fact, the 
exchange of the wave function of the interacting 
particles for the wave function of free particles 
multiplied by N means that we neglect in some way 
the interaction between the particles.* The pro- 
posed method of successive approximations make a 
correction for this interaction. 


We shall obtain the first correction to the zero- 
order approximation (26) if we exchange the wave 
function ¥(1’2*) on the right-hand side of Eq. (32) 
by its zero-order approximation and in the pea 
I, we shall leave only the terms proportional to e” 


For the amplitude (31) we obtain now, using Eq. (26) and (33) 


aN fete (12) 7 (G11) 
+ ie, (12) 722’) DE %) 1%, 
(5'4) Dyn: (6) + ie?F; (12) 7 (5, 


x7 (6, 55’) C 
SOE EG Si G7 eae eg 


x G(1'3) 7 (E, 33’) G (3’5) D® (E &) + (@, 55’) G° (57) 1G: 
4 ieXP, (12) 7 11") G9(1'3) 7G 33°) (8'5) DEF 


(iencted below by i 1) We have then 
(33) 
G° (1'3’) + (8, 3’5’) C (5/2) Dane (8) 
11’) G° oe G° (2'4) x (&, 33’) G° (3’5) 
1),G2(13)iy G 33") GP (35) 
ETT) CCD) Dan () + tf ¢ (12) 7 G11 (34) 


TH) GT 2) Dare) 


) 1 (@, 55") G (5'7) 4, 77’) C (72) Daw (&')]. 


*It should be noted that the interaction between the particles is already accounted for to a large extent in the co- 


efficient N of the wave function of free particles (26) since the coefficient is proportional to W(0) 


function of interacting particles for x=0. 


— the exact wave 
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The photoproduction amplitude of interacting par- 
ticles with the account of the first two radiative cor- 
rections differs therefore from the photoproduction 
amplitude of free particles also by the factor N* 
and, consequently, Eq. (30) remains in force and is 
even more exact since (¥/(0) W(0)) is now calcu- 
lated with the same degree of acurracy as do,. 
Correctness of Eq. (30) with radiative corrections 
of the n-th order in e? is proved in an analogous 
way. It is only necessary to bear in mind that 
using the method of successive approximations for 
finding the (e”)”-th order correction to the corre- 
sponding approximation of the wave function, Iq. 
(32) should be used with the operator /; written with 
corresponding accuracy, i.e., with terms up to the 
order (e7)” inclusive only. 

It can be easily seen [cf., Eq. (4)] that in the 
case of annihilation of an electron-positron pair we 


again obtain kiq. (30). 


c) A Note about the Bound State 


If the produced (or annihilated) particles are in a 
bound state, the total energy of these particles can 
be written 


E=G6-—s8, 


where e > 0 is the binding energy (e/m~e*). Eq. 
(26) can then be written 


(35) 


Ee (hey (( c(E, E’) dE") 


\ 


(36) 


WES (x1%2) =: WHE? (x4 %9) 


A. I. ALEKSEEV 


where W E(x 1x9) is the wave function of free par- 
ticles with the total energy & and zero relative 
velocity. This function enters Eq. (30) in the case 
of production of particles in a bound state. 

In conclusion, the author wishes to express his 
gratitude to A. D. Galanin for advice and discus- 
sion of the results. 
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We investigate the effect of a decrease of the electron recombination rate in a strong 
electric field on the conductivity of atomic semiconductors. 


S IS WELL KNOWN, the conductivity of a semi- 
conductor increases in a strong electric field. 

Various investigators explain this phenomenon by 
the increase in the conduction electron concen- 
tration due to collision ionization}, the Stark effect, 
the tunnel effect? etc. Davydov and Shmushkevich? 
have indicated the possibility that the conduction 
electron concentration-may be caused by a decrease 
in the coefficient of recombination which, in turn, 
is due to a decrease in the probability of electron 
trapping in impurity centers. In the same work, how- 
ever, it was noted that this situation can cause 
effects only in external fields comparable with the 
internal atomic fields. 

In addition, however, the recombination coeffi- 
cient depends not only on the probability of elec- 
tron capture by an impurity center, but also on the 
concentration of electrons about the impurity cen- 

ter and on the diffusion of electrons to the impurity 
center4 The last two factors may be altered by 
electric fields which are much weaker than the in- 
ternal atomic ones. 

In strong electric fields, when accounting for 
Coulomb interactions, the electron energy distribu- 
tion is Maxwellian with a temperature depending on 
the electric field and differing from the phonon 
temperature. 

The energy distribution function of the electrons, 
and the temperature © of the electron gas are given 
by the following formulas?: 


= Qa (kA) —2e-€/k0 fe, 
OQ =1/,T (1+ V1 + (M/3m) (eEL/RT)? ) 


€ 


(1) 


Here ¢ is the electron energy, M =kT/c’ is the ef- 
fective mass of the phonon, k is Boltzmann’s con- 
stant, T is the temperature of the phonon gas, m is 
the electron effective mass, e is the electron 
charge, / is the mean free path, and c is the veloc- 
ity of sound. It is seen from Eq. (1) that 
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1/ eEl\2 M M /eEl\2 
(+) == a ee ae» ——S— | 
TI ahs ial kT ) a hee om ( aT ) pe : 
= 2 
4 1 M eEl M / eEl\2 
-) == = a ae ——— —————w 
V3 m kT when Say \ RT ) Seat 


In order to calculate the recombination coeffi- 
cient, we make use of a formula derived by Pekar‘, 
namely 


B Bye—e Aro) ko [1 + 


/To 


—eV(re)/RO ie? eV(x)/kO 
\ e x| 


(3) 


a 2 
4rD 


0 


where f, is the capture probability, V is the poten- 
tial of the impurity center, 7, is a certain effective 
cutoff radius, and D is the diffusion constant. In 
this formula, the common temperature 7’ of the elec- 
trons and lattice is replaced by the temperature of 
the electron gas in the presence of an electric field. 
In order for this replacement to be possible, a sta- 
tionary state corresponding to the temperature © 
must be established. For this to happen, the elec- 
tron must have to go over to a stationary state be- 
fore recombination, which means that the mean free 
path must be several times less than the distance 
between impurity centers. This condition is not a 
new restriction on the calculation we are here 
making, since it lies at the basis of the derivation 
of Eq. (3). 

In addition, in order that the formula be appli- 
cable, it is necessary that drift motion due to the 
external field E be negligible close to the impurity 
center compared with diffusion toward the center. 
This condition is satisfied if the external field F 
is much less than the field of the impurity center at 
r=1r,. Let V(r) = e/xr (where x is the dielectric 
constant). In this case the condition that Eq. (3) 
be applicable reduces to the inequality E « e/xr; 
setting r) ~ 10° cm and k ~ 5, we obtain E « 10° 
cgs electrostatic units. Effects due to the electric 
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field will be observable at /M/meEi/kT ~ 1, and 
with 7 ~ 300° and J ~ 10° cm, we have 


E~Vm/MR&T /el ~0,2 cgs esu 


Thus the present considerations are meaningful in 
the field interval 0.2 < EF « 10° cgs esu. 

If the impurity levels are nowhere near depleted, 
the electron concentration in the conduction band 
is given by the equation! 

N = («/28)+V(a/2+N'/8. (4) 
Here N is the electron concentration in the conduc- 
tion band, @ is the mean coefficient of collision 
ionization, and N’ is the number of electrons per 
unit time which enter the conduction band due to 
thermal excitation; @can be calculated by averaging 
the cross section for collision ionization with the 
distribution function of Eq. (1). Simple calculation 
leads to the expression 


foe) fs 
= 

— di, 
ime 


é(kO 


2aV eq/kO 


Vr 


(5) 


C= 


where Q, is a constant in the formula for the colli- 
sion ionization cross section, and &, is the separa- 
tion between the impurity level and the conduction 
band. If, as is the case for usual fields, e,/kO > 1, 
then 
e265) kOvme er. (5) 

Let us now assume that electrons enter the con- 
duction band primarily due to collision ionization. 
In this case N’/B can be ignored in the radical of 
radical of Eq. (4). Combining Eqs. (3)-(5) we obtain 
the following expression for the conduction electron 
concentration: 


oe 220 DEO) = SNkO 
NS Vf my © (loo 8), 
3, evr iho! ev(xyike (6) 
PEN gee 
‘ ~~ AnD Y, — 
0 
Here e’ =e, + |eV(r,)|. If F <1, then 
N = (9/8) Va2hG elem (6") 


BASS 


As the electric field is increased, N first increases 
2 po 
as e9% , and then as VE. 


The conductivity o is defined by the expression 


o = (42 0071/38, may) eo "9, (7) 


For small fields o ~ etk* and for large fields it 
approaches saturation. 

In order to investigate the dependence of N on 
@ for F > 1, the form of V must be given. If V is 


a Coulomb potential, then N and o become 


N a (3¢kOx)V m / 4 V2 relV 25) eq. (8) 
Sie (HO Qn!) V k0/s, estate) 


(9) 
In this case, the change of recombination in an 
electric field plays practically no role. 
If N’ > @?/4£, then for F <1 we obtain 
N=VN7/B.exp {—!eV (ro) |/#0}, (10) 


o = (2/se% VY 2N’ / <BymkO) exp {—leV (ro) | / RO}. 
(11) 


Here the variation of N and o with the field is the 
same as in Eqs. (7)—(9), and the effect is due en- 
tirely to the decrease in the recombination rate 
caused by the electric field. 

If F > 1, on the other hand, N ~ @%, and a ~ @% 
and hardly depend on the field. 

In conclusion I should like to express my grati- 
tude to M. I. Kaganov for a discussion of the re- 
sults of the present work. 
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The equations of motion corresponding to the crystal energy, deduced previously in Ref. 1, 
are considered. The vibration spectrum for long waves is investigated. A qualitative study is 
being made of the possibility of infrared absorption by the lattice vibrations and of birefrin- 
gence and interaction between the conductivity electrons and lattice vibrations. 


HE SPECTRUM OF ELASTIC VIBRATIONS 

of the diamond lattice has been investigated 
by many workers”**, However, a general shortcoming 
of these investigations is that they do not take into 
consideration the extent of the internal degrees of 
freedom of the atoms. In addition, the results are 
unsatisfactory in their consideration of the propa- 
gation and absorption of light, and in many other 
problems, since they do not use the polarization 
vector (because of atomic neutrality). On the other 
hand, it was shown in Ref. 1 that the components 
of the atomic dipole moments pe (1 is the cell num- 
ber, s is the atom number in he cell) may be se- 
lected as variables describing the internal degrees 
of freedom of the atoms. An expression for the Pe 
tential energy U of the crystal as a BOOS of ud 
(the displacement of the atoms) and Be may not be 
considered negligibly small in comparison with the 
terms which depend only on es In this work we 
consider the equations of motion derived from U. 
This allows one to study from one point of view a 
series of elastic, optical, and electrical properties 
of the above-mentioned crystals. 


1. EQUATIONS OF MOTION 


The equations of motion are: 


ee I I 
mut=— dU /dus, 0 = —dU /OP,, (1) 
where m is the atomic mass; we neglect the inertia 
of the dipole moments. 

As usual, the solution of these equations is 
sought in the form of plane monochromatic waves: 


ul = u, exp (— iwt +iKrs), 


; (2) 
P! = P, exp (— iwt +iKrs). 
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For dipole moments of this form the internal field 
E contained in the equations of motion), may be 
calculated by means of a direct summation — the 
Ewald method*. As the result of these calculations, 


we obtained the following 


E! = E,exp (— iwt + iKri), 
P- k) k — PR? 

# [TP 16x ° 
ke — 


P,) + Fy (k; P.)}; 


E, = (3) 


+ Si (k x Ps) + F, (k; 


E! is the intensity at the point rt of the electric 
field generated by all of the dipoles, including the 
one located at that point; d is a lattice constant; 

k = Kd/2 is a dimensionless wave vector; ky = wd/2c 
is a dimensionless frequency; c is the velocity of 
light in a vacuum; 


P=P,+P,; 
4k (eePy + hyP2); 
where, as everywhere hereinafter, the positions of 


the coordinate axes, i, j, and k are directed along 
the edges of the cubic crystal; S = 20.11; 


F, (k; P) = eS Pe? + ek (P, k) + ef) (P; kk), 


(P; kk) = iP ski + jPyky + kP2Ri, 
en) = — 1.845, e@) = 2,348, et) = 3.708, 
el) = — 2,135, e?) =— 3,335, 
eo) = 9.772; 
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E, results from E, by interchanging P, and P, and 
substituting i for ~i. Eq. (3) gives the series expan- 


sion of E, in powers of k up to the second inclusive. 


This is sufficient for long waves (k < 1), which we 
shall investigate. 

The equations of motion can be solved by the 
usual Born method, expanding the frequency ko and 
the amplitudes u. and P, in powers of k. We, how- 
ever, shall use a somewhat different method. We 
introduce the dimensionless variables: 


v,=u,/d, ws=P;,/ed, M= 4mcid / e?, 
MB =, n= - se ica i icos 
Aw roe = 40 6, C= Cet) Ae, 
Deed A’ J 2e*, (.G =i1g 0° je; 


F= B+ Cy) L=D-+-8G 


(a, b> Cp? 
sion for U in Ref. 1, e is the charge on an electron, 
d is the wave length.) Then from (1) to (3) we ob- 
tain equations for the amplitudes in the following 


d,, 8p» are parameters from the expres- 


form: 
— Ov, + L (v, — v2) + F (wy — We) 


i C 
= inx [3 (8% v2) + 5 (we) | — 2229 (vas we) 


167 (Ww, s)}s — Q2w 
Aw, getalV Ve) sige W. ct 16x x eee) 
= 1K ls (Ss x V2) + S(s x w2)| + 2?f (Vo; Wy; Wo), 


(4) 


the two remaining equations here and in what fol- 
lows are obtained by exchanging the subscripts 1] 
and 2 of the amplitudes and substituting i for —/; 
Ww = Ww, + W,3 S is the position of the wave vector; 


L D 
56 oa es 78(8. v}— 7 (v: ss) + Sw 


- aS (aS ee GW, SS) , (4a) 


. 
f (Vv; W,; W.) = = aN —<s(s,v) + S(v;ss) 


+ F, (s; w,) + F, (s; wy). 


Equation (4) contains « and Q. It is clear that 
these equations can be presented in such a form 
that they would include any two of the three var- 
riables x, Q, or n. For a solution of the equations 
by the method of successive approximations, we 
shall compute one of these two variables by means 
of an independent parameter, but the other, together 


with the amplitudes v. and w, will be sought in the 
form of an expansion in powers of p. The inclusion 
of a small parameter of fixed value p in place of the 
variables k allows one to carry out the solution 
more rigorously; in particular, this makes it pos- 
sible to take into account the large numerical value 
of M (~10'°). In those cases where it does not result 
in inconsistencies, the independent parameter k, 

Q, or n, should be considered to be of order of mag- 
nitude p° = l. 


2. ACOUSTICAL VIBRATIONS 
Let us consider « as an independent parameter 
and ? as a dependent one which is taken to be 


QO? = 03 + pO? + W303 +... ., (5) 


vs =vetuve tue... 
, ” (6) 
Ws = Ws + uWs + p?we-.... 


Substituting (5) and (6) in (4) and retaining only the 


terms ~p°, we have zero-approximation equations: 


— Qovz + L (vi — v2) + F (wi — w2) = 0, 


Awi + F (vi —v)— SE we 
x? (w0-s) s — Q2 we a 


+ 16x 


x? — QB 
The system (7) has the following obvious solution: 


Q=0, vi=v?, we=w=0. (8) 
It obviously has the nature of acoustic vibrations: 
in the zero approximation the frequency is zero, the 
dipole moment is absent, and the displacements of 
the two atoms of the cell are identical. 

After investigating the terms of order p in (4) we 
find the first approximation equations, from which 
we obtain 


OF = 0, (9) 
font AD eNO Caneel 
Vi — V2 = 574 apy (Sx Vi), 
(10) 
SDS aan Caan Ge FD ae ae) : 
Wa = Wi = gap ops (8 x Vi): 


The second-approximation equations result in 


20 _ D -f ’ , ,. G , ’ 
205V, — Ix = (Sx Vi — Ve) — ix 5 (SX Wi — Wa) 


— 2x29 (VI; 0) = 0, (11) 


PROPERTIES OF DIAMOND-TYPE CRYSTALS 


which after inserting (1) gives an equation for the 
firection of v?: 


AD? +. 2LC? — 4FCD y 
x 


2,,0 
Qsv, + SAL DF?) x2 (s 


— xp (vi; 0) = 0. (12) 
Having set the determinant of this system equal to 
zero, we have a cubic equation for Q} and, accord- 
ingly, three branches of acoustic vibrations. If we 
introduce the symbols 


(AD? -- 2LC2 — 4FCD) e? 
4(AL — 2F%) a 


ae, Le? ‘\\ De? 
~ 4d? ~~ pee 


by ———d 
(13) 
by bz 
and make some simple transformations, the first of 
the three scalar equations (12) takes the form 


vo [— pv? + 63s? + (6, — 6) (s% + s?)] 


(14) 
Os — b,) SxSy + 09, (3 — 6) Sx8z = 0, 


in which p is the density and v is the velocity of 
sound in the crystal. Comparing (14) with the analo- 
gous equation of the theory of elasticity 


ie bh Oy St Ces (So 7 52) 
uy, (— po" + Cy + Cu, (Sy (15) 


+ Uy (Cyo + Cg) SxSy + Uz (Cyo + Cg) SxS2=0' 
(ce, is the modulus of elasticity), we have 


b=Cy— ly OH, O35 = Cu +e. (16) 
These three relations can be used for determining 
the parameters of the theory. 

According to (8) and (10) the dipole moment of 
the cell is equal to zero in the first approximation 
(it is possible to show that w” 4 0). However, a cal- 


culation of the dipole moments is essential for in- 
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vestigation of the acoustic vibrations. According 
to (13), the parameters F, C, and A, which appear 
on account of the dipole moments, enter into (14). 


3. OPTICAL VIBRATIONS 


We now take n as the independent parameter, and 
Q as the dependent one: 

Q = Oo + wQy -+ w?7QO,4.... (17) 

Substituting (6) and (17) in (4), we obtain for the 


zero approximation: 


— ov + L (vi — va) + F (wi — we) = 0, 


16 , 
Awi + F (vi — v2) —-3- W° (18) 


n?s (w°, s) — wo 
n? — 


+ 16x = 


[It is apparent that (18) is the same as (7)]. Let us 
examine the solution for the case when 


oe Or) 


n? # n2 = (A + 64n/3) /(A — 32z/3). 


The solution takes the following form: 


O2 = (2LA — 4F2)/A = 0? 


0 0 
limy Vo = — Vj, 


—w) = w) = — (2F / A) v9, (19) 


i.e., it has the nature of optical vibrations: the 
limiting frequency differs from zero and the dis- 
placements of the two atoms of the cell are oppo- 
site in the zero approximation. 

From the condition for solvability of the first- 
approximation equations, it is possible to ascertain 
that Q, = 0. Using this, from the first-approximation 
equations we obtain 


V; + v2 = N53(D — 2FC/A) i (svi), 


, — OF 


n(n? — 1) (C - 4 


Ane, 


0 n 


3272 (n? == n 


Examining the condition of solvability of the 


.second-approximation equations and using (20), it 


20, Qov; — (Di2 — FC/A)? n(s x (8 x V1) + 1/4 Qhin(C — 4FS/A) iw’ 
$n?Qh [p (vis Wi) — F (vis we; wi)] = 9, 


n2 
a(n 


° 


2 1) ((s + v®), s)s—(n?—1)(st v9) }. (20) 


is easy to obtain an equation for the direction of 


bes 
v;: 


(21) 
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in which w, w®, and w? are substituted from (20) 
and (19). This equation gives, as is apparent, three 
modes of optical vibrations with one and the same 
limiting frequency {),. Therefore, there is only 
one line in the first-order Raman spectrum. Optical 
vibrations with limiting frequency Q),,, are active 
in the Raman effect since the polarizability of the 
crystal in opposite senses is dissimilar. This 
theoretical result was reported long ago and con- 
firmed experimentally © 

From (20) it follows that our solution cannot be 
used to find the values of n close to no. For 
In — no| ~ p, the terms of first order become com- 
parable with the terms of zero order and the series 
for solutions do not converge. Thus n =n, is a 
singular point of this solution. 


4. RADIATION VIBRATIONS 


We now make () as the independent parameter and 
n dependent: 
Nh=No+ pity +pwen, +. (22) 


When Q4Q), and ny #1, the zero-approximation 
equations yield the following solution: 


v3 =v; = 0, we = w?, 
(23) 
nt = (A + 64/3) / (A — 32/3), 
(wy -s) = 0. (23a) 


It describes the propagation of electromagnetic 
waves in the crystal, while the index of refraction 
n, corresponds with the longest wavelength. Let us 
call these‘vibrations radiation vibrations. They 
differ from the usual optical vibrations for which, 
according to (19), w° =0, ve #0. 

The conditions of solvability of the first-approxi- 
mation equations give n,,= 0. Taking this into 
account, we obtain from the first-approximation 
equation 


Me Pan nO AC 1 hS) an pate ; 
—V,= Vv, = ———_ I (sx w,), (ws) =0, 
terme cr OO 

, , f ij 2 re, 
Wwe nel 2) 2S SEL tw); (24) 


2 
A (Q lim | 02°) 


Eq. (24) indicates that the solution under consider- 
ation is not applicable for | —Q),| ~ p. 

The condition of solvability of the second-approx- 
imation equations, taking (24) into account, gives 
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S? 
i= nw? + qQ? [f (0; wes wo) + 4 (ss e wo))| 


4Q ~; Q? =; (s + (s ‘ wo) xs=0, (25) 


lim 


q = no (n? — 1)3/642,  Q= 4 (C/2—2FS/A). 


(25) and (23a) represent a system of equations for 
n, and the direction of w;. It is clear that only 
three of these equations aré linearly independent. 
The corresponding characteristic equation is: 


fe — nl 2N ee [Sets s*)}} 
+ Q4{N? + NH [1 — (st + st + s9)] 
+ 3H*s3 st s3} = 0, 


N = q (el) + ef) + S¥/A) + Q /(Q2 — 0%), 
H = gifetn te) 525274) sO Olas 


(26) 


It gives two modes of the radiation vibrations. Thus 
double refraction must take place, reaching a maxi- 
mum in the vicinity of Q).. 

At the point Q =), we have n, = to, and the 
v, are similarly infinitely large. This indicates ab- 
sorption of light in the vicinity of this point. The 
latter absorption represents an effect of first-order 
in p ~ d/A (and not zero order as occurs in ionic 
crystals), since v? = 0 and only the v. increase 
without limit. Therefore, the absorption must be 
considerably weaker than in ionic crystals; this is 
confirmed experimentally®, 


5. ~-REGION OF SINGULAR POINT 

The remarks made in connection with (20) and 
(24) indicate that the p-region of the point Q = Quin? 
n = No, (which we shall call the singular point) re- 
quires special investigation since the solutions 
obtained (the optical as well as the radiation vibra- 
tions) do not hold in this region. In order to inves- 
tigate this region, we assume 


x= %fyry, = A Qim, 


27) 
OF = Oe pO + wary... 


and we consider, as an independent parameter of 
order unity. Substituting (27) and (6) in (4), we ob- 
tain to a zero approximation 
— Oty +L (vt— v9) + F (we — wh) = 0, 
Awt -+ F (vi — vg) — 16xw9/3 (28) 
+ 16: [x3s (w®, s) — Q?w) / (od — OF.) = 0. 


PROPERTIES OF DIAMOND-TYPE CRYSTALS 


The most general solution of this system is 


0 0 
Soe hos — Vis 


It represents a superposition of optical and radia- 
tion vibrations, which is not surprising, for in the 
zero approximation the singular point is a point of 
intersection of the optical and radiation modes. 
The conditions of solvability of the first approxi- 
mation equation lead to the following results: 


Qivi + Qi (s x w°) =0, 

[*/2 (mGQQ} — Qxyx,) w° + IR, (s x vi)] x s = 0, 
Qi = 4% (C — 4FS/A), 

Ry = x) (4FS/A—C) (x6 — 4,,) | (A — 325/38). 


(30) 


(30a) 


The system of equations (30), (30a), and (29a) de- 
termines the directions of the vectors v{ and w’, 
giving a solution in the vicinity of the singular 
point. In this system there are six linearly inde- 
pendent equations, since in (30a) one of the three 
scalar equations is a consequence of the other two. 
Setting the determinant equal to zero, we obtain an 
equation of fifth degree in {{. Thus in the vicinity 
of the singular point we get five modes, which cor- 
respond to three optical and two radiation modes 
far from the singular point. 

We give the name “singular” to the direction of 
s, parallel to the diagonals of the faces of a lattice 
cube. It can be shown that for non-singular direc- 
tions of s, there are one optical and four mixed 
modes (Fig. 1), but the singular directions of s 
correspond to two optical, one radiation, and two 
modes (Fig. 2); the vector w° of the radiation mode 
lies in the plane of the same face of the cube as 
does s, 


2 | Moly 


x cd 


FIG. 1. Vibration spectra for non-singular directions 
of s. %o and {4;,, are the coordinates of the singular 
point. 


wy = w/2— (2F/A) vi, w = w/2 + (2F/A) v?, 
(wes s) == 0. 
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(29) 
(29a) 


Let us note that system (4) allows one more solu- 
tion, for which 0? = x?, (n = 1), w® || s. We shall not 
examine this solution. Although this method was 
already pointed out by Born for ionic crystals, 
doubt arises concerning the applicability in this 
case of the Ewald method? for finding Et (the 
Fourier expansion will contain an infinitely large 
zero term). This problem requires a separate in- 
vestigation. 


x x 
f) 
FIG. 2. Optical and radiation modes for singular di- 
rections of s. 


6. INVESTIGATION OF THE GENERAL 
EQUATIONS OF MOTION 
We shall show here that the limitations used in 

Ref. 1 in the derivation of the expression for U do 
not disturb the generality of the qualitative results 
already derived. With this goal, we investigate the 
most general equations for long-wave harmonic 
oscillations. Substituting (2) in (1), assuming U to 
be an arbitrary quadratic form in uy and P<, sepa- 
rating explicitly the amplitude of the internal field 
E,, and expanding in powers of k, we obtain 


mo 88, + >) 


Se 
+>) 


(ayitas: Te! kyke’ + Esybig = 0, (31) 
yz! 


(0)ii’ss’ qri's’ )ii’ss’ mri’s’ 
Ge Te ty Ag alee 
y’ 


Xie es 2-(32) 


We require that the following obvious conditions 
be fulfilled: I) The system of equations (31) must 
be self-conjugate. II) The forces contained in (31) 
must vanish upon translation of the lattice as a 
whole. III) The coefficients A and A‘) must be 
real, and A“) pure imaginary, which follows from 
the expansion in powers of k. IV) The system (31) 
must be invariant relative to symmetry transforma- 
tions of the crystal. The symmetry elements of a 
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crystal of the diamond type are determined from the 
conditions that (a) the center of the segment be- 
tween two neighboring atoms is the center of sym- 
metry and (b) the diamond lattice belongs to the 
point group 7%. 

The above conditions lead to a series of rela- 
tionships between the coefficients A®, from which 
it is possible to determine the independent ADs, 
these turn out to number twenty-six, namely four 


AOs: 


5 (0)1211 € 
Ant = ay, Aly" = as, 
(33) 
(0)2211 if (0)2212 u 
Caley = Q3, ie We = Ay? 
four AYs: 
ae 2212 py” 
yy aegis, 
(34) 
(1)1232 rat bei 1)1211 spe 
Axyz — [on Ane = ib, 
and eighteen As: 
Ri es AAN, A AUU, SUNS 
(35) 
ie at 1? 1s SS STA) 


Introducing, as in Sec. 1, dimensionless quanti- 
ties and calculating by means of the independent 
parameter x, we obtain in the zero approximation 
relative to p 


= OV ay (va Vi) a, (Ws — Wy) = 0, 


16 36 
as (ve = vi) oe asw} = QW == “5 w? (36) 
+ 16x sae Uae _ 
x2 — 0? 


Equations (7) result from (36) if we assume 


a,=—L, a, =— F, a, = —A, n=O. (37) 


Thus the generality of (7) would be invalidated only 
if a, were to vanish. However, examining the solu- 
tion of the zero-approximation equations, it is easy 
to establish that the coefficient of w°, which equals 
— 1677/3, does not affect the qualitative character 
of the solutions, and bears only on their quantita- 
tive character. Hence follows the qualitative simi- 
larity of (7) and (36), i.e., the generality of all the 
qualitative results of the zero-order approximation 
considered above. 

The first-approximation equations give signifi- 
cant results only in the vicinity of the singular 


point. Therefore, we examine only that region. 
Everything concerning these conclusions results 
from the conditions of solvability of the first- 
approximation equations, which after some calcula- 
tions yield 


2 Aobs 
Ay — 4 


9 O2yo ai (6s a be 


A 4 a2 
{i la —a% 


ag + ay 4 3227/3 


2 2 
Oma Oi 


\ rot 
mews) BW, 
)(s 0 


— 2 (bs +64) |iskvi) (38) 


. 
+ (2p, — nian) wi} xs = 0. 
Comparing (38) with (30) and (30a), we see that 
these systems of equations differ only in their con- 
stants. Therefore, all the qualitative results of 
Sec. 5 should be correct in the general case. 
Second-approximation equations are essential 
only for obtaining quantitative results: calculation 
of the corrections to the frequencies and determina- 
tion of the directions of ve and w. Therefore, 
examination of their general form is not of interest. 


CONCLUSIONS 

1. The spectrum of vibrations consists of eight 
modes (far from the singular point —three acoustic, 
three optical, and two radiation modes). In the vi- 
cinity of the singular point, the transistions occur 
from the optical modes to the radiation modes 
and vice versa. For the non-singular directions of 
s, both of the radiation and two (of the three) opti- 
cal modes experience discontinuity and mutual 
transition (Fig. 1). For the singular directions of s 
only one radiation and one optical mode experience 
discontinuity and transition (Fig.2). 

2. The theory explains qualitatively the absorp- 
tion of light at a frequency close to Q,. . Poly- 
chromism (the dependence of absorption on the di- 
rection of s and the polarization of the light waves) 
should be observed. A separate work will be de- 
voted to a more detailed and quantitative investiga- 
tion of the absorption. 

3. Double refraction must take place, reaching a 
maximum in the vicinity of the singular point. A 
more detailed investigation, to which a separate 
work will be devoted, shows that the crystal pos- 
sesses seven optical axes with directions of type 


(111) and (100). 


4. The conduction electrons must interact with 


both acoustic and optical vibrations, owing to the 
polarization w which is associated with them. This 
question will be investigated in a separate work. 
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5.All the results enumerated above are independ- 
ent in their qualitative aspects of any special 
choice of the potential energy U. 

I take this opportunity to express my deep appre- 
ciation to K. B. Tolpygo who suggested and guided 
this work. 
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Band Structure of the Polaron Energy Spectrum 


M. SH. GITERMAN AND K. B. TOLPYGO 
Kiev State University 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 874-882 (April 1957) 


Using the macroscopic treatment of the polaron as the zeroth approximation, the periodic 
potential of a crystal and the periodic variation of its polarizability with variations in the 
position of the polaron center of gravity are calculated in the first approximation. We deter- 
mine the dependence of the energy of a crystal with a polaron on the position of the pola- 
ron’s center of gravity, and it is found possible to treat polaron motion as the motion of a 
particle with the polaron mass M in a field with a periodic potential. We determine the 
widths and spacings of the lowest forbidden and allowed energy bands. A numerical calcu- 


lation is performed for NaCl, KCl, KBr, and KI. 


1. STATUS OF THE PROBLEM 


gen SUCCESSES in the theory of the electric 
¥ conductivity of ionic crystals were attained as 
a result of Pekar’s polaron theory!’ ? in which the 
interaction between electrons and polar vibrations 
of the crystal are introduced into the fundamental 
Hamiltonian of the problem. The periodic potential 
of the crystal is eliminated with the aid of the ef- 
fective-mass method? (EMM). It is found that elec- 
tron motion is composed of vibration within a polar- 


ization well and wave-like translation of the elec- 
tron together with the polarization well through the 
_erystal4. For a fixed crystal polarization the elec- 
"tron energy spectrum is found to be discrete. At the 
same time, the problem of electron and ion motion 
possesses translational degeneracy”, so that the 
energy spectrum of the whole crystal is found to be 


continuous: 


E =J (y+ (WK? /2M) —4/,ho + E ion 1) 


where K and M are the wave vector and effective 
mass of the polaron®, J[Jis the energy of the crys- 
tal with a stationary polaron, and is the limiting 
longitudinal optical crystal vibrations. 

The translational degeneracy of the problem of 
polaron motion led several authors®’” to assert that 
the electron energy spectrum should have a band- 
like structure, and that therefore polaron theory is 
essentially band theory in which the interaction be- 
tween the electron and the crystal polarizations has 
been accounted for. This leads only to a formal 
change of the specific parameters of the current car- 
riers, and according to Tiablikov’ is of no great con- 
sequence, since these parameters are usually ob- 
tained experimentally anyway. As was asserted by 
Tiablikov®, Eq. (1) gives the energy only in the 
neighborhood of the lower edge of the first polaron 
band. 

In other works?7!!, Tiablikov suggested a method 
for calculating the electron energy spectrum by ac- 
counting for interactions with the phonon field sim- 
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ilarly as is done in quantum electrodynamics. Ac- 
cording to his calculations, this spectrum consists 
of relatively narrow (10? ev) bands separated by 
relatively wide forbidden gaps. 

These calculations, however, cannot be consid- 
ered reliable, since the formulae of the last article at 
are not carried to final form, and the first two arti- 
cles” 1° contain several defects: 1) in spite of the 
fact that he is treating a polaron of small radius 
the author makes use of the macroscopic formula 
for the interaction only with longitudinal optical 
vibrations of the lattice, and neglects frequency 
dispersion; 2) Tiablikov’s® Eq. (13'), which de- 
scribes electron vibrations and involves the poten- 
tial Vo(r) of a single ion rather than the periodic 
potential, gives an electron-state radius less than 
the dimensions of the ion, and a level lying at a 
depth of the order of the ionization potential of the 
hydrogen atom; in this one may not ignore the ortho- 
gonality of this wave function to the internal elec- 
tron functions of the ion; 3) according to Tiablikov®, 
electron motion reduces to skipping from atom to 
atom, and the crystal polarization occurs each time 
after the electron “jumps.” Thus the polarization 
potential is actually periodic and the total polariza- 
tion is non-inertial, so that the author is in fact sim- 
ply considering a band electron with a different ef- 
fective mass. Thus the conclusion on the existence 
of polaron bands is contained in the original as- 
sumptions of Tiablikov’s work, and according to the 
above, the numerical calculations may give results 
which differ significantly from actual values. 

Furthermore, it is impossible to agree with Vol’- 
kenshtein and Tiablikov when they state that Pekar 
obtained a continuous polaron spectrum as a result 
of an inconsistent treatment of translational degen- 
eracy [the wave function of the polaron is not of the 


form e’Xtu:(r)] and the application of the EMM. 

As has been shown by Pekar’, the Hamiltonian of 
an electron in an inertially polarizable crystal is 
invariant with respect to simultaneous translation of 
the electron and polarization of the crystal along an 
arbitrary vector €. The wave function of the pola 
ron is not an eigenfunction of the translation opera- 
tor, but is a linear combination of such eigenfunc- 
tions belonging to the same energy level. It is 
therefore an eigenfunction of the energy operator. 
By a special choice of variables one may easily 
obtain an eigenfunction of the translation operator 
which has the same characteristics as Pekar’s func- 
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tion. In this case, however, the mass and mobility 

of the polaron will be exactly the same as that giv- 
en by Pekar. Elsewhere” Pekar has shown by sev- 
eral examples that the fact of translational symme- 

try alone does not lead to a band spectrum. 

As for the use of the EMM, it is well known that 
its accuracy increases when r, > a, where rp is the 
polarization radius of the polaron, and a is the sep- 
aration between closest ions. As has been shown 
by one of the present authors’*, when rp is of the 
order of several times a, the error in the EMM is in- 
significant, so that in dealing with a polaron of 
energy spectrum is by no meaus only of academic 
interest, and it is far from sufficient to answer it 
affirmatively “in principle” and leave the determin- 
ation of the specific current carrier parameters to 
the experimentalists. For certain definite relations 
between the forbidden and allowed bandwidths and 
the magnitude of kT, qualitatively new effects may 
take place. If a suitable quantitative theory were 
to predict such relations, it could provide direction 
also for experimental work. 

The present work, to our knowledge, is the first 
attempt to perform a quantitative calculation of the 
lowest polaron bands. 


2, METHOD OF APPROXIMATION 


In view of the great complexity of the general 
problem, we consider relatively slow motion of the 
polaron, when we can neglect energy transfer to the 
crystal!4, In addition, we assume that the polaron 
radius is large enough (rp > a) for the results of 
Pekar’s macroscopic théory” to be treated as the 
zeroth approximation. The consideration of even a 
stationary polaron of small radius is an independent 
and quite difficult problem. 

The reason that the polaron spectrum is continu- 
ous in Pekar’s theory lies in the fact that the energy 
J[] of the crystal with an electron is independent 
of the coordinate € of the polaron center of gravity. 
As a result, the equation for the translational motion 
of the polaron” 


— (hk? /2M) VE¥ + J [b] ¥ = EV (2) 


has plane-wave solutions w = e KS with energy given 
by Eq. (1). 
Strictly speaking, the functional J[w] which deter- 


mines the electron energy in the first stage of the 
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adiabatic approximation for the equilibrium posi- 
tions of the ions should depend on the coordinate € 
of the polaron center of gravity: J[w] = J(). 

The quantity /(€) has the periodicity of the lat- 
tice, and therefore Eq. (2) has solutions in the form 
of the Bloch function 


b= elKe y (6); E= E(K). (3) 


Our problem reduces to finding an explicit expres- 


sion for J(€) and integration of Eq. (2). This ex- 
pression depends on the discrete crystal structure, 
which must therefore be borne in mind. In calcula- 
ting the energy in the first approximation, we may 
use the wave function of the zeroth approximation 
which is obtained with the aid of the EEM, in which 
the crystal is treated as a continuum. 

Let the Schroedinger equation for the polaron 


[— (4° /2m)A+V,(r) 
+ W (r)] 9 (r) = Ev(r) 


have the zeroth approximation solution 


b = day va (tr) = Dae (r), (5) 
K K 


(4) 


where Wx(r) are Bloch functions, ag are the Fourier 
coefficients of the function f(r) which satisfies the 
equation 
[— (h? /2p) A+ W]o= Eg, 
= Vials » Gene 
K 


(6) 
(7) 


u is the effective mass of the electron in the con- 
duction band®, V is the volume of the fundamental 
region of the crystal, and W(r) is. the polarization 
potential calculated in the macroscopic theory! us- 
ing the “smoothed out” functions (r) of Eq. (7): 


WW )=—e\ TRO (8) 
le {r’) Pde’ 
ote asc ae 


In the first approximation we obtain the energy 
by multiplying Eq. (4) by ¥*(r) and integrating over 


V, * * 
| E= )) axax \ ve — 
KK 
+W \dnde= >) |a,|* £(K) 
z K 


+ >) aay \ Vio Wo,de, 


K,K’ 


h2 
sma tVe 


(9) 
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where E(K) is the energy of a band electron in the 
State Wy. 

Let @%r) be the smoothed out function for a pola- 
ron at rest at the origin, and a& be its expansion 
coefficients. Then the solution of Eq. (6) for a po- 
laron whose center is at € will be, taking account 


of Eq. (8), 


a>. ans. 


o(t) = 9 (f 8) id, (10) 

The first term of Eq. (9) is independent of &, and 
the €-dependence of the second term is lost in the 
macroscopic theory (without any significant error in 
the absolute magnitude of the energy}?)15. since 
when calculating the integral 


'K? 


V9, Wa | ee mW ite yg dt 

the rapidly oscillating factor u%,uy was taken out- 
side the integral sign and its average value, about 
equal to unity, was used, and W was replaced by W 
of Eq. (8). 

We shall calculate E from Eq. (9) using the de- 
tailed polaron function wWx(r) given by Eq. (5) in- 
stead of the smoothed out function, and shall ac- 
count for the discrete structure of the crystal in 
finding the mean polarization energy W. To do this 
one must specify the form of the Block functions 
Yx(r). For reasons given elsewhere!’, we shall 
make use of the approximation of strongly bound 
electrons and assume that for energies that are not 
very large the electron moves only on positive ions 
of the lattice: 


Oy (t) = N—h >) ba (r — rj) exp (iKr!), (1) 
l 


where W, is the atomic function of a valence elec- 
tron on the positive site r/, / is the number of the 
cell, and N is the number of cells in the fundamen- 
tal region. 

We shall write at = pi + Be for the inertial dipole 
arising at site r! under the action of the poleen 
field, and due both to the displacement Pp of the 
ions, and to the deformation Be of these cone 17, 


shall be used to denote the induction at the site 
r! due to the polaron. Then the mean potential en- 
ergy of the electron is 
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=— pa mD (rt) =—N Di mxDs, (12) 
S,x% 
where 7,,, and D,,, are the Fourier expansion coef- 


ficients of mH and D(r'), 


m= pa Tsx exp (izr;), D (rs) = = ps D., exp (ixrs). 
(13) 


Detailed analysis of the natural vibration spectra 
of binary crystals® ” shows that all natural vibra- 
tions have some dipole moment, but that for a large- 
radius polaron, interacting primarily with the longi- 
tudinal optical mode, the fundamental contributions 
to m,,, come from this mode. As has been shown 
elsewhere!’, in the zeroth approximation (long 
waves) each normal vibration of this mode has a 


dipole moment given by 
ml) = (x /|*|) (1 [Bs + Cs / 4) 


(see Tolpygo’s’” Equation (21) and Table II, where 
the values of the parameters pi,c, and a, are given). 
The magnitude of the dipole moment 7,,, due to the 
field D,,, can be found by considering the equa- 
tions for the normal coordinate a, introduced by 


=) 


the equation 7, bee 


Gee ae Op — (e5 / 2) On, (14) 


where e, is the charge of the s-th ion, and yp is the 
ee. mass of a pair of ions. 
The generalized force 4+ 8 Qi, is pa Demo, 


Thus, in a quasi-stationary external field 


Tsy = (xe / ix) Pa YD Doi a 
eee 


(15) 


According to Eq. (12) the mean potential energy, 
of the electron will be 


JM = JG) = lag E(K) — 


yaaa 
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e2 
es 


1 
W =—wN Ss D,_.x9) y) 4D Dsx, (16) 
SK eae ms Ss’ 


and the potential energy of the deformed crystal ’® 
will be 


N 
U9 = > Dg ax nx, 
x Ss (17) 
Qi 2 


2 
N es Oi y 
= 5 > a 2 3 Ox, = — 


x 1x Orn 


Ai —= 
ae 


In agreement with the long-wave appre oy 
we shall neglect dispersion and set” ),,=@. Then 
from Eq. (9), (16), and (17) the energy of a crystal 


with a polaron is 


nn Reena 
- N 
a iba ag yee 


xSs! 

3. THE DEP_.JDENCE OF THE ENERGY OF 
A CRYSTAL WITH A POLARON ON THE 
POSITION OF THE CENTER OF GRAVITY 
OF THE POLARON 


(18) 
non wie pyues Dae 


In order to find the components D,,, of the induc- 
tion, let us find the mean potential v(r) of the 
w-shell from the equation 

Av = —4ne[4/ 
with the & given by Eq. (5) and (11). Expanding 


the atomic functions W, in a Fourier series 


(19) 


Va (r) = >: pees: 


we solve Eq. (19), after which we calculate 

D(r) = -Vo(r) and find its Fourier coefficients. When 
these calculations are performed, we obtain the fol- 
lowing expression for JL] of Eq. (18). 

8r2e2N3e2 uaa OH Lh) 
Ss! 


* 


Ke Ki K=%=)-Fp'—p*-pm TK btop/ tp" VK +a Kp hk txt ate! 


a x Oe ep epee the x 


5 (p” +) (p” + p+q—p’—q’ 


(20) 


m-+ x) 
[po Ee” ep dip iq maps 


exp {i (q’ —q+p—p’)r,— ip’ry 


+ i(p” + q+ p—p’ — q’—m)r, + im}, 


‘ h . . 
where q, q', p, p', p’, and m are reciprocal lattice 


vectors, and the summation is taken over all indices. 


Eq. (20) can be simplified: a) the EMM assumes 


that the ax decrease rapidly with increasing K and 
only terms with |K| < 1/a are significant in Eq. (5), 
and b) the coefficients yx +qdecrease rapidly 
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with increasing q (in the examples below the de- 
creases are as 1/q* and 1/q° and terms with q =0 
are the important ones. Therefore the main contri- 
bution to the sum in Eq. (20) is given by terms in 
which the indices of ag and x +q are simultane- 
ously small, that isthose terms for which 

q=p=p =q'=0. Of these, the largest will be 
those in which the product of the a coefficients is 
not too small. Since the main contribution comes 
from terms with small K, K ‘ and the vector x is re- 
stricted by the limits of the first cell of the recipro- 
cal lattice so that | «|< 1/2|p”|, this product will 
be largest when p “= 0 or p“=m. IfK is replaced 
by K‘and x by - these two terms transform into 
each other. The next largest terms will be those in 
which one of the indices of the Wx differs from the 
index of ag by the smallest vector of the reciprocal 
lattice (Wg decreases with K less rapidly than does 
ax). This gives eight types of terms, and these can 
be transformed to four types by replacing K by K ‘, 
% by—x, p by q, and p’ by q': 


1) q+ 0, p’=0; 2) q0, p” =m; 
3) a 0, Pp; ==9; 4) g.s-0, p’ =m 


(other q and p vectors are equal to 0.) 
Further calculations have been performed for a 
lattice of the NaCl type, where 


r,=0, r, =a(itj+k); 
Qmin = (e/a) (Li+jtk); 


. 2 2 
the sum over s, s’ gives the factor ni — my , 


in the principal term, the factor (x!) + 292)? in 
terms 1) and 3), and the factor (xi? my)? in 
terms 2) and 4). 


4. POLARON BAND WIDTHS FOR 
SPECIFIC CRYSTALS 


Let us take the smoothed out function £(r) to be 
of the form 


J[¥] =Jo-+ Dd) Jmexp (im&) = J, — 


x (exp — sis {+ Ki + KE + [Kit Koi |Ki— Ko? f | (xu — men] 


K> —m?/4 


(KE m?/4)® — (Kom)? 
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1 Vo=mia 
+2) ere [ (aw e ) 
gq m/4 


ef 


(21) 


and consider NaCl, KCl, KBr, KI crystals, for which 
the parameters of polaron theory are known. The 3s 
atomic functions of Na and the 4s functions of K 
have been approximated from the data of Fock and 


Petrashen’ and Hartree™ by one of the authors ® 
and by Dykman”!: 


a re 0,727 
Naeoa= Wes (1 —r/ay) exp (— 0,712 r / ap); 
Ta}, 
| 0,727 V deaf, 2,31—3,42 Kah, 
oe V (0,504 + K2a J2? 
(22) 
Ky ce VS (1,62—r/a,) exp (—0,569 r / ap); 
TQ), 


0,944 V 4na? 4,922 K 2a? — 0,674 
i) aS SO TT __ - rm 
K V [0,324 + Ka%, 2 


We may go over, in Eq. (20), from the sum over K, 
K‘, x to an integral which can be calculated approx- 
imately by finding the maximum of the product of 
the fouray coefficients and setting the indices K 
in the more smoothly varying factors Wx equal to 
their values at the maximum (for large-radius pola- 
rons this maximum is sufficiently sharp): 

K = ~(m/4) + K]; K =~-(m/4) + K,; 

x = +[(m/2) -K,], and cos (mK) > 0, since 

ln | < |m/2 . In the principal term and in 2) and 4) 
we must take the minus sign, and in 1) and 3), the 
plus sign for *- Replacing q‘ by —q and accounting 
for the dependence of Wx only on |K | [see Eq. (22), 
terms 1) and 3) are joined into a single term, as are 
terms 2) and 4). As aresult, we get the &-depend- 
ence of J[y] in Eq. (20) in the form 


2e?N8V ai 


oO; Te4a6 


>)| Oma [4 exp (im) 


(23) 


2 g= (m/2) — Ko] [(m/2) — Ko] 
[q — (m/2)—K,]? [(m/2)— Ko]? 


a (x) Paes) x(t) y : — (m/2) + Ko] [(m/2) + al dK, dK, dK; o re ae ese, 


—(m/2)+ Ko]? [(m/2)+- Ko]? 
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The integration over dK, anddK,, as well as that 
over the angles of the vector K, is now performed 
directly. The terms with 7)" -++ 7" in the sum 
over q may be joined by pairs and the integration 
over K, can be taken over all space. The integral 
over IK, | in the principal term and in the next lar- 
gest ones with q =m has been calculated by Simp- 
son’s method. Finally, in the terms with q # m the 


AND K.4B.. 4c OLPYCGO 


quantity K, is neglected compared with m/2 and 
q — m/2, as a result of which the results obtained 
by calculation are somewhat too large for these 


terms. 


: 1) (1) 2 
The magnitudes of a, a, me xs, and Q)', are 


taken from previous works 2, 16,17, The results of 
the calculation are shown in Table 1. As can be 


TABLE I 
; a ; 2 J. 404eV | 7”. 10%ev | J” .10%eV] Sm: 104, eV 
Crystal | @ - 10 ee at | p’ =o, m ‘=m ‘+m Total 
NaCl 0.359 | 2,82 | 5.320 —132.0 23.4 45.9 —62.7 
KCl On260 2.14 6 487 — 1.086 —0,370 0.444 | — 1.012 
KBr 0.205 3.30 6.335 — 0.5108 —0,0859 0.2102 | — 0.3865 
KJ 0.196 3,03 6,186 — 0.7876 —0 0529 0.4139 | — 0.4266 
‘PABL ESI 
bt es eet ee eee 
(1) (1) J .40,ev | J’ 40% ev | J 108, eV | Jm-104, eV 
Crystal Thy | Toy. pao, me ae ~ ce se Total 
NaCl 0,592 —0.124 —185.7 —13.3 3907 —159.3 
KCl 0.420 0,092 — 0,9612 — 0.3782 0.0676 — 1.272 
KBr 0,628 —0,161 — 0.5741 — 0.1618 0.0468 — 0,6891 
KJ 0.732 —0.305 | — 1,186 — 0.395 0.152 — 1.429 


seen by comparison of the last three columns, the 
convergence of the series in q, q‘is found to be 
quite slow, so that the results are quite rough. This 
is related to the rapid oscillation of the Na and K 
atomic functions near zero, and the insufficiently 
rapid decrease of the wg. At the same time the 
number of terms increases rapidly as q #0 and 
q'#0. 

For amore reliable calculation of J,,, we calcu- 
lated it according to Eq. (23) with the aid of smooth- 
er cation functions, as proposed by Slater™, name- 
ly¥, (r)~ re", where n = 2 and 2.7, 

a, = 0.733/ag and 0.55/ag for Na and K, respec- 
tively. (For convenience, the number 2.7 was 
rounded out to 3.) Then 


Bra 16a*a} ata} — K7a? 


Na: 


tk = 


5 V [a2a? + K 2a? \ 
b b 
(24) 
Ky = o/ Be Latah Sahat —1008K taf + Keal 
as tam Bier oh 


[2704 at K*a¥ }5 


The calculation was performed using the same Eq. 


(23), except with different values of ¥,/4 and 
Va—m/4: 

As can be seen from the result shown in Table 2, 
the correction terms here decrease somewhat more 
rapidly and therefore the value obtained for J, is 
more reliable. 

For KCl, KBr, and KI crystals, in which the po- 
laron radius is relatively large, the Fourier coeffi- 
cients J,, are small compared with the kinetic ener- 
gy f?K?/2M of the “free” polaron, and the solution 
of Eq. (2) may be obtained with the approximation 
of almost free electrons. Then the forbidden band 
width is 2|J,, |, whichis much less than both the 
minimum and maximum widths of the first allowed 
band, namely 3f?7?/2Ma? and 57*h?/2Ma?. Therefore 
the first allowed band should overlap the second. 
All higher bands overlap even more. One may thus 
conclude that for polarons whose quantum state ra- 
dius 1/a~ > 1.5a, the band structure of the energy 
spectrum is of no significance. The spectrum con- 
sists of close-lying and overlapping allowed bands 
with narrow (10°* ev) gaps. On the average the en- 
ergy is described approximately by Eq. (1). 
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In the NaCl crystal 1/0 ~ a, and the oscillations 
of J(€) are comparable with the mean kinetic ener- 
gy. The approximation of “almost free electrons” 
is not applicable to a solution of Eq. (2). One may 
expect measurable energy gaps between the lowest 
allowed bands. The energy gaps are even wider for 
small-radius polarons (LiF, BaO crystals, etc.). 
For them, however, as for NaCl, the present calcu- 
lation gives results which are too approximate, 
since the EMM is not a sufficiently good zeroth 
approximation. Here the question of the energy 
spectrum structure goes over into the problem of 
constructing a small-radius polaron theory. 
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The energy losses of a uniformly moving charged particle in a laminar dielectric are con- 
sidered. A general expression is obtained for the losses in the case in which the particle 
moves in an unbounded laminar medium or in a wave guide filled with a laminar dielectric. 
The polarization losses are studied in detail. An expression is derived for the spectral dis- 
tribution of the parametric Cerenkov radiation. The Cerenkov radiation in the case of thin 
layers is studied, It is shown that division of the dielectric into layers leads to an increase 
of the intensity of the Cerenkov radiation. The Cerenkov radiation in a thin-layered plasma 


is considered. 


AS IS WELL KNOWN, the Cerenkov and Doppler 
effects can be reduced to the ordinary resonance 
between the driving force caused by the uniform mo- 
tion of a charged particle or dipole through a homo- 
geneous medium and the characteristic vibrations 

of the electromagnetic field in the medium?. The 
condition for appearance of the Cerenkov effect is 
that the speed v of the motion of the particle must 
exceed the phase velocity of the propagation of 
waves in the given medium. 

In the case of uniform motion of a particle through 
a laminar (spatially periodic) medium one can ob- 
tain conditions in which forced parametric resonance 
can occur. Unlike the cases of ordinary Cerenkov 
or Doppler effects, the condition for resonance is 
here not the equality of the frequency of the driv- 
ing force and the characteristic frequency of the 
field, but the equality of the frequency of the driv- 
ing force and the frequency of vibration of the free 
electromagnetic oscillations in the laminar medium. 
It can therefore be expected that the conditions for 
Cerenkov radiation in the presence of forced para- 
metric resonance will be different from the condi- 
tions for the ordinary Cerenkov effect, and the para- 
metric Cerenkov effect will have a number of spe- 
cial features. 

As is well known, the use of parametric resonance 
for the generation of electromagnetic oscillations 
has been the subject of a great many papers. First 
to be considered in this connection are the papers 
of Mandel’shtam and Papaleksi and their collabo- 
rators®. It must be pointed out, however, that in 
these papers the wavelengths generated were large, 


on account of the large inertia of the variable para- 
meters determing the parametric resonance. In the 
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present case the system is almost without inertia. 
This makes it possible to use the phenomenon of 
parametric resonance for the generation and ampli- 
fication of very short electromagnetic waves. 


It can be expected that the parametric Cerenkov 
effect will occur also if the speed of the particle is 
less than the phase velocity of the wave in the 
medium. Indeed, as was pointed out by Vavilov’, it 
follows from the interference treatment of the Ceren- 
kov effect that on passage of a uniformly moving 
particle through a layer of dielectric radiation 
occurs even when the speed of the particle is less 
than the phase velocity of the wave in the dielec- 
tric. Here, however, it is necessary that the optical 
thickness of the layer of dielectric be less than z. 
The multiple repetition of this effect in parametric 
resonance must lead to its amplification. It can 
also be expected that the parametric Cerenkov ef- 
fect will occur in media with dielectric constant 
less than unity, and even in media in which the die- 
lectric constant can take negative values. A spe- 
cial study will therefore be made of the case of the 


parametric Cerenkov effect in a laminar electron 
plasma. 


When a uniformly moving particle passes through 
a medium a considerable part of the energy is ex- 
pended in polarization losses. It is important there- 
fore to study the peculiarities of polarization losses 
in laminar media. 

In considering the energy losses of a particle in a 
laminar medium we shall start with the system of 
Maxwell equations describing the interaction of a 
uniformly moving charged particle with electromag- 
netic waves propagated in the medium: 
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te reine 20 Sesh ot is ai, 
Oz CU TOL hoz Or 10 So-ig Shore 
1 a ee o oe ae 8 (r) 

Pr artee ae, C08 (Ch 2) Se 


where the operators € and i are defined by the rela- 
tions 


é(z)e jot pt 


Huo, ze, 
(2) 


and e is the charge and v the speed of the particle. 


iwt 


e(a, ze", u(zje 


We shall seek solutions for the components of the 

electromagnetic field in the form of Fourier integrals 
foo) 

RUF se et \ eff u(r, 2) do. 


—co 


(3) 


Then from Eq. (1), using Eq. (2), we get the follow- 
ing equation for the longitudinal component of the 
electric induction D, a= A@, 2)E, : 


: = (r Ae \ te oe 2) RepDz, « 
ikecu. is — ) ee 8 8 (r) 0 eae \ 
= —e ioz|v Eo fher s(= eg we (4) 


ae 


C 
In the case in which one has to consider the ener- 


gy losses of a charged particle moving along the axis 
of a wave guide filled with dielectric, the dependence 


of D, on r can be written in the form 


co 


Peat, 2) = >) 


n=1 


2 £ z 
Faitay e(e) Pan, 


where & is the radius of the waveguide and a is the 
nth zero of the Bessel function of order zero. Sub- 
Eq. (5) into Eq. (4) and using the orthgonality con- 
' tion of the Bessel functions, we obtain the following 


equation for D. oe =X (z): 
d (1 dX Bh tn 
Be iz) +(e ie mye 
: af! ih (6) 
eee ce 0 (= ei 
meer & aes etesas S } 


If the charged particle is moving in an unbounded 
_ laminar dielectric, perpendicular to the layers, it is 
natural to look for the dependence of D, on in the 
form 

Dz,o =\X (2) Jo (har) Ry dhs, 


0 


(7) 


where X =D 


z,@k 
a /R replaced by k,. This equation is valid for an 
arbitrary variation of ¢(z) and p(z), and is the basic 
equation of our problem. 

In the case in which e(z)and p(z) are periodic 
functions of the variable z, Eq. (6) is an equation 
with periodic coefficients, the right half of which is 
a known function of z. The general solution of the 
inhomogeneous equation (6) is 


X (2) = U, (z) [A — V2 (2)] + U2 (2) [B+ Vi (2)], 
(8) 


where A and 5 are constants of integration and 


is also determined by Eq. (6), with 


z 
Sali here a ORG! P 
Vite | ae OO ae | ee 
0 
r4 
4 k 4 dU. . 
Va (2) = a7 [SE U2 (2) — 5 2 |e toxiv a, 
0 
4 dU, (z 1 dU 
Was (2) — Be aye i 


U, (z) and U, (z) being linearly independent solutions 
of the corresponding homogeneous equations which 
satisfy the conditions 


Jy (2+ L) = 9,U, (2), Us (2 +L) = pas (2), 
i (9) 
L is the period of the structure of the laminar medi- 
um, and p, and p, are constants of absolute value 


unity. Using Eq. (9), one readily shows that 
Vi (2+ L) = Vi (L) + eV, (eee, 
Tatanpei dire ees 


Since the energy losses of a uniformly moving 
charged particle in a laminar medium must be a pe- 
riodic function of z with the same period as the 
structure, we find from Eq. (3) (wt = wz/v): 

Dy a, 2) =e re ee ee 

(11) 

This condition means that if the field at a certain 
point z where the charge is present at a given in- 
stant is E, then this value of the field will occur at 
the point z+Z only when the charge arrives at this 
point. In particular, condition (11) is satisfied if we 
assume that a similar relation holds for the field 


(10) 


eioz|u 


component X 


X9(2) == eX (2-1-0). (12) 


Condition (12) enables us to determine the arbi- 
trary constants A and B, and thus to find the field 


22 


produced by a uniformly moving charge in a laminar 
medium. 

The total energy loss of the Ciareed particle is 
found by the well known formula® 


—dGjdz = e\Es,0ry |avks desde, 3) 


where E =X/e(w) and X is the field of the charge in 


the medium, determined above. We calculate the loss 


U, (2) =U, (0) [us 2) — 


Us (2) = U2 (0) [us (2) — 


where 


u, (z) = cos p,z 


p2 = suk? — 
k,=«, /R for a laminar dielectric bounded by a wave- 
guide, and k,=k, for an unbounded laminar dielec- 
tric. The quantities p, and p, are found as the roots 
of the quadratic equation: 


o?—2Ap+1=0, A =cosp,acos p2b 
4 Gs 


P2k1 


(16) 


P2k1 
Pree 


5 )sin p.asin ppb. 
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in the case in which the medium is composed of al- 
ternate layers of two dielectrics. 

\ve assume that the dielectric constant and perme- 
ability of the layer of dielectric of thickness 
a(0<z<a) are e, and p,, and those of the layer of 
thickness b(a<z<L, where L = a+b) are e, and 
y,. Lhen the solutions of the homogeneous equa- 
tion corresponding to the inhomogeneous equation 
(6), which satisfy the conditions (9), have the form 


u, (L) — 1 
Uy (L) 
u, (L) — 
Us ae 


u»(2)|, 


(14) 
* Uy (2)| , = 


» U, (2Z) = (¢,/p,) Sin pz, p? = eu,k?— hk for OS 2 <a; 
Uy (Z) = COS Pya COS Pz (2 — a) — 


Us (2) = (e/p,) sin pa cos p, (2 — a) + (¢2/p2) cos pyasin p, (2 —a), 


(¢2P1/e1P2) Sin pa sin pz (z— a), (15) 


G2 


The relations (8) and (15) make it possible to de- 
termine the field E produced by a uniformly moving 
particle in the laminar medium under consideration 
and, according to Eq. (13), to determine the total 
energy loss of the particle. 

We note, however, that the greatest practical in- 
terest attaches to the energy loss averaged over the 
period of the structure, i. e., 


dG|dz = e\ Ex, omy |pnorhs dh do, 


L 
= { (17) 
Exot law = \ (se Sey i te 
0 
Using Eqs. (8) and (14), and also Eqs. (15) and (16), we find: 
E, ok = ike a (ti — 4 /e18*) b (U2 — 1 /e28?) 
NOL aie |) IE pr — w?2/v? /é pe — w2/y? \ 
teks Ww. re 
a PETOR CTE cos U) {Zi E Snipe ay es (cos Pale COS b) 
Pov .. : 
ee cole Dob (cos pa — cos < a)| — 27,2, [sin — a (cos Dob 
® : if 
— cos $-b) + sin 2 6 (cos pa — cos =a )] + (18) 


+ Z3 [as sin pa ( cos p2b — cos = b) + 


4 1 
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cos ) = COs p,a cos p,b — 
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The first two terms in (18) represent the fields 
produced by the uniformly moving charge in the first 


and second media respectively. The remaining terms 


describe interference effects that arise in the pass- 
age of the charged particle through the laminar me- 
dium. As can be seen from Eq. (18), these terms go 
to zero if a or b goes to zero. 

3efore proceeding to the study of the expression 
(18), we note that these formulas can also be ob- 
tained in another way. 

The laminar medium under consideration consists 


of alternate layers of two homogeneous and isotropic 


dielectrics. Therefore in each of these layers Eq. 


(6) is an equation with constant coefficients. To ob- 


tain the solutions in the entire medium, it is neces- 
sary to satisfy the proper boundary conditions at the 
surfaces separating the layers. 

We suppose that the parameters of the layer 
—a<z<vU are e, and p, and those of the layer 
O<z<b, are c, and z,. These layers are repeated, 


2ie 


forming an unbounded laminar dielectric with a 
period L =a+b. Then in the first region, ac- 
cording to Eq. (6), we have: 


7 


E», OR, 


math Aei?* is Be he a ike (uy — 1/e18?) en ioaly (19) 
TC p?— w?/v2 
and in the second region: 
Ee ORY 
— Ceih2 + De~'¥ + ike (Ue => 1/8?) e—iozlu 
i TC py — 2/0? 
From Eq. (1) we find the corresponding expres- 
q P g ©xp 
sions for the radial components of the field. 


(20) 


The arbitrary constants A, B, C, and D are deter- 
mined from the boundary conditions at the surfaces 
of the dielectrics and the conditions of periodicity 
for the fields. We present here only the expressions 
for the coefficients C and D, which are needed in 
what follows: 


C= en {[ip?«, sin pa — €, P,P» (COS p,a — elalr)) (e-imab — ¢-ioblo) e—ioLiv 
+ 21 pypoe—2/Z? (1 — 2 cos pya-eiealy 4 e2ivalv)y 
2ie P ; . . 
— 22 (lips? sin p,a — ¢,2,p, (cos pa — ei4l?)] (e—imb — e—iadiv) e—ioL|v 


a 1485p ,e—2iOLle (1 =e y cos p a 2 eiealy +- eueals) 


2ie 


D = eA {€,P1p2e—2#£l2 (1 = cos pya-eioalv + e2ivalv) 


(21) 
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2ie 
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Nz A100, Dx (CR aD COSW Ee al); 
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Z,, Z, and cos wW were determined previously. 
Carrying out the averaging of the field (19), (20) 
and making a number of simplifications, one can 
again obtain Eq. (18). 
In calculating the total losses according to Eq. 
(17), one must integrate Eq. (18) over all frequen- 
cies in the range (~o, 0). Since (18) is an odd 
function of w, the value of the integral is deter- 
| mined only by the residues of the integrand at the 
| singularities located on the real axis. The path of 
i integration consists therefore of the real axis and 
| suitable detours around the singularities located on 
it. 


By direct calculations one can convince oneself 
| that all the singularities of (18) are simple poles. 
They are given by the equations 


b) & (a) = 9, 


c) cos(wL/v)—cosb=0, d) p?—o?*/v? ==) 


e) p2—a/y? = 0, (22) 
The energy losses of the charged particle that 
are associated with the zeroes of the dielectric 
constants €, or &, are polarization losses. 
The roots of Eq. (22, c) give the radiation of the 
particle in the medium. In fect, the frequencies de- 
termined by these poles satisfy the relation 


coswL /v = COS pya COs p2b 
(23) 


1 (pres beet) : ‘ 
et Soe sin p,a sin pob 
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and correspond to waves propagated in the medium 
in question, since Eq. (23) is the dispersion equa- 
tion of the laminar dielectric. 

Radiation at a frequency satisfying Eq. (22, c) 
but not satisfying Eqs. (22, d or e), does not occur 
in a homogeneous dielectric with dielectric con- 
stants 6, ore,, and is a special Cerenkov effect due 
to parametric resonance. It can therefore be called 
Cerenkov radiation. 

The connection between this radiation and the 
Cerenkov effect appears particularly clearly in the 
case of thin and closely spaced dielectric layers, 
when the laminar dielectric is electrodynamically 
equivalent to a homogeneous and anisotropic di- 
electric. In this case the parametric Cerenkov radi- 
ation reduces to the ordinary Cerenkov radiation in 
the anisotropic dielectric. 

The energy losses associated with the roots of 
Eqs. (22, d or e) give the proper Cerenk ov radiation 
in the first and second dielectrics, respectively. 
This radiation is propagated in the laminar medium 
if the corresponding frequencies satisfy also condi- 
tion (23). The energy lost by the particle in proper 
Cerenkov radiation in the unbounded laminar medium 
is propagated also in directions perpendicular to the 
motion of the particle. The frequencies so radiated 
do not satisfy Eq. (23). 

Consider now the polarization losses. Assume 
that if e,(@) = 0, then e,(w) 4 0. In this case, in the 
integration of the (18) over the frequency it is nec- 
essary to keep only those terms for which e, = 0 is 
a pole. 

Ry several transformations of Eq. (18) we obtain: 


- b ike 1 1 
L 1c Be, pz — w/v? 


Ez, Oh] -z=0t 


2iek* @ (cos pb — cos (wb/v)) 


nLe,v’p, sin pb (p3 -- 2/02)? 


and consequently: 


ee (dG /d2) polar a = ‘L (déy/do)y 


Wo . 
RP dk, koshe b — cos om 6) 


4e?wo \ 
Seep sah RP 


~ Lv? (deg/dw)o 


where , is a root of the equation e,(w) = 0. 
The first term in Eq. (24) is the ordinary polariza- 
tion loss in a layer of dielectric of thickness b with 
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dielectric constante,. The second term is due to 
the presence of the boundaries. 


From Eq. (24) it follows that the presence of 
boundaries always leads to a reduction of the po- 
larization losses. In fact, in the second term the 
integral is taken with an essentially positive inte- 
grand, and thus always reduces the total polariza- 
tion loss. “s 

Since the interference effects caused by the 
boundaries of the dielectrics are important only for 
wavelengths that are not very small in comparison 
with the structure period, and the thicknesses of 
the discs are at least such that a macroscopic 
treatment is valid, it is clear that for very high / 
the boundary effects already do not play any im- 
portant part. Therefore the second integral in Eq. 
(24) does not diverge at the upper limit, and the in- 
tegration over k, is taken to infinity. 

In the evaluation of this integral it is expedient 
to divide the region of integration into two parts: 
(0, 1/b) and (1/6, ©). Then in the integration over 
the first region the integrand can be simplified by 
supposing thatk, b <1, This is justified, since 
the integrand reaches its maximum fork |b <1. 

In the second integral the main contribution comes 
from the region kb > 1. Therefore: 


x2, b? + (cogb/v)? 


— (d2idz. Sn CONT i ae 
( é/ eZ; 9 In 1 + (abv)? 


polar v2 (des/dw), L- 


(1 + w9b?/20?) — cos (wob/v) 
(Wob/v)? (1 + (e29b/v)?) 


2ez 0 a 
Derg. (dea/do>), 1 


() * y 
| ——. arc tan ber | é 
body 0 


(25) 
For sufficiently small values of b we have 
@ b/v <1, so that the polarization losses are giveh 


by : 

_ (de bale“ cakaak Vi Doe a 
(d@/dz) polar v? (des/dw)y L In ha (26) 
When the thickness of the dielectric discsis in- 
creased, the role of the boundary effects is dimin- 
ished, and thus the second term in Eq. (25) is also 
decreased. For sufficiently large b we have 
Gy b/v > 1, and Eq. (25) goes over into the well 
known expression for the polarization losses in an 
unbounded dielectric with dielectric constant ¢;: 


orn) 


17,07) 
Tdayy (1 + “oe | 2g 


— (d@/dz 5 
( 6/ “) v2 (dey 


From Eqs. (26) and (27) it follows that a particle 
loses less energy through the polarization of the 


polar 
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medium in a laminar dielectric than in a solid di- 
electric, if it travels the same distance in the di- 
electric in the two cases. If zeroes of the dielec- 
tric constant ©, occur at not just one but at several 
values of the frequency, the polarization losses in 
the medium are given by the sum of expressions 
(25) calculated for each of the frequencies w, for 
which e, = 0. 

In order to study in more detail the role played 
by transition processes in polarization losses, we 
consider these losses within a single dielectric 
layer, before averaging over the period of the struc- 
ture. In doing this we shall start from the expres- 
sion (20) for the fields. The zeroes of the dielec- 
tric constant ©, will be poles only for the coeffi- 
cients C and D.which determine the field in the di- 
electric layers with the constant e,. Since for 
0<z<b we have Eq. (20), where C and D are 
given by (21), we get the following expression for 


the polarization losses: 
2 12 
%mY * 
op) 


ee oe ie 
—_ (dé / d2) nolar = (des | dw), In (I + 


2e* 


se dajes sine (1 — IG) + sine JL a], 


SOLE) ocx ( _x?dx coshyx cae 2 Wob 
= Toe eens ee Oe 
i (28) 


From the relation (28) it follows that in a single 
“dielectric layer the loss of energy by the particle 
| ia polarization of the medium is not uniform. The 
i integrals J cannot be expressed in terms of known 
i functions, so that the dependence of the energy 
loss on the depth can be found only by numerical 
cal culations. 


The integral J(y) is a monotonically increasing 
function of the parameter y = z/b. Since the main 
contribution to the value of the integral comes from 
large values of x, and for large x the integrand is 
proportional to Sie ae J(y) increases exponen- 
tially with increasing y. The integral J(1 — y) de- 
creases with increase of y. Consequently, these 
integrals take their greatest values at the corre- 
sponding boundaries of the dielectric. Each of the 
integrals is multiplied by a periodic function, so 
that as a whole the second term in Eq. (28) is an 
oscillating function with amplitude decreasing to- 
ward the center of the dielectric layer. The ampli- 
tude of the maximum variation is proportional to 
1/b, so that the part played by the second term 
decreases with increasing thickness of the layers. 

The decrease of the polarization losses near the 
boundaries of the dielectric also explains the pre- 
viously noted reduction of the average polarization 
losses in laminar dielectrics. 

We now consider the parametric Cerenkov radia- 
tion. In the general expression (17) for the total 
losses, the parametric Cerenkov effect corresponds 
to the poles of the integrand (18) which give radia- 
tion and do not lead to the ordinary Cerenkov effect. 
i.e., the roots of the equation (22, c) when 
pi # w/v? and p3 £ w/v’. 

For the parametric Cerenkov radiation we can 
find the spectral distribution of the radiation and 
write down in general form the expression for the 
energy lost by the particle to the radiation. Inte- 
grating Eq. (18) with respect to frequency [taking 
into account only the poles given by Eq. (22, c)], 
we have 


ri (dG /d2) pax.= +z \ 


F= {ee sin p,a ( COS Pb — cos ~ b) + =] Sin p2b (cos p,a — cos — a)| 


€\® 


xX 


Here vpq = Ldw/dy, while w and k, are related by 
Eq. (23). The region of integration over k, is the 


segment of the real axis on which Eq. (23) is satis- 


ified for real w. 


mS dk "(pi — P3)° 5 


sin L-/1 — 0/9, .) {(p} — ©°/0*) (pj — @*/0*) ? 


P2V (29) 


Eo 


2 wo? ._ @ ra) . o = o ) 2 
E (@—-S)—a (r2— =) [sin ¢- a (cos p2b — cos =F b) + sin re b (cos pia — cos —— a 
poe ee eo 


Upe ay pov .. ee oO ) 
£12 (p? — p35) [ze sin p,a (cos P2b — cos - b) + aa sin pob (cos pia — cos ——a | 


J 


Eq. (23) can be used to change variables in the 
integral (29). In fact, from this equation we find: 


dk, =[L(1— 0/0, )/(09/0k )] deo/o, 
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and the integral takes the form: 


— (dG /d2) par.= \ fo de, 


saree R () (Pi — P32)? F 
Sea S OP es oy 2 o ) ? 
pag itor pe [(ei-e)("— ce )} (30) 


f,,is the spectral distribution of the parametric 


Cerenkov radiation. The limits of the integration 
in Eq. (30) are determined by means of Eq. (23), 
and the direction of integration is chosen in such a 
way that it corresponds to increasing /, . 

The conditions for the parametric radiation, like 
those for the ordinary Cerenkov effect, restrict the 
frequencies emitted by the particle. Therefore in 
the integration of the expression (18) over w the in- 
tegral is in reality different from zero only over a 
certain range of frequencies. It can turn out that 
over this whole region or over a certain part of it 
the wavelengths radiated exceed considerably the 
period of the dielectric structure, i.e., 


Bd ss> 1, (31) 
where 84=v,4/c, Ug being the phase velocity of the 
wave. 

When the condition (31) holds, the study of the 
expression for the energy loss is decidedly simpli- 
fied. As is well known’? ®, a laminar medium in 
which electromagnetic waves satisfying the condi- 
tion (31) are propagated is equivalent in its electro- 
dynamic properties to an anisotropic dielectric with 
effective values of the dielectric constants e, and 
€, given by 


er = (az, + bee) /(a-+ b), 


ez, = (a+ b) 2,2, / (acy + be). OZ) 

It is natural to expect that in this case Eq. (18) 
will reduce to the well known expression for the 
field of a charge moving uniformly in an anisotropic 
dielectric "11. In fact, using Eq. (31), we get from 
Eq. (18) for p, =p, = 1: 


Tr iew det fre sBs 


E,, wok ia Uli a ORO a 9 Ee ae 
oe a A - ry 
us ke, ka @ ey yitne, 


(33) 


According to Eq. (17) the total energy loss in 
this case is given by 


s te / dz) (34) 
: aodw (1 —1/ e.p2 


2 5 — at 
eer: 1, (ore, foe eG 1) ke, 


x 
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In integrating Eq. (34) over frequency we shall 
assume that owing to a slight attenuation in the di- 
electric the poles of the integrand are displaced 
from the real axis. These poles are given by the 
roots of the equation 

kf = (we, / v"e,) (eB? — 1). (35) 

After integration with respect to frequency the at- 
tenuation is let go to zero. Since in Kq. (34) the in- 
tegral with respect to w is equal to the sum of the 
residues at the points given by Eq. (35), the inte- 
gration is taken only over the range of frequencies 
that satisfy this equation as k, is varied from 0 to 
ae 


xt, > (we, / 0"e,) (e8° 2157S 0; (36) 
Consequently: 
nee ee s Hl 
— (487d) = \(1— salad. 8 


The direction of integration over this range is 
chosen in such a way that the quantity ky given 
by the relation (35) is increasing. Then the inte- 
grand will change sign with change of direction of 
integration, and the necessity of taking the abso- 
lute value is avoided. 

The result obtained agrees with that of Sitenko 
and Kaganov !?*; i.e., when the condition (31) holds 
one can in fact calculate the energy loss of a 
charged particle moving in a laminar medium from 
the formulas for the Cerenkov radiation in an aniso- 
tropic dielectric. The dielectric constants of the 
equivalent anisotropic dielectric are given by for 
mulas (32). 


Let us consider some concrete cases. Take 


= 1+ A/(@}—0%), 
Then 


In the case under consideration the range of inte- 
gration over frequency specified by Eq. (36) falls 
into two parts. This means that the spectrum of the 
radiation of the particle 


GS Ae Oe an ie Siok kaa 


% ; é : 
For a homogeneous anisotropic medium. 
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or 
ier ye 2 ( 2 
Wp + A Sw > for R >a 


[where R‘ = b48?/L(1 — 8?)], does not contain the 


frequencies specified by the inequalities 


tiene 


og + 7 AD > oi + bA/L for a>b, 


b 9 2 
We +7 A> >So+aA/L for a<o. 


when a = b the two regions coincide. 


It is convenient to represent the Cerenkov radiation loss (37) as the sum of two terms, obtained by in- 
tegration over the first and second regions, respectively, 


—dG/dz=J,+ Jy. 


2 b ib w2 + bA/L 
= Sfad [bce 


From the formulas given it follows that on rela- 
tive thickening of the dielectric discs the main part 
of the Cerenkov radiation loss is shifted from the 


first frequency region to the second. 

Let us consider the case b > a, which allows the 
| passage to the limit a > 0 of the homogeneous and 
isotropic dielectric with dielectric constant 
& = 14+ A/(e? - w*). For a 0 the width of the 
first region goes to zero, and the integral J, over 
this region goes to the value 


(42) 


6 — 
(b — a) (1 — 8?) 


For a> b: 
ps eb { p2 a—b 
Jy a5 cme (1 3?) — In - \, 
eb Ges b Peg ‘ 
t= SrA (lag apreae ||} HOR <a (39) 
eb xO” b . : : 
Je= sat Aln[4-(G—Z)|-d py (+a), if Ros 
For a= b: 
eF A 1 R2 1 1 v2 0" | 
1 4v2 ( cd Oe Js waz n a2 4 A/2 { 
oe | xine f Ri <at 
‘ie AlE Were ee ENA pea 2 
Pe ie | 4x? 0?(w? + A / 2) { aS 
eee in| a |-20—py( +4 4}, {fa dttien > De: 
. Finally, for b > a: 
‘ 2.2 
1 peecesgete Ws fr REMIT AGN Prt es ae ee 


Te (Bh, if R <<, 


a niccaeed 


The radiation given by (42) corresponds to the 
frequency @? = w3 + A at which the dielectric con- 
stant of the medium goes to zero, and, according to 
Eq. (36), it cannot be propagated in the medium. 
Therefore Eq. (42) gives the polarization losses 

The integral over the second region is 


2 1 3 ’ 
f= Fa{n aa— BE for R<os, 
nodal ; (43) 
CA tA % 2 | : 2 
1o= $8 (np * U0) oe RS 
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and gives the ordinary Cerenkov radiation in the di- 
electric in question. From Eqs. (42) and (43) it fol- 
lows that in an isotropic and homogeneous dielec- 
tric the polarization losses considerably exceed 
the Cerenkov radiation loss. 

The effective constants ©, and ©, given by (38) 
no common zeroes. Therefore, according to Ref. 12, 
it could be expected that polarization losses are 
absent in the laminar dielectric. “ut the foregoing 
analysis shows that in this case the polarization 
losses may indeed be considerably reduced, but re- 
main finite. This seeming inconsistency is ex- 
plained by the fact that in a laminated dielectric 
the phase velocity of electromagnetic waves is 
zero in the neighborhood of the frequency given by 
w* = w2 + A, and consequently the condition for the 
applicability of the approximation (31) is not satis- 
fied. Therefore, Eqs. (39)—(41) for the Cerenkov 
radiation do not describe the total energy loss of a 
charged particle in a dielectric divided into thin 
layers. The radiation loss is accompanied by the 
polarization losses given by (26). 

Comparison of Eqs. (41) and (43), which give the 
radiation energy losses in the laminar and solid di- 
electrics, shows readily that in the laminar dielec- 
tric the energy losses in the second region of fre- 
quencies is smaller by about a factor b/L than in 
the solid dielectric, i.e., these are quantities of 
the same order. Together with these, in the laminar 
dielectric there are radiation losses, concentrated 
in the first region of frequencies. They are of the 
same order as the polarization losses in the solid 
dielectric, i.e., are much greater than the radiation 
losses in the solid dielectric. 

Thus when an isotropic dielectric is divided into 
layers, the frequency that previously determined 
the polarization losses broadens out into a band of 
frequencies, and an intense Cerenkov radiation 
arises in this band. The radiation loss increases 
and becomes comparable with the polarization loss. 
Furthermore, as b/L is decreased the frequency re- 
gion in which the intense Cerenkov radiation is 
concentrated is displaced toward longer wave- 
lengths. 

For ordinary dielectrics the effect of reduction 
of the polarization loss can be observed only in 
very thin layers of the dielectric (films), since the 
polarization losses in such dielectrics are deter- 
mined by frequencies lying in the optical region. 

It must be remarked that conditions (31) and (36) 
can also be simultaneously satisfied in the micro- 
wave region, if the laminar medium is formed by an 


electron plasma. In particular, these conditions 
can be satisfied in the motion of charged particles 
through bunches of electrons. 

As is well known, Cerenkov radiation is in gen- 
eral absent from an unbounded plasma. The radia- 
tion energy losses arise upon the application of an 
external magnetic field, when the plasma becomes 
an optically active medium’, On division of the 
plasma into layers, according to the results presen- 
ted above, the intensity of the Cerenkov radiation 
becomes large, since the radiation losses become 
comparable with the polarization losses. Moreover, 
the radiated frequencies are in the microwave re- 
gion. Therefore the occurrence of an intense Ceren- 
kov radiation in laminar dielectrics (plasmas) can 
find wide application in radio physics for the gener 
ation and amplification of ultrahigh frequencies. 

In the passage of a particle through a laminar 
plasma (bunched electrons) 


i=1, s=1—O*/e*?, 02 = 45670 ms: 


Nere n is the density of electrons in the bunches 
and 6 is the width of a bunch. Then the condition 
that the wavelengths radiated in the first frequency 
region be large in comparison with the structure 
period takes the form 


amv? / ne® S> Lb. 


Putting A = 0? and @? = 0 in Eqs. (39)-(4)), we 
get the following expression for the total Cerenkov 
radiation loss 


Phage 
L x,0°m 


(dE | d2)ou.= Fae In (FE), (a 


and according to Eq. (26) the polarization loss is 
given by 


— A4rne* b % m0 
— (dg / dz) polar, — a YE In (77). 


Under the actual conditions the boundaries of the 
plasma layers are somewhat diffuse. Therefore it 
is of interest to take into account diffuseness of 
the boundaries. This problem can be solved when 
the condition (31) is satisfied. Indeed, it is shown 
in Ref. 7 that if the properties of the medium vary 
continuously and the period of these variations is 
sufficiently small, such a medium is equivalent in 
its electrodynamic properties to an anisotropic di- 
electric with effective values of its dielectric con- 
Stants given by: 


(45) 
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gp 1 

Saeeeee P) Beil, a2 

&, = r \e(2)dz, “Siem ah erie (46) 
0 0 


It is natural to expect that the energy loss of a 
charged particle in such a medium will also be de- 
termined by Eq. (37), with e, and ©, given by (46). 


Assuming a concrete form of the diffuse boundaries, 
one can solve the stated problem. 

For example, if over the range of a single plasma 
layer the particle density increases linearly from 
zero to its maximum value n, in edge regions of 
thickness 7, the effective values of the dielectric 
constants are given by: 


= b (b—n) 
Scent iiemippranss 
c= atta) jar sided ja 2 aa 0) in (1 ae les (47) 
. @? Z ow? 10 Q2L 2 RC . 


On the other hand, if over the range of a single plasma layer the particle density varies continuously ac- 
cording to the sinusodial law 


n(z)= ngsin = (b—2z), (48) 


then 


ep = 1 — 2603 / alo’, 


b w? O% +V2— 0! F 


or I. Vavilov, Collected Works, vol. Il, Acad. Sci. 
USSR Press, 1952. 

V. L. Ginzburg and I. M. Frank, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 16, 15 (1946). 

Or, D. Landau, Editor’s remarks on book by N. Bohr, 
“Passage of Atomic Particles through Matter”, IIL, 
1950. 

7Ja, B. Fainberg and N. A. Khizhniak, J. Tech. Phys. 
(U.S.S.R.) 25, 711 (1955). 


From these formulas it follows that the quantity 
&, depends only slightly on the degree of diffuse- 
| ness of the plasma layers, while e, is mainly de- 
| termined by the nature of the boundaries. There- 
fore the range of frequencies of the Cerenkov radia- 
| fon arising in a laminar plasma depends essential- 
| ly on the character of the boundaries [this frequen- 
(ey range is given by the inequalities (36)], while 
ithe spectral distribution of the radiation inside this 


| range does not depend much on the diffuseness. 
In conclusion the writers express their gratitude 
to K. D. Sinel’nikov, A. I. Akhiezer, and G. Ia. 


| Liubarskii for valuable discussions. 
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Investigation of a new type of resonance, which takes place in metals located in a high 
frequency electromagnetic field and a stationary magnetic field parallel to the surface of 


the metal, the frequency @ of the alternating field being a multiple of the cyclotron fre- 


quency () = eH/mce. 


The shape of the resonance curve depends considerably on the electron dispersion law 
and permits one to determine from the experimental data the topology of the Fermi surface 
and find some of its concrete characteristics. 

The surface impedance of the metal has been computed for an arbitrary direction of the 
stationary magnetic field relative to the surface. The analysis has been performed on ba- 
sis of the most general assumptions of the electron theory of metals (arbitrary law of dis- 
persion and collision integral). It has been proved that it is possible to introduce the 
mean free path time of the electrons under the conditions of an anomalous skin effect at 


arbitrary temperatures. 


1. DIAMAGNETIC AND CYCLOTRON 
RESONANCES 


TIS WELL KNOWN that a free electron travelling 
through a uniform magnetic field moves in a 

spiral whose axis is in the direction of the magnet- 
ic field. The frequency of rotation of the electron in 
a plane perpendicular to the magnetic field, 
Q = eH/mc, is the same for all electrons and is in- 
dependent of the magnitude or the direction of their 
velocity. As a consequence, an external high fre- 
quency field of frequency w =, impressed on a free 
electron gas, produces resonance. 

In metals and semiconductors this resonance is 
“smeared out” because of electron collisions with 
phonons, with lattice imperfections and with the 
surface. For a substantial resonance to occur, it is 
necessary in every case, that the electron succeed 
in making a large number of revolutions over the 
mean free path / = vt), i.e. 

ty > 20/Q, H > 2rmc/et, (1.1) 
(note that this condition requires that r <1). In 
these equations, v is the velocity, t, is the mean 
free path time and e is the electronic charge; 
r = mvc/eH is the radius of the orbit of the elec- 
tron in a magnetic field H. Since near resonance, w 
is approximately equal to Q, it follows that 


*A preliminary report on this resonance is contained in 


Ref, 1. 


o> 27/t. (1.2) 


(the case of an arbitrary value of wt, and 
Q > 27(w@ + 1/t,) has been previously examined”). 

The mean free path time of electrons, ¢,, is be- 
tween 10*° and 10°** sec at room temperature and 
between 10° and 10™** sec at liquid helium tem- 
peratures. Therefore, as the approximations in Kgs. 
(1.1) and (1.2) show, the resonance should become 
observable at helium temperatures in centimeter and 
millimeter wavelength ranges in magnetic fields 
with H between 10° and 10* oersteds. 

Consider in particular the motion of electrons in 
the resonant condition with @ = Q > 27/t,. The 
skin depth in this case does not depend ont, and 
is equal* to 


Se (c?t,/2n0)” = (mc*/2m7ne 2) 


where o = ne’t,/m is the de conductivity and n is 
the density of electrons. 

The ratio of 6tor, the radius of the orbit of the 
electron in a magnetic field, is: 


8/r = H/(4ane)* 


(© is the energy of the electron). In semiconductors, 
€ is approximately equal to kT, and since 
H > 2amc/et, (Eq. 1.1), it follows that 


*It should be recalled that the skin depth for the nor- 
mal skin effect is given by 6 = (c?|1+ at, | /2nwo)*. 


For rough estimates this formula is always applicable. 
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6/r > mc/et, VnkT > 1 


Thus, if one assumes m ~ 10° "°g, t,~10°*° sec, 


T ~ 4°K and n ~ 10** cm®, one finds that 
6/r > 300. Consequently, the electron in its or- 
bit in semiconductors finds itself in a practically 
uniform electric field. 
In metals* 

6/r ~ Hm'2hn—-'s ~ 10°8H Oe (1.3) 
(n ~ 10” cm™®) so that in all actually attainable 
magnetic fields, 6 <r. This means that only 
those electrons which move in a very thin layer 
(z ~ Oege Kr <1/27) near the surface of the metal 
find themselves in a non-ignorable electric field.** 
For this reason it is exceedingly important whether 
the fixed magnetic field is parallel to the surface 


or not. In the latter case the electron passes through 


the layer 5, only once, the time of passage through 


if being 5,4,/v, which is small compared to the peri- 


od of the field, and the resonance obviously does 


| not-occur*** (in the zero approximation for Sg¢¢/*). 


If the magnetic field is parallel to the surface of 


ithe metal (z = 0) (or more exactly, if the angle be- 


1 


( 


{ tween the surface and the field is given by 
(D<6,,,/l, then the principal contribution to the 
‘current density is made by those electrons moving 


near the surface (Fig. 1), but not colliding with it, 


~which enter and re-enter the layer z ~ Ogg, many 
| times (J/27r > 1). They do not move into the inte- 
1 rior of the metal, since the value of the projection 


of their velocity on the axis, averaged over the peri- 


od, is 


v, = — (c/eH) dp,/dt =0 


' The motion of these electrons is exactly analogous 


to the motion of charged particles in a cyclotron 


, ; Joe 18 
*Bismuth may be an exception since in bismuth n ~ 10 


.cem 3, and the effective masses in certain directions are 


' very small. 


| 


is possible 3 
**Note that 6 is different from O,¢s, which is the effec- 
tive skin depth in the general case 


co 
Sete = f j(z) dz/j (0). 
0 
***In this case O,¢ is approximately oO Sags/l, i-e. : it 
assumes its value in the absence of a magnetic field®. 
Consequently, the impedance [Z = 27wbeg¢ (1 + id)/e ] 
is independent of the magnetic field. 


Under such conditions diamagnetic resonance © 
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FIG. 1. Schematic form of some possible electron tra- 
jectories in a metal. 


with only one gap, and at frequencies @, which are 
multiples of Q, resonance can occur. 

This resonance in metals differ essentially from 
resonance in semiconductors. In the latter materials 
5 >, l, and Ohm’s law is obeyed [j = o(H) E] so 
that the ordinary skin effect takes place. Reso- 
nance evidently appears at a frequency w =() and it 
should of course be called diamagnetic resonance ®. 

In metals which are in the resonance condition 
(Set <r « 1/27), Ohm’s law j =a E is not satisfied, 
since the electric fields are essentially changed 
over the mean free path. The resonance arises un- 
der conditions of the anomalous skin effect for mul- 
tiple frequencies with w ~ qQ(q=+1, +2, £3,...). 
Furthermore in the zero approximation for dg../r <1, 
resonance will occur only if the magnetic field is 
parallel to the surface of the metal. Such a reso- 
nance, which can be truly called “cyclotron” reso- 
nance, has not been previously described in the li- 
terature. (In the literature’, diamagnetic resonance 
is also called “cyclotron” resonance. Since we 
have shown that diamagnetic and cyclotron reso- 
nances are based on phenomena which are physi- 
cally distinguishable, the terminology change pro- 
posed here would take this distinction into account.) 

The purpose of the present work is a calculation 
of the principal values Z, of the complete surface 


py =Ryy + iXyy 


impedance tensor of the metal Z 


Bes 


Ey (0) = > ZiwEAQ))) AOS I Sey); 
where E ,,(0) is the value of the component of the 
electric field at the surface of the metal (z = 0). 
At resonance R and X pass through their minima 
(see below). The minima of R correspond to the 
maximum Q in the resonator and the minima of X 
occur at the smallest displacement of the resonant 


fre quency. 
2. THE ROLE OF THE DISPERSION LAW 


Thus far, it was surmised that the “cyclotron” 
frequency © is the same for all electrons. This is 


true only in those cases, when the dispersion law 
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(i.e., the relation between the energy ¢ of the 
quasi-particles, and their quasi-momentum p) is 


quadratic: 
e(p) = > winPiPr/2- 


For the general case of an arbitrary dispersion 
law it is necessary to consider two possibilities. 
The trajectory of the quasi-particle in a fixed mag- 
netic field H is given by the equations: 


6 (p) = ©, py = const. (2.1) 


(i.e., the energy © and the projection of the quasi- 
momentum py are integrals of the motion!) If the tra- 
jectory is not closed, the motion of the quasi parti- 
cle in momentum space is infinite, non-periodic and, 
obviously, resonance is impossible. 
If, on the other hand, the curve of Eq. (2.1) is 

closed, the motion in momentum space will be peri- 
odic with a frequency Q, given by® 


Q = (27eH/c) OS/de, (2.2) 


where S (ce, py) is the area of the cross section, 
bounded by the curves (2.1) (only this case will be 
considered in what follows). The quantity 

(1/27) dS/de plays the role of an effective mass. 
In the case of a non-quadratic dispersion law, Q 
depends on e and py, so that the resonance fre- 
quency can coincide exactly with one of the fre- 
quencies 0 = Q(e; p,). For electrons with py 


nearly equal to p, the frequency Q (py) is equal to: 
Q (p,,) = Q (p,) + Q' (p,) (Px — Pp) 


t/a" (Dy) (Dxz — Py)? ++ « 


It is obvious that the number of electrons finding 
themselves close to resonance li.e., having a fre- 
quency 0 =~ () (p,)J, will be greatest when 

Q’(p)) = 0, i.e., when p, corresponds to an extremum 
of Q, and consequently an extremum of 0S/de. 
Therefore one naturally anticipates a resonance at a 


frequency , equal to 


Qua = (27 eH /c) (OS/de)..,- 


Thus, cyclotron resonance is very sensitive to the 
shape of the boundary Fermi surface ¢ (p) = ©,. The 
resonance is absent if the direction of the magnetic 
field corresponds to an open section of Eq. (2.1). 
Furthermore, the shape of the resonance is different 
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depending on how closely the Fermi surface resem- 
bles an ellipsoid. Therefore in the remainder of this 
paper we shall not introduce any assumptions con- 
cerning the form of the dispersion law. 


3. THE COMPLETE SYSTEM OF EQUATIONS 


The complete set of equations consists of Max- 
well’s equations: 


curl H = 22 j; curl E--—H 


and the kinetic equations for the perturbation 
f, exp (wt) to the equilibrium Fermi distribution 


function 
eam |e 


fo (e) = [exp (Fy 
Eliminating H from Maxwell’s equation, we get 


Ex, y (2) + (4niefe?) jz, y(2)3 je = 0, 


: 2 9 
j= — jr \ 0h dtp v = Vor (P) @ = 2): 
: (3.1) 


where dt, = dp, dp, dp,, and the integration is to 
The Oz axis 
is the direction of the inward normal to the surface 
of the metal, and the Ox axis is in the direction of 
the projection of the stationary magnetic field onto 
the metal surface. The kinetic equations for f, will 
be written with variables ©, py and t= Qot. Here 
Q, = eH/mgc (m, is the characteristic mass of the 
electron) and ¢ is the time expended by the electron 
during one revolution in its orbit®’®, which for 
closed orbits is given by t = (c/eH) 0S, /de (where 
S, is the area of the region of intersection between 
e (p) = ©, and py = const.) For simplicity, it will be 
assumed that 0S/de > 0, i.e., that the quasi parti- 
cles under consideration are electrons. 

The linearized kinetic equations have the form®: 


be performed over all momentum space. 


Ofs 


v2 4 0,98 4 


On wis (32) = evE 22 (3.2) 


+ iwf, 5 
where (df, /dt).,) is the integral for collisions of 
electrons with photons, impurities and lattice imper- 
fections. Here it is taken into account that 

é = e(v-E) and p, =— eE,. The boundary condi- 
tions for the z coordinate are determined from the 
nature of the reflection of the electrons at the sur- 
face. We shall assume that the electrons are scat- 
tered diffusely (this is almost always so°’”), i.e., 
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that the reflected electrons have an equilibrium dis- 
tribution function* 


hi leno, Vs >0 ma 0. (3.3) 
At infinity f, is necessarily zero. A boundary con- 
dition of f, arises from the periodicity of f, with re- 
spect to t with a period 6 = mj! dS/de: 


f, (t+ 6) = f, (ce). (3.4) 


To solve the problem it is convenient to introduce 


ey) =f (e--¥) — f(z: — yi 

In order to obtain an equation for , we write Eq. 
(3.2) separately for f,(z; v) and for f,(z; — v). When 
the symmetry of the collision integral relative sub- 
stitution of v by — v is taken into account, one finds 
the following: 


oi ule Li (z; v) =eE— Lf a= (3.5) 
= a 
ess v) ae i ee Si meies: cia (3.5a) 
where 
& 4 fe) : 0 
L Ses fo, = + io + (ar) 


If one now performs the operation (0/dz — L) on 
(3.5) and the operation (d/dz + L) on (3.5a) and 


substracts the resulting equations, one obtains: 


(S—f\ve vy =—2eEL(H%). 3.6 


Equation (3.1) is now written in the form: 


” __ 4rio em 
Ex, y (2) a C2 ce 


\o. (2; v) dede dp, = 0 


ony (2; v) dtdedp,,, 
(3.7) 


Here the relation e( — p) = e (p) has been used. 
Now it is possible to expand the functions E (z) 
and ¥ (z; v) over the region z < 0 [E( - z) =E(z); 
W ( —z; v) = W (z; v)] and to introduce Fourier 
transformations: 


*Incidentally, the nature of the reflection from the sur- 
face does not materially affect the results. 
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RG, (&) + 2B, (0) = emo Uy (Rk; v) dt dz dnp; 


hs 
(3.8) 
\\0,9 (R; v)dede dp, = 0; (3.8a) 
RU (b; oY" (0; Lo (k; 
pb (A; v) + 2" (0; v) + L*d (; v) des 


= 2G (HL ) 


It is still necessary to determine the boundary 
conditions for ¥ (z; v) based on Eq. (3.3). Sub- 
tracting (3.5) from (3.5a) and substituting z = 0, we 
find: 


— L¥f(0; v) +7, (0; — va 


But from Eq. (3.3): 
f, (0; v) =~ f, (0; v) =0 for v, > 0; 


f, (0; —v) =~ f, (0; — v) =0 for v, <0. 


(Ov) = 


Therefore Eq. (3.10) must written as 


ei thee Fs Rees eS 
'Y(0; Vp). = L {sen 0,; 2 (0; v)}; sen x ee (7 <0) : 
(3.11) 


Substituting Eq. (3.11) into Eq. (3.9), we get 


(42 + 22} 0 (k; v) = 2b (eS ¥) (3.12) 


Uz 


\ 
( ) 
where 


g (ki v) = e& (A) V Ofo/de — | 021 ¥ (0; v). 


Hence 


(kv) = (£ + ik) gio. + (L — ik) g/v,.8.18) 

The condition that w is periodic with respect to t 
has obviously been conserved. Thus the problem re- 
duces to finding (L + ik) g/v, = €, i.e., to finding 


a periodic solution to the equation 
(Q,dC/Oz) + iol + (A/ot) + tkok =F (3.14) 


and solving Eqs. (3.8) and (3.8a). 
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4. THE FEASIBILITY OF INTRODUCING 
THE RELAXATION TIME INTO THE 
ANOMALOUS SKIN EFFECT 


The formulae of the previous section are true with 
the same general conditions for the case of the nor- 
mal, as well as for the anomalous skin effect, in 
both metals and semiconductors. Let us now examine 
the highly anomalous skin effect (Sg <r, /). In this 


M. IA. AZBEL’ AND E. A. KANER 


is made by those electrons which are moving nearly 
parallel to the surface of the metal (lv, | Kv), ée., 
the electrons near to the zone v, = 0 on the Fermi 
surface (Fig. 2, a). This is evident from the fact 
that, from Eq. (3.14), kv, ~ OQ» |v, | /v~ 2,/kv, 
and, fromEq. (3.8), & ~ 1/d ets, $0 that 


|v, |/v~ Qe Sete /v ~ Seg /T <K ie 


case the principal contribution to the current density Accurate calculations lead to the same conclusion. 


a 


FIG. 2. a — Fermi surface © (p) = ©, b — intersection between the 


Fermi surface and p, = const. 


Therefore, the term v,@, in Eq. (3.12) can be neg- 
lected compared with v,6, + vy@y and Eq. (3.8a), 
which determines @-, need not be considered fur- 
ther. For this reason the function C is large only 
when |v, | <v. 

Now let us return to the collision integral which 
is composed of two terms: 


(05/0t).q1= $(p) | A (p; p’) dep 


—\ BOP: p)S (P') dep, 
where the magnitudes of A and B are related to the 
transition probabilities (their actual form depends on 
temperature ®), 

Because of the fact that € (p) has a sharp maximum 
for v, ~ 0, in this region the first term will be sig- 
nificantly larger than the second (where € (p) is 
averaged), and the second term can be ignored in the 
approximation to the zeroth order of 6 e¢/r. Conse- 
quently near the limit of the anomalous skin effect 
(when 5 e¢ <r, l) we have at any temperature (con- 
sistent with this condition): 


(O2/Ot) = 5 (P)/to (P)s 1/to (P) = \ A (p; p’) dtp, 


i.e., it is always possible to introduce the mean free 
path time of the electrons, t,(p).* The physical rea- 
son for this is that the populations of the non-equi- 
librium states with |v, | <v in the anomalous skin 
effect.are significantly greater than the populations 
of states with |v, | ~ v. Therefore, through colli- 
sion, transitions from states with |v, | «v are more 
probable. Thus, Eq. (3.14) may finally be written in 


the form: 


ku, 
Qo 


1 


ae ne 


et tchi 


2 
a >) Gp (R) Vp — | vz | ‘¥ (0; v). (4.2) 
pB=1 


g=e 


ie = 3 he 
ro(P) : Q a Qoto(P) 


5. SOLUTION OF THE EQUATIONS 


Equation (4.2) is readily solved. Its periodic so- 
lutions have the form: 


. - 


wh 


G(R; t=) = \ & (71) exp {\ (toi FE) des} dt. 


—oa < 


*This conclusion permits a considerably simpler repre- 
sentation of the results of Ref. 9. 
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Hence according to Eq. (3.13) 


b(R; *) 
=m & (1) exp ( tod) cos al vides) dey 


(5.1) 


First let us consider the case of a magnetic field 


H(H, 0, 0), parallel to the surface of the metal. In 


=+A 


Tee) ea fe 


- 
Sf 
se 
\ 


e Se 3 Sx (en —|0/'¥ (0; vp} 
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the zeroth approximation relative to the electric 


field* 


dp e 4 ap 
FR mam ANE on 
Conse quently, 


Using this relation and the periodicity of g(t) with 
respect to T, we get from (5.1): 


9 
« 


pol 


1 (5.2) 


ik 
x exp | \ tod", COs (a: | od, ats 


Tv 


where 


a mes 8 
.@ ANE einen 4 1 (dz, 

(=i6 ton)’ °= ae p= \ 

0 


Now let us determine 


Tv 


fo) N 
Y (0; y= =| (ki; v) dk = — lim |  (k; v) dk. 
0 


For this purpose, note that 


7+0 . 
5 sin M[py(t1) — Py (7)] 
ei arco 


where f(t) is a point symmetrical about t (see Fig. 
2, b). This point is determined from the relations 


P(t) = py (fF ())3 t<f()<t+6. GA) 
Here for simplicity it has been assumed that curve 
e(p) = €, p, = const. is convex and that the point 
f(t) is unique. However, these last formulae are 
are also satisfied in the general case of non-convex 
curves, since only the value of f(t) in the vicinity 

of v, =0 needs to be evaluated. If at the same time 

_on the surface e (p) = e, there are several curves 

_with v,= 0, then the resonance for given values of 

| Px will occur at the point v, =0, p, = const, and 


iy = Py mex: This is connected with the fact that 


z= Q) \ V2dt = — (Qo/tM9) Py (7), 


dz, = 


N-> © 
0 


o(F (a) | 


9 (Tt) + 9(t 4-9) 
— : ; 3 
[py (F(t))t J oe 


2 | py (2) | 


and the recurring entrances of the electron into the 
layer z ~ 6. can occur only when the highest point 
of the trajectory with z = z,,;, occurs within this 
layer. 

With the help of Eq. (5.3), it is easy to show from 
from Eq. (5.2), that 


F(t 
Y (0; =) + ¥ (05 f (®)) exp ee — 2n7) 


tT 


1 
Sen ee): 


2 t+0 1 
(6) ip 
F(t) = ~5e > \ Up (%1) EXP (S ods dt, 
Sb cs 3 


M1 


x \ Gp. (R’) COS (S \ zd, dk’. 
0 


55 


(5.5) 


*Remember that this equation defines the variable ¢. 
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In. Eq. (5.5), let us substitute f(t) for t. Using the f(f(t))=7 + 0. Therefore, after the substitution, 


definition of f(t), it is readily shown that one has: 
™+8 
¥ (0; F(9) + ¥ (0, Jexp( | tela — 21) = Geer" FO). 6.6) 
f() 


From Eq. (5.5) and (5.6) 


2 (oe) t+0 T% 
0 0 > , , 
¥ (0; t) = oe d | Gx ey ae'{ \ Vp (t1) exp ({ od 
B=1 9 t : a5 (5.7) 
pb 7 (2) 
x cos (“5 | vit») dt, — \ - +} == 
+, f(*)—0 
2 © T v1 Ty 
0 , , R’ \ P= 
= 8¢ 3h. urae {osteo ere (ts) (te oe) en 
Bolg f(x)—0 + + 
We have also made use of the fact that Substituting the simple expression of Eq. (5.7) for 
& » Y (0, t) into Eq, (5.2) and calculating the current 
\ v,dt, = \ v,dt, density as . . 
f(z) + ju (2) = ——S \ upd dp, dt, 
and that in the case of a periodic function ® (t) weatind 
até qe de (k) = ait (R) 6» (R) 
{ery — J} \ © (z,) exp (( otts) dr, a (5.8) 
: : — | Que (4: #) G(R’) ae't, 
a T% 0 
= | @(c,)exp dey) dx 
a 1 \ YoO%e | 2% eee 
| 
0 t+0 
oe 2 a ee. » ° 
Keo) = ies \ [e2"* — ]] 'dpx\ vs (t) d= \ Vy(7)eXp (\ j \ cos (a; = \ v,d =) \ dey; (5.9) 
e=£, 0 t 
202 . 8 ore k ae) AZ! 
or FAN. ee ad fC) =e 2 i ; s ) . - 
Quy (R; Rk’) = rare \ je2*t 1) tape \ Vy, (t) dt \ | 2.(%1) | cos ( 7) : Vy (¢) 
Daa 0 E f(=)—0 
(5.10) 


Now we take into account that kv/Q, > 1. Using the method of steepest descent and noting alr: 
df/dt =~ 1*, in the vicinity of points of steepest descent 7,(p,) and 7,(pz), where v (Go: pes ae 
2H, — 7+ 4 (for 07, 7’n2), 


*In the vicinity of yn, we have f(t) = | 
27, — 7 (for 417’, 20). 


dpx— 
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(a =1, 2) (see Fig. (2, b).) after lengthy calculation we arrive at the expression: 
. 2me?my Xv [Ey (bk) 0 
in (8) = Se DY [Sg — | ea ed tee 
V,a=] | v, (n,) | dom ene 
&y (’) dk’ \ vy (4) vy, (n,) (1 ++ eer r)2 (5 11) 


a 
an J (e+ kV Rk! 


er nai) 


4 
ane 


(Thus, we have verified the assumptions made in 
Section 4, and cited repeatedly, namely that only 
values v, = 0 plays an important role.) Noting, that 


Ba (k’) dk \—* 


fn, >: hae ® (p,) dp. 
>a iier, 


= \ une, 6 (uz) 6 (¢ — £0) dtp, 


and introducing spherical coordinates v = vn 
=(v sin 9 cos , v sin > sin gy, v cos 9) we find 


J= \ ny (9) ny (¢) D (¢) dz/K (4). 


0 


(5. lla) 


where K is the Gaussian curvature of the Fermi 
surface. All the quantities are determined at 

2 = 7/2. Using Eqs. (5.11) and (5.11a), we can 
write Eq. (3.8) in the form 


—#G, () — 2E, (0) =i 


2 
312 » A py 
c? k 


vot 
2 In (R/k 
eG ( wl Es (k) dk’ 
0 
oe Uh) dk’ (5.12) 


—4(4n— &n)f 
0 


(k++ kh’) V RR?’ 


where* 


*Only the mean value of t ‘(93 py (~)) appears in the 
answer. This is not unexpected since the integrals of the 
motion (€, and p, ) determine the system of quantum-me- 
chanical states, and a degeneracy occurs with respect to 
Tt and leads to an averaging of the collision frequency 
v (py) = 1/ty. 


|, (n,) | Te 
Oy Mg) Mg 
|v, (n,) | 


- —-ony 


) (3 4 e-2my) dp} 


a 
1 — exp {—2ni(o/Q) — (2%/Q6)} 
2 
Buy = 355 \ te 03 
or 
eee 2s ( ae [i (5.13) 
0 


Eqs. (5.12) and (5.13) allow 6v(k) to be determined 


in principle: 


ale) (5.14) 


where Wyy (k) are certain known functions. 


Hence 


£. 0 =SE, (0) 4 =| W a» (@) dee 


v=i1 
But, by definition, the surface impedance tensor, 


Zyv» is given by: 


2 
— (4niw/c?) Ey (0) = 22k, (0) 
Therefore, 
Zany pag Beis = fe iXny = (4iw/c?) \ Way (R) dk 
0 


(5.15) 


The following section will be devoted to a calcula- 
tion of W,,,,(A). 

Note, fiat in the general case it is not possible 
to reduce the complex tensor Z,,, to its principal 
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axes. This means, that there are no directions, 
along which an electromagnetic wave is reflected 
without a rotation of the plane of polarization. 


6. CALCULATION OF THE SURFACE 
IMPEDANCE. ANALYSIS OF THE RESULT ING 
EQUATIONS. 


First we will show that the surface impedance 
has a resonant character. Z,,, can be calculated, 
along with 4,,, and B,,, from Eqs. (5.12) through 
(5.15). Fora =92(qg=+1, +2,...), the deno- 


minator of the expression under the integral sign in 


the case of A,» is equal to 27/Qt,, i.e., it is very 
small. Thus, there can exist two essentially dif- 
ferent cases according to their dependence on’the 
dispersion law. 

For a quadratic dispersion law, or with 


[8K (2z/Q¢,), 


| . (p) a => Y nP iPr 


tuk 


the cyclotron frequency Q is independent of g; 


Tw 
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= (€H/c) (Uy Ye, — 452)" 


and resonance occurs for all electrons at the Fermi 
surface for w = q. 

For an arbitrary dispersion law s (p) = © the mag- 
nitude of Q is a function of ¢ and resonance occurs 


only at a frequency ® =~ gQex, which corresponds to 


the extreme value of 0S/de with respect to 9. 

Outside the resonance region* one can equate 
27/Qt, to zero in Eq. (5.13) for either dispersion 
law. (In the case of a non- quadratic dispersion law 
and w/q =0 4 Q,,,, the integral A,,, should be un- 
derstood to be a principal value.) 

Let us present the results of calculations in the 
vicinity of resonance in the case of a non-quadratic 
and of a quadratic dispersion law. 

1. In the case of a non-quadratic dispersion law, 
in the vicinity of resonance (w =~ qQ,,, ) the main 
contribution to A,,, is given by the points 
p=; (i =1, 2,..., 8) where Q has an extremum. 
Therefore, 


ic} 
a a ee 
Aw © 3p {3 (GR o-o; 4 —-exp(— aaa Bn © ah 


i=l 


dyy=const, |dyy|~K4; 


Q7 (9) = 


jh CHO 1 (9; ) - (6.2) 
So ar ee 


Q™ (i) + 


It is easy to see that in this case, reducing these sums to principle axes and assuming, for simplicity, 


that t;' (¢~p;) = to (y,) we find that: 


oe V 302 \"ls ale Vix + sey ip 
a coye, ( ct Ao COPA ey aG 18 tan? erat 
0<a,~ 1 
Zxy | << | Law |; (6.3) 
% = (© — Wext)/QQeas x = P+ (cto)? i 
08S 4 Fes 
5 = set wae Seat * (01); 


A% are the principal values of the tensor 


0S 0°S (91) 


ae K (9;) 


(We have not written out the actual form of d,, and 
a,in view of their unwieldiness). 
Paced (in consequence of the fact that 
p) = e(p)), 8 >2 for all non-central sections 


8 
0 tex 4 6e? Us ny (9;) ny (?;) 
3h8 


a 


a 


[ 1 0S we 


I" 


SF =, Us=0-. Py > 0. 


“Gedq? 


and for p, = const. In the case of the “topmost sec- 


c » ° . . es 
tion” and of central sections which do not coincide 


*In the case of strong magnetic fields with either dis- - 
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with the base plane, B = 1, one of the principal val- 
ues of A}, is zero, and resonance takes place [and 
Eq. (6.3) holds] only if the incident wave is polar- 
ized along the x-axis. The direction of the electric 
field also gives the direction of the velocity at the 
point ~ = yy; v, =0, and e= ey. 


/ 


ces an V 3x@?2\"!s ge lef” 2 
3V3 \ ctae ots 32 
xres_ _32_ (V3n0" (Gg NM 
poaue ON 2 A AO es 


a bes eo See 
\ ee qa : ve q 


b) s <0, dS/de has a maximum at p= p,: 


iy Wain hd WS PCR 
9V3 \ ctA® of, 5" 


res 
7 —— 


R= 


Zo 
be 

| 
€ 


(the minus sign is associated with R, the plus sign 
with X ). Thus, in all cases R and X have minimum 
values at resonance. In all equations 


Ores = 27 eH res /c (OS/de ext; 


The relative breadth of the resonance curve is 


AH/H ~ |@ ~ qQ,,.,| /- (6.6) 


miahe same time’ |g|=1, 2,3,...< (r/8)4, 
 (@t*/27). Eqs. (6.4) and (6.5) show that resonance 
occurs at frequencies {,,, which are slightly shifted 
from the ratio w/g. The amount of this shift is dif- 
ferent for X, and for Rg and its origin is different 
in the two cases. The frequency shift of X, occurs 


because a small increase in the magnetic field, 
while it does not change the resonant condition, 


persion law, when 2z|ia + (1/f)| <Q, with (Q/rw”) 
hy <1 [let <1] 
| tie, (atl 
and for (Q/m°) (1/f9) > 1 [(/eto) = 1], we have 
Z(H) ~ Ho's. 


*d< (r/8)'!s at Q > 1/t) corresponds to the condition 
of the anomalous skin-effect Sef < v/@ whenever cyclo- 
tron resonance occurs [( = mc?/27e?)4] 
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The relative depth of the resonance for Roa and 
Xaa are basically different for the cases of minimum 


and maximum values of 0S/de (i.e., for s > 0 and 
s <0). 


The final forms of these equations are as follows: 
a) s > 0, 0S/de has a minimum at (Me TNF 


os \11s/ 1 Sas é, 
5203) \gor, } | i 


(6.4) 


)} 


leads to an “advantageous” increase in the revolu- 
tions of the electron between collisions. The fre- 
quency shift of Rq is associated with the changing 
phase of the electric field as a function of distance 
from the surface. For a maximum acceleration of the 
electrons in the skin-layer, it is necessary that the 
thickness 6, at which the phase of the field is sig- 
nificantly changed should be large compared to the 
effective attenuation depth, 5,,,. For this reason it 
is necessary that X > R. But X/R depends on the 
frequency and on the magnetic field. Therefore 
when relatively small changes of the magnetic field 
can lead to X > R, such changes are found to be 


“advantageous”, even if at the same time after 

| @ — qQyes | t* revolutions the electron finds itself 
near the surface with its phase changes by 7 from 
that of the electric field. This is possible when 
OS/de has a minimum and impossible when 0S/de 
has a maximum. Precisely for this reason the es- 
sentially different depth of the resonance of Ra is 
explained by its dependence on the sign of 
d°5(¢,)/de de. 

2. Let us turn to the quadratic dispersion law. 
For simplicity consider the case where 1/f, is in- 
dependent of y. The surface impedance tensor can 
then be diagonalized, and the resultant formula 
holds for all frequencies and magnetic fields. In 


this case we get from (5. 12) 
A 3r2o Be e (R) 


— kG. (&) — 2, (0) =i fo FS 


ase 9) Wit co 


co 


(Le ?**) (3 + mili) In (&/k’) 
i) 


Dr? b2 — p’2 Gx (R’) dk’ 


(6.7) 


dere 


ef Sy, (h’) ak’ 


(k +k’) Vee’ 
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where B, are the principal values of the two dimen- 
sional tensor B ,,,,. Taking it into account that the 
only singularities of the solution of (6.7) in the re- 
gion of the complex variable k, except for k = 0, are 
simple poles which are the roots of the equation 


A3 + i3n’wB,/c2 (1 — e-2"7) = 0, 


it is easy to show that 


Z,(H) = Ra + iXa = — ~3\Ga(R) ak/E; (0) 


= $12, (0) [1 — exp (—25i — ak 


Z, (0) = (V3 ww? /c#Ba)' (1 +i V3); (6.8) 


Here Z, (0) is the value of the impedance when 
H = 0 (Ref. 10); 


= og (ar) Re) 
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and G(x) is a solution of the integral equation 


‘ : 
GW) = saa 3 V3 


(4+ ee G (x’) dx’ (6.9) 
cn 2 =e (x + x’) ES 


—2T —2Try -f , 
4 Be EY BE) G(x) dx | 
0 
The integral J, which enters into (6.8), changes 
slowly with the magnetic field and it can be easily 
evaluated by the method of successive approxima- 
tions: 


G (x) = 2 Gn (x), 
Gy (x) = 3 V 3x / Qe (x? +1). 


At resonance, the values of Ra, Xa, Xa/Rao and 
corresponding resonance frequencies are given by: 


Vix 


eB? 


16 oer 
> ie ( (25q)"" 5 


om= sql! a (2zquty)*); 


xis = 2 (21 
(ar) X20) 


By way of an example, Fig. 3 shows the functions 
R (H)/R (0), X(H)/X (0), X(H)/R (A) V3 plotted for 
the case of an isotropic quadratic dispersion law 
(e(p) = p?/2m) for wt* equal to 1, 10 and 50. The 
graphs were constructed with the help of (6.8). 

The small maxima of R and X at w = (q+ 4)Q are 
not due to resonance, since for ()t* > © the magni- 
tude of the impedance at these points approaches a 
constant value. Deviations from a quadratic disper- 
sion law will reduce the height if the maxima in R 
and X to an even greater degree. 

It can be shown by direct calculation that the 
equations derived hold not only for electrons 


(dS/de > 0) but also for “holes”. To use the for- 


Spee = Bes ‘ls. 
9V3 (od si ) ar) ? 


(6. 10) 


mulae for holes, it is only necessary to change 
0S/de in all formulae into | 0S/de|. 

Similar formulae are found also in the case of 
several bands. It must be noted, that even if the 
number of holes is equal to the number of electrons 
and if the corresponding resonances coincide, the 
formulae retain their form.(This is because one can 
neglect the influence of the Hall field which would 
accompany the distortion of the trajectory of the 
electrons in the region z ~ Seg Kr). 


It is interesting to note that the character of the 
dispersion law changes the form of the resonance 
curves in a qualitative way. In particular, 
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Rte/R 4 (0) ~ (Qt* /2m)-% 


for a quadratic dispersion law; 
Rt*/R, (0) ~ (Qe* /20)-* 


for a non-quadratic dispersion law when OS/de has 
a minimum, and 


R™5/R (0) ~ (Qe* /20)-% 


for a non-quadratic dispersion law when 0S/de. has 
a maximum. 


7. DETERMINATION OF SOME OF THE 
MICROSCOPIC CHARACTERISTICS OF THE 
ELECTRON GAS IN METALS 


By measuring the surface impedance in a magnetic 
field under the condition of the anomalous skin-ef- 
fect, one can in principle determine the shape of the 
boundary Fermi surface e (p) = €,, the velocity of 
the electrons v =v (p) on this surface and the mean 
free path time ¢, (p). 

It has been shown previously 10 that the principal 
values of the surface impedance Z, in the presence 
of the anomalous skin-effect, but in the absence of 
a magnetic field, are given by 


Za = Ra + iXa = (V 30? / cB.) (1 + iV), 
(7.1) 


where B g are the principal values of the tensor By» 


Buv= as \—K—49- (7. 1a) 


on 
8e2 \ nin, ie 
0 
(notation the same as in preceding sections). 
Consequently, a measurement of Rq makes it pos- 
sible to find the mean value of 1/K on the equator 
v, = 0: 


QT 
gia Mm att » 
eee= (B. + By) 3 


i) 


(7.2) 


In Ref. 11 there was derived an equation by means 


of which it is possible to determine a function by 
evaluating its mean value along all equators. There- 
fore, by measuring the dependence of Rq on the 
angle between crystallographic axes and the normal 
to the metal surface, it is possible to compute the 
Gaussian curvature K for any point on the surface 
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e(p) = ©.* If this surface turns out to be convex, 


A(H) 


XH) 
RUS 


ce) 


FIG. 3. The numbers alongside the curves are the val- 
ues of wt,; a/Q =(mwc/e)/H. 


*For this reason, it is necessary to perform experi- 


ments, similar to those of Pippard!?, 
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the computed Gaussian curvature will have its shape 
determined uniquely. When the equation ¢ (p) = & 
defines several surfaces, the problem becomes sub- 
stantially more complicated. 

From Eqs. (6.4), (6.5) and (6.10) it can be seen 
that, if one knows the resonant frequency for Raq and 


Xa 
O res= 2reH yes /C (OS / O)ext 
= (o/q) (1+ A); |Al<], 
(where H, 


es and A are different for Rg and Xq in ad- 
dition to which A depends only on ¢* ), then one can 
determine t* and the extreme value (0S/de) ext 

If one knows (dS/de),,, andthe shape of the sur- 
face © (p) = €, it becomes possible, in accordance 
with Ref. 11, to evaluate the velocity v = v(p) on 
the boundary Fermi surface. 


(7.3) 


From the quantity, 


* 1 
one can find! } 


1 


———— i \d if 
Fh \ Ap; p’) d=p 


[see Eq. (4.1)]. When this integral equation has 
been solved, one can find in principle A (p; p’) and 
conse quently the transition probabilities, w(p; p’). 

Let us recall that values of 1/t,(p) and w(p; p’), 
determined from similar experiments, are applicable 
only to the narrow layer z = 6 o¢¢ Kr, / in the vicin- 
ity of the surface of the metal. They can, therefore, 
speaking generally, be distingushed from the values 
of 1/t,(p) and w(p; p’) in a large sample where they 
can be altered by surface treatment. 


8. MAGNETIC FIELDS, INTERSECTING 
THE METAL SURFACE AT AN ANGLE; 
INTRODUCTION OF EFFECTIVE VALUES 


In a manner similar to that which was followed 
for a magnetic field parallel to the surface of a 
metal, calculations can be made for an arbitrary 
orientation of the magnetic field, when 
sin ® >> (r/l)(5/r)4 (here ® is the angle between the 
direction of the magnetic field and the surface). In 
this case the impedance becomes equal to 


Zz = (V3 x0? /c4B,) (1 +i V3). (8.1) 
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The equations which were derived above with the 
help of the kinetic equation can be understood from 
elementary considerations of the motion of electrons 
in stationary magnetic field with a variable electro- 
magnetic field, parallel to the surface of the metal. 

Following Pippard* and Ginsburg '® let us assume 
that for electrons which are moving nearly parallel 
to the surface (and which comprise the main contri- 
bution to the electric field). 


j = Oeft E. (8. 2) 
We shall assume that the field E(z; ¢) inside the 
metal is parallel to the stationary magnetic field and 
directed along the x-axis. Then 


E (z; t) = E,exp (—2/S ete) cos (@t + x); 


8 off = (C2/QrMoe¢4,)2. (8.3) 
Now we calculate the mean energy Aw, which the n 
electrons acquire along their path length, / = vt,, 
under the action of the high frequency field; 


Aw 


it) 


Z(t) = 2 + (9/Q) (1 — cos Qt); 


to 2 
5 E% \ exp (— z(t) /Se) cos (wt + y) a| 


O' =e ie 
(8.4) 


where v is the mean velocity of the electron. 

The average must be taken over all y (x is the 
phase of the field, which is encountered by the 
electron at the surface) and over all initial coordi- 
nates of the electron, z,. From v/Q Sess = r/Seg¢ > 1 


we find: 
Nee sin? (Vw / QO) 
ei sin? (mw / Q) 


co 8% 
xa . Be cos? (zw / Q). 
(8.5) 


Here N(=1/2zr > 1) is the number of revolutions 
made by the electron between collisions and 
o =ne’t,/m is the de conductivity. 

From Eq. (8.5), it is seen that with w = gQ, Aw 
attains a maximum, J.e., resonance takes place. 
During resonance, 


Bw = (no /2Q) (Big /1) ERN?. 


On the other hand, the quantity of heat, Q, which is 
released in the metal during the time t, > 1/a is 
equal to 
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TO eff g 


Seg E2dz— a NB ote E®, 


ty 
Q=\ai (8.6) 
0 


oc aa 


where Ogg is the effective conductivity of the metal. 
E.quating Q and Aw we find that 


Tote = 7 Oegg /Qzr. (8.7) 
But, from Maxwell’s equations 
Sete = (c?/27 Wess)”, So that 
wd 4 c2o? 1), . = (re? 1/5 
Pelt = = (SS) ee? eth iS) . (8.8) 


Hence, during resonance 


BO Cea) as) Coa) Cah) 
(8.9) 


where only the numerical factor differs from Eq. 
(6.8) for @ = gQ. Such a difference should have 
been anticipated, because the complex character of 
Oe¢¢ had not been taken into account. A similar 
method cannot be determined with Eq. (6.10), since 
it does not permit one to take into account the varia 
tion of the phase of the field with depth of penetra- 
tion. Besides this, it can be applied only to the 
case of a quadratic dispersion law. A precise cal- 
culation shows that in reality the effective depth 
for the attenuation of the field, which is given by 


Og = \ E(2)dz/E(0)~ 8B /ry*<B xy 
0 


is considerably smaller-than the effective depth for 
attenuation of the current, given by 


x(f) 
° ett 


= Vj (2) dz/j (0) ~3 (6 /2Y*~ Feu, 


(similar relations are valid even in the absence of 
the magnetic field; it is only necessary to replace 


r by l). 
9. CONCLUSIONS 


We have shown that in metals, at high frequencies 
and low temperatures, a new kind of resonance, 
namely cyclotron resonance, should take place. This 
resonance has not as yet been observed experimen- 
tally. It is readily distinguishable from other reso- 
nances, since 1) it occurs at a number of fre quen- 
cies, rather than at a single frequency as is the 
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case for diamagnetic or paramagnetic resonance 

(see Fig. 3); 2) it is possible only in stationary 
magnetic fields, which must be very nearly parallel 
to the surface of the metal, and 3) it persists through 
a reversal of the magnetic field. 

An experimental investigation of cyclotron reso- 
nance is beset with a series of difficulties, such as 
the following: 

(1) The frequency @, is given by 

an /tp<0< (v/c) (Qene2/m)' (9.1) 
(where ¢, is the characteristic relaxation time of the 
electrons), corresponds to centimeter and millimeter 
waves* for pure metals at very low temperatures; 

(2) The stationary magnetic field must be 

H ~ meow/e > 2xmc/eto, (9.2) 
i.e., fields of thousandsof oersteds** are needed. 
(For the case of almost empty bands with small 
electron effective masses, the required value of H 
drops to tens or hundreds of oersteds). 

(3) The stationary magnetic field must be very 
nearly parallel to the surface. The angle ® between 
the field and the surface has to be such that 


D Boe /L~ (*/L) (/e)", 8 = (mc?/2Qne2n)'h (9.3) 


(here 6 e¢¢ is the effective depth of the skin layer), 
i.e., if 1 ~~ 10? cm, d~ 10°° cm, the angle ® may not 
exceed several tens of minutes. This also applies 
to the angular dimensions of surface inhomogenei- 
ties. Otherwise, the free-path-length of the elec- 
trons, which contribute to the resonance, is deter- 
mined by collisions with surface irregularities. 
Therefore, the finish of the surface becomes espe- 
cially significant. 

By using the anisotropy of the surface impedance 
in a magnetic field, one can in principle determine 
the shape of the boundary Fermi surface, the ve- 


*The inequality on the right occurs because at very 
high frequencies (in the infrared region) and at corre- 
sponding magnetic fields the normal skin effect is 
encountered again, since r turns out to be much smaller 
than Og. In this case cyclotron resonance does not 
occur. 

**It would be very interesting to investigate cyclotron 
resonance at very intense, pulsed magnetic fields with a 
pulse duration considerably greater than t, ~ 10°** sec. 
Of course in this case, the inequality on the right side 
of (9.1) should be satisfied. 
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locity of the electrons on it and the transition prob- 
ability for passing from one state to the other. 

(It must be understood that this is valid only for 
closed cross sections of the Fermi surface. For 
open cross sections, an investigation of the aniso- 
tropy permits one to establish only that such cross 
sections are present and how they are oriented, 
which one learns from the absence of resonance in 
corresponding directions.) 

An interpretation of the experimental curves in the 
case of partially filled bands is simpler than in the 
de-Haas, van-Alphen effect, because of the resonant 
nature of the curves. 

By examining the dependence of the resonance 
minimum in R on the magnetic field, one can deter- 
mine how much the dispersion law for the electrons 
differs from a quadratic law; i.e., to what extent the 
electron bands are filled. 

It should be emphasized that electrons in the 
fundamental band (and not just those in very slightly 
filled bands) participate in cyclotron resonance and 
that these electrons are the ones which make the 
main contribution to the electrical conductivity of 
the metal. 

Quantum effects will lead to small oscillations 
superimposed on the fundamental periodic curves. 
These oscillations are completely non-essential to 
the phenomenon discussed here. 

In conclusion the authors consider it their pleas- 
ant duty to thank L. DB. Landau, I. M. Lifshiftz, 

M. I. Kaganov and A. Ia. Povzner for profitable dis- 
cussions. 

Note added in proof: Recently E. Fawcett!” re- 
ported the experimental observation of cyclotron 
resonance in tin and of a decrease in the surface 
resistivity of tin and copper in a high intensity 
magnetic field, parallel to the surface of the metal. 
As was shown theoretically (see footnote in Sec. 6), 
the minuteness of the decrease in the surface re- 
sistance in the high intensity magnetic field is as- 
sociated with the fact, that it is clearly not enough 
for the magnetic field be parallel to the surface 


ye ke : : 
within 1°, as was the case in F'awcett’s experiments. 


As we have shown ® should satisfy the conditions 
® <(r/L) (8/r)* «1°. The smoother variation of 
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R(H) may also be attributed to an insufficiently 
smooth surface. A detailed consideration of the ex- 
perimental results will be presented in a separate 
article. 
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The Thermodynamics of Liquid He? 
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The thermodynamics of liquid He® is considered on the basis of the Fermi liquid model 
proposed by L. Landau. The entropy, the specific heat, and the magnetic susceptibility of 
liquid He® are computed for the possible types of the energy spectrum of the liquid. Com- 


parison with experiment is carried out. 


LL”: US CONSIDER the thermodynamics of liquid 

helium on the basis of the Fermi liquid model 
proposed by Landau According to Ref. 1, for small 
deviations of the distribution function from its 
equtlibrium value at T = 0, the excitation energy 
may be presented in the form 


e=e(p) + Sf (p,p')v(p’)de dt 


E 
= gdp.dpydpz | (2xk)*, is 


where v =n — ng, and g is the statistical weight 
(here © does not depend on the spin). In the usual- 
ly-employed perfect-gas model, the excitation en- 
ergy €(p) is written in the form p?/2m, where m is 
a certain effective mass. We will see later, how- 
ever, that such a form of the spectrum leads to re- 
sults which, although not in contradiction with the 
experimental data, do not agree with them too well. 
It is why we will consider for e(p) another function 
proposed by L. D. Landau, namely: 


e (p) = (p — po)?/2m, (2) 


where m is the effective mass. In this case, for 

T = 0, the distribution function in momentum space 
will be not a sphere but a spherical shell. We will 
assume the thickness A of this shell as small with 
respect to its radius p, (“bubble”); rigorously 
speaking, in the opposite case Eq. (2) would be 
erroneous and e(p) could not be considered as a 
symmetric function with respect to the minimum 
point p = Po. In the case of a spectrum of type (2), 
we are faced with a unique situation where the 
Fermi-liquid theory is only valid for such tempera- 
tures, for which the deviations from the zeroth dis- 
tribution function are small. For the perfect-gas 
model this obviously corresponds to temperatures 
T «Tp, where Tp is the temperature of degener- 
acy. In the case of a spectrum of type (2), however, 
even for temperatures considerably higher than the 
temperature of degeneracy and which correspond to 


a Boltzmann distribution, the distribution function 
continues to decrease as one gets away from Pp = Po; 
so that effectively all the excitations will be local- 
ized in the neighborhood of that point. One sees 
therefore that there exists a temperature region 
T > Tp for which the deviation from the zeroth 
function is negligible. This makes possible in this 
case evaluation of the thermodynamical functions 
in the Fermi as well as in the Boltzmann regions. 

As we will see, a spectrum of type (2) agrees 
with the experimental data better than the perfect 
gas model, but not so much as to exclude the pos- 
sibility of this model for He*, more so because it 
appears to be more natural. 

1. Specific Heat and Entropy. For a non-zero 
temperature, the distribution function is the usual 
Fermi function 


n = [ele—B)IRT +177 


(u — chemical potential). Let us compute the spe- 
cific heat in the case of a spectrum of the type (2). 
We start from the expression for the energy of the 


system 
4p? gV 2m , 
Be \ nde = ——poa— (AT), (3) 
where* 


Further, differentiating this expression with re- 
spect to temperature, and using the condition 
N =const., we find the specific heat per particle: 


c= a (F sae ; ft 
N \ aT Jn eel a 4 (Ol; / 0A) 3 
(4) 


In this fashion, the specific heat is expressed in 


* Detailed tables of the integrals /, are available 


(Ref. 2). 
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terms of the parameter A which, in turn, is ex- 
pressed in terms of the temperature, making use of 
the relationship 


4p? gV 2m 


N =\ nd: = 


(AT) Tay. (5) 


Let us also find the formula for the entropy. We 
start from the definition of the entropy 


S=—k\{nlnn+ (1 —n)In(1—n)}dz. ©) 


Substituting here the expression for the distribu- 
tion function, we get after simple integration by 
parts 

s=S/N =k {(3ly,/ 27) — In A}. (7) 
Let us use the known expansion of the Fermi-type 


integrals /, and find the asymptotic expressions for 
c and s at low temperatures: 


Ca sig l; 


1 = g?pomk? | 3n2n®N? = 422mk? | 3A2. (8) 
Analogous formulas correspond to the, perfect gas 
model, for which 


y= (m/ 284) (V Deg [BN 42 = tmp get. (0) 


Comparing formulae (8) and (9) with the experi- 
mental data on the entropy of He® at low tempera- 


tures 3 


we can find the parameter y and therefrom 
the parameters of the spectrum Which occur in it. 
Unfortunately, at the present time, the experimental 
curve is extended only to the beginning of the 
linear region. On the basis of these data, it is pos- 
sible to obtain an approximate value for the param- 
eter y. It turns out to be equal to y=3cal/mol.deg. 
In the perfect gas model the effective mass m 
turns out to be equal to m = 1.43 m, (m, is the mass 
of the He* atom). The limiting momentum p,,_ can 
be found from the total number of particles 
(p = 0.078 g/cm*) (p,,_/f) = (37?N)4 =0.76-10° cm 
The limiting Fermi energy is equal to p/k = Sin b= = 
Piim/ 2mk = 3.3°K. As to the parameters character- 
izing a spectrum of type (2), the situation is some- 
what more complicated, since all the expressions 
for the thermodynamical observables depend on the 
sole combination of parameters p3/2m. This is why 
we find from the experimental data on the specific 


heat only this combination (p,/h)*\/m/m, =2 x10*5 cm ?. 
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In this case, as the momentum p, has to be larger 
than the momentum of the Fermi sphere, one can 
determine for the effective mass of this spectrum 
the inequality m <0.12m,. No one should be sur- 
prised by the smallness of this effective mass. 

The effective mass for a spectrum of such a type 
does not have to be close to the mass of the par- 
ticles of the liquid (let us recall, for instance, that 
the mass of a roton in liquid He‘ is close to the 
proton mass (0.26m,, m, — mass of He‘*)). Let us 
express the number of particles through the limiting 
energy of sucha spectrum, N = Ve, Spegv2m/ (nh). 
This yields the value of the limiting energy 

= 12052 ke 


elim 


The linear law for the specific heat is observed 
experimentally only for temperatures of the order of 
0.2°K. It seems to us that a spectrum of type (2) 
corresponds better to this situation because —for 
this spectrum—the temperature of degeneracy is 
equal to 1°K. It also seems that a spectrum of 
type (1) gives a temperature of degeneracy which 
is too high (3.3°K). If the temperature exceeds the 
temperature of degeneracy, the formulae of the 
Boltzmann statistics may be applied (in this case, 
the parameter A tends to zero). For the perfect-gas 
model, one obviously gets c = 3k/2. This law does 
not correspond to experiment; this shows, however 
only the inapplicability of such a model above Tp) 

For a type (2) spectrum, c > k/2 as A tends to 
zero. In this region, therefore, the specific heat of 
He® tends to 4/2, or, calculated per mole, to 1 
calorie. This result is absolutely natural because 
the law of equipartition applies at these tempera- 
tures, and for this type of spectrum there is only 
one degree of freedom (p — p,). 

A characteristic property of such a spectrum is, 
therefore, that, above the temperature of degener- 
acy, the specific heat tends to £/2 and not to 3k/2, 
as it does in the case of the perfect-gas model, 

We obtain therefore the following qualitative 
picture for the temperature dependence of the spe- 
cific heat in the case of a type (2) spectrum. At 
low temperature (below 7), there is a linear low; 
above Tj, c tends to the constant magnitude 
1 ieee deg. (there is a very weak maximum in 
the neighborhood of 7). The result of the cal- 


culations for the value 


’ 


(09/h?) V mj, =2-10% em? 


are shown on Fig. 1. The qualitative and quantita- 


tive agreement of the theory and of the experimental 
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FIG. 1. Specific heat of liquid He’: 1— perfect gas 
model, 2— spectrum of type (2), points — experimental 


data.3 


cal __ 
Smol.deg. 
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FIG. 2. Entropy of liquid He*: 1— perfect gas model, 
2— spectrum of type (2), points — experimental data®, 


data constitutes some evidence in favor of a type 
(2) spectrum for He’. 

We want to emphasize the existence of a large 
region of the experimental curve (about from 0.5 to 
1.5°K), where the specific heat is approximately 
equal to 1 cal/mol.deg. The perfect-gas model 
cannot, of course, give a picture of such a kind. In 
this model the specific heat tends to 3 cal/mol.deg 
fairly rapidly, as the temperature increases. But 
one has to remark that the comparison of the ex- 
perimental data with the results obtained from this 
model become, as already mentioned, forbidden 
as the temperature approaches the temperature of 
degeneracy. However, even away from the tempera- 
ture of degeneracy, in the region of 1°K, the ex- 
perimental data are twice as small as the theoreti- 
cal results for the perfect-gas model with the 
parameters we chose. 

The curves for the entropy are shown on Fig. 2. 


2. Magnetic Susceptibility. Let us recall the 
equations of the magnetic susceptibility) Let us 
assume that the spin interaction is of pure exchange 
type. With this assumption, let us separate from the 


function which characterizes the dependence of the 
excitation energy on the distribution function that 
part which depends on the spin interaction: 

f=p+ W(s,s’). According to Ref. 1, the magnetic 
susceptibility is 


v2 ( dn eae 


where pt is the magnetic moment of the He*® atom 
and wW is the & function averaged over angles for 
momenta corresponding to the Fermi limit. 

Using the notation defined above, let us rewrite 
this formula in the form 


(10) 


“ =9-4/\$a= b+4/a(kT)*(Aq / OA) 


a= 4xgmYV m | (2zh)°, 


ee (perfect gas model) 
Or te (11) 

a = Axpi g Vim | (2n)?, 

a = —1/, [spectrum (2)] 
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In the low-temperature limit, the latter formula 
takes the form 


2 


Capa eiere 4 14+ a \—4!(x+1) 
Sats Ly tayo 
Therefore, in the low temperature region (below 7,,) 
the magnetic susceptibility of the Fermi liquid 
tends to a constant limit. 

In the high temperature region, the asymptotic 
law for x has the form p’/yx,,T = 4k/N. Usually the 
quantity 1/(y/x,,7) is used. In the low temperature 
region, this quantity is equal to 


1 eh mk 
(igat) tak By (12) 
where y is determined by Eq. (8) or (9). 


CHE 
c 


— 


37K 
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FIG. 3. Magnetic susceptibility of liquid He*: 1—per- 


fect gas model, 2— spectrum of type (2), points —experi- 


mental data‘, 


From the comparison of Eq. (12) with experi- 
mental data’, one gets for WN/4k the value —1.05. 
This magnitude constitutes about 2/3 of the second 


term in (12). In this fashion, the exchange inter- 
action plays a considerable role in the magnitude 
of the magnetic susceptibility of liquid He’. The 
sign of the effect is such that the exchange inter- 
action favors, in this case, a parallel orientation 
of the spins. However, this interaction does not 
yield ferro-magnetism, because the Fermi tendency 
for an anti-parallel orientation of the spin prevails. 
It is possible that with increasing pressure the 
parameters will change in such a way that ferro- 
magnetism will be possible; however, so far, there 
are no experimental indications for such a possi- 
bility. 

The curves for the susceptibility are shown on 
Fig. 3. (On this figure, c is the normalized Curie 
constant.) One sees from the curves that, here too, 
a type (2) spectrum agrees better with experimental 
data. 

In conclusion, we wish to thank Academician 
L. D. Landau for useful advice and discussion of 
our results. 


11, Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 
1058 (1956), Soviet Physics JETP 3, 920 (1957). 

2 J. McDougall and E, Stoner, Trans. Royl Soc. (Lon- 
don) A, No. 773, 237, 67 (1938). 

3 Abraham, Osborne and Weinstock, Phys. Rev. 98, 
551 (1955). 

4 Fairbank, Ard and Walters, Phys. Rev. 95, 566 
(1954). 


Translated by E. S, Troubetzkoy 
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lonization Losses of High-Energy Heavy Particles 


P. V. VAVILOV 
(Submitted to JETP editor Feb. 17, 1956) 
J. Exptl, Theoret. Phys, (U.S.S.R) 32, 920-923 (April, 1957) 


. Analysis and rigorous solution of the problem of ionization losses of heavy particles in 
. ” . . A . . 
thin absorbers,” i.e., absorbers in which the ionization losses are much smaller than the 


initial energy of the particles 


ie PASSING THROUGH MATTER a charged particle 
loses its energy by collision with atomic elec- 
trons. Individual collisions are independent events, 
so that the energy losses may vary. The kinetic 
equation for the distribution function is of the 
form ! 

Of (x, A) 

Ox 


= (we) F(x, A —«) de — f (x, A) \ w (2) ds 


0 


and it is assumed that the total loss A= E, -E in 
a path x is small compared with the initial energy 
E,, so that the probability w(Z, ©) of energy loss 
per unit length may be considered independent of 
the final energy EF. Further, it is assumed that 
u(e) = 0 for e > Enax? Where €, ,, is the maximum 
energy transferred during a single collision, b =A 
for Ax< Sasa and 6 = ate for A > ee (We are 
using Landau’s notation. 1) 
We shall solve Eq. (1) by Laplace transforms: 
C+ioo ( 
= dl pA 9 x, p 
ee 
¢—1o 


oO 


(x, p) = p\ ef (x, A) dA, 


c+ico 
if 4 pe W (p) (2) 
w (2) => \ € D dp, 
C— 10 


w(p)= p\ e *w (e) de. 


0 


When } = A, we use the well known multiplication 
theorem for Laplace transforms; inserting (2) into 
(1), we obtain 

“max 


; . . 
09 (x, p) = @(x, p) (22 ane \ w (e) de}, 
0 


Ox < p 
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whence 
9(x, A) = 2(0, pyexp|—2{ | w (2) de —2))), 
(3) 
But 
Se = (ere (2)de = fe e—*? w (e) de. 
0 0 


further, when x = 0 we have f(0, A) = 6(A), so that 
(0, p) = p\e-P88 (A) dA = p. 
0 


Inserting this expression into (3), we arrive at 


f (x, d) 
{ epleo Emax 
~ Oni \ exp {pA = \ w (e) (1 — e-t#)ds} dp. 
c—ico 0 
(4) 
The case b=, leads again to the same equa- 


tion, so that Eq. (4) is the exact solution for arbi- 
trary A. The solution obtained differs from Lan- 
dau’s? only in that Landau has ©, ,, = ©. 

Let us write the exponent in Eq. (4) in the form 


[==p(h— ox) = x \ w (e) (1 — e-"? — ep) ds. 
: (4’) 


Now distant collisions do not play as important 
a role in the integral with respect to de as they do 
in «, and therefore for heavy particles (which are 
all we are considering in this article) we may use 
the expression 


xWwW (s) = te 2 (1 —— Be / Emax), 
Emax = 2m._c*B? / (1 =* B*), (5) 
— = 0,300 x (m,c? / 82) Z/ A, 
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where x is given in gm/cm’, Z is the atomic number 
of the substance, A is the atomic weight, m, is the 
electron mass, Bc is the particle velocity, and the 
initial energy of the particle L, « Mc*(M/m,), 
where M is the mass of the particle. Inserting (5) 
into (4), simple operations lead to 


I =p (A—ax)— pi (1+B%) + (I—e “™”) 


€ 


“max 


‘ r 4 ere g 
+(nBP+tp) | I dex 
0 
It is easily shown? that 
“max 4 & one f ; ie Ei = 
\ € de = C + In (maxP) i (— &maxP), 
0 (6) 


wkere C = 0.577... is Euler’s constant, and Ki is 
the exponential integral function. If we use the ex- 
pression 


222 
26°36 — x 


sa = tin pay 


— 2p (7) 


for the mean energy loss, we obtain (with the re- 


placement pe... = 2) 
{ C+ ico 
= % (1+87C) ¢ 
f (x, A) = Paes exp {z)y 
c—ioco 


+x [(z+ ?) (In z— Ei (—z)) =) dz, (8) 


dy = (A — ax) / emax — (1 + 6? —C). 


If we set zk =p, then A, > A, where A is Landau’s 
parameter. It is easily seen that when k = 0 we ob- 
tain Landau’s solution (with the replacement zx = p) 
c+ ico 

\ ePrP ae gp, (9) 
c—ico 

Let us consider the case k 21. Expanding the 
exponent in Eq. (4) into a series and introducing 
the notation 


fe, =a 


Emax 
5 


\ ew(e)de, 8 = 
0 


\ e°w (¢) de, (10) 


0 


i — 
we obtain 


exp {p(A —ax) + Ug tees \. 


G0 sah 


If we restrict ourselves to the term containing y, 
we obtain a Gaussian curve, so that the third term 


PIV NAV ILO 


gives the asymmetry of the curve. Let us write 


2 (ON) 2 pe oe (11) 


After some simple operations we obtain 


c+ico 


: 1 \ e288 gz, 


f= (A — ax) /4 + a. 


Integrating along the imaginary axis, we obtain 


co x (13) 
Of == 7=\ cos [yt + 4) dy, 
0 ‘ 


Tw 


where v(t) is Airey’s function, which has been 
tabulated by Fock?. Hines* has used a similar ex- 
pansion, but was unable, using Mellin transforms, 
to obtain an exact solution. 

The position of the maximum of the distribution 
function is found by differentiating Eq. (13) with 
respect to 0, 

GQ == Ob) OMEN (14) 
From Eq. (14) and the tables we find 
ie (ave -_ ax)/n oh Wipe 

We shall now show that for x > 1 Eq. (13) be- 
comes a Gaussian curve. Indeed, a ~ (2x) and as 
k ~~ co we have a> oo, so that the maximum of the 
curve moves towards large ¢. Using the asymptotic 
expression for Airey’s function?, we obtain 


4 3 9 
i (x, A) ~ on Vne e€Xp \— Se + at — a a 
Further 


fo Va, at —2/, fs =~ (a?/3) — z?/4a 


(z=(A- ax)/n <a) and by expressing a, 7, and z 
in terms of y and 6, we obtain 


f(x, A) = (2zyx)~P exp <— (A 


(15) 
— ax)? / 27x}, «1. 
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Performing the integration in Eq. (8) along the 
imaginary axis, we obtain the following expression 
for the distribution function: 


P(x, A) = 


fh, = BP fier (y) — cos ¥ — y Si (y), 
2 = y (Iny — Ci (y)) + sin y + 8? Si (y) 


Soe eos uy tof) dy 


where Si and Ci are the sine and cosine integral 


(16) 
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functions, respectively. All the numerical calcula- 
tions were performed in the Digital Control Systems 
Laboratory of the Academy of Sciences, USSR. 

Fig. 1 gives graphs of the functions 


@ (Ai) = &f (x, A) 


ny = [7G ada = 4 ecm 
A Ar 


He ee 


~ 


S4UERERES 


y esl 


~ 


FIG. 1. For curve 1, x= 1.0; for curve 2, x= 0.7; 
for curve 3, x= 0.5; for curve 4, % = 0.3. 


for various values of the parameter « and for 
EB =0.9. 
Fig. 2 gives the curves for k = 0.1 (curve 1) and 
k = 0.01 (curve 2). For comparison, we also give 
Landau’s function (curve L). The abscissa gives 
Landau’s parameter: 
= (A, /x) — Inx = (A —ax) /e— 
1 —B?+ C—Inx. 


It is seen from Fig. 2 that when x = 0.01 the 


exact function is practically the same as Landau’s. 


Thus Landau’s approximation is valid for 
k £0.01, the exact solution (16) must be used in 
the interval 0.01 < x $1, and the approximation of 
Eq. (13) may be used in the region k 21. 

In conclusion, I consider it my duty to express 
my gratitude to lu. F. Orlov for valuable discus- 
sions and remarks. The author also expresses his 
gratitude to the staff of the Calculating Division, 
who performed the numerical calculations. 


11. D. Landau, J. Phys. (U.S.S.R.) 8, 204 (1944). 

2N.N. Lebedev, Special Functions and Their Appli- 
cations, M., Gostekhizdat, 1953. 

3V. A. Fock, Table of Airey Functions, M., 

4K. C. Hines, Phys. Rev. 97, 1725 (1955). 
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Account of Primary &-Particles in the 
Development of a Nucleon Shower 
in the Stratosphere 


ZH. S. TAKIBAEV AND P. A. USIK 
Physico-Technical Institute, 
Academy of Sciences Kazakh SSR 
(Submitted to JETP editor February 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 924-925 
(April, 1957) 


EAVY NUCLEI (Z>2) constitute a considerable 

part of the primary cosmic radiation. It follows 
from the data by Bradt and Peters}, obtained by 
means of photo-emulsions, that 45% of the nucleons 
incident upon the top of the atmosphere are protons, 
45.3% are a-particles, and 9.7% are heavier nuclei. 

Measurements carried out at different geomagnet- 
ic latitudes? demonstrate that primary protons, a-par- 
ticles and heavier nuclei possess similar energy- 
per-nucleon spectra up to 4000 Mc’. In the account 
of a-particles we can therefore use the same spec- 
trum exponent as used in the expression for the pri- 
mary protons. 

Haber-Shaim and Yekutiely . using the model of a 
4 estimated that 
in the mean 2.5 nucleons originating in the disinte- 
gration of an air nucleus by a high-energy a-particle 
are star-producing. In our calculations the mean 
number v of star-producing nucleons which take 


mean nucleus for the atoms of air 


their origin in the disintegration of an air nucleus 
by a primary a-particle is assumed to be equal to 
Dros 

In the study of the interaction mean free path of 
heavy particles, Hisenberg® used the value 
X= 5x 10° **cm for the mean free path of a nucleon 
from the primary nucleus in the target nucleus. 
This value was obtained from experiments on the 
scattering of nucleons on nuclei at energies at- 
tained in accelerators. The resulting satisfactory 
agreement between theory and experiment makes it 
plausible to consider the behavior of the nucleons 
of the primary a-particle in the target nucleus as 
independent even at the energies involved. We 
shall therefore regard as fully grounded the use of 
the model of independent interaction of the incident 
nucleons with the target nucleus nucleons® for the 
calculation of cascade curves for nucleons in the 
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stratosphere, caused by primary protons. 

In our calculations we did not account for mes- 
ons, secondary a-particles, and ionization energy 
losses of charged particles. Assuming that the in- 
tensity of primary protons is normalized to unity, 
we shall use the following expression for the dif- 
ferential spectrum of primary a-particles: 


0,3yEYE,% 1 dE, for E,=E, = 740 MeV, 


S (Eo) dEy = 0 for Eo be, 


where E, and E, are energies per nucleon and 
A= 1.1 (Ref, 6): 

The value of the intensity of a-particles at the 
top of the atmosphere was obtained (using the above 
expression for the spectrum) recalculating the data 
of Bradt and Peters! obtained at the geomagnetic 
latitude of 30° N to the geomagnetic latitude of 
Moscow, 51°N, for which the proton cut-off energy 
was assumed to be equal to 2000 Mev. Correspond- 
ingly, the cut-off energy for a-particles equals 740 
Mev per nucleon. ; 

At an atmospheric depth x (measured in the units 
of the nucleon interaction mean free path, 

A = 75g/cm?), the flux intensity of primary a-par- 
ticles will be equal to / = bews where / is the in- 
teraction mean free path of a-particles in the air, 
measured in the units of A. According to Fermi’ 
we used the value of 44.5 g/cm’ for the mean free 
path J. 

The flux of nucleons with energy greater than E 
at a depth 6 (in units of A), produced by primary 
a-particles in a layer of thickness 0, can be repre- 
sented as follows: 


S,+ ico Ig 


a (get (Deg 
| (Gy S5 


S, tots 


ne 


Sy (E,=E, 8) =—+~ 


dl ds, 


where z is the atmospheric depth from the layer dx, 
in which the number of a-particles which interacted 
with air nuclei equals —d/ = (J,/i)e */'dx, where 
0=x+2, z = 0—x; 


a, = 4 — 240 /(s + 2) (s + 3) (s+ 4)(s +5). 


We have then 
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So+ico 8 
ao ee 6 (Eo \Ee - exp {— f(Da,.) (0—n}-e-7! ! 
S, (Ey SE, 0) =— \ (ee) eee acest eer dx ds 
S y—ico 0 
So+ ivo 
scsi a ees ee ena 
27l E s(y—s) lf (bay —1/ 9 d[—f (Da,)9 


+f (Da,)x—x / ids = 
2ril 


Therefore 


_ ywilo 
Se—ico 


The value Sa=(E,,>E, 0) was estimated by the 
saddle point method. 


a 100 


i 


Altitude dependence of the number of stars and the flux 
of star-producing particles: 1- stars with account of pri- 
mary a-particles, 2- flux of star-producing particles with 
account of primary a-particles, 3- stars without account 
of a-particles, ®- experimental data obtained in labora- 
tory, O- point of normalization of the experimental data. 
All curves are normalized to unity. 


We calculated the curves for the star-producing 
particles with energy larger than E = 100 Mev for 
for various atmospheric depths. The calculations 
were carried out with and without account of the 
primary a-particles. Results are given in the 
figure. 
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Ponderomotive Forces in a Localized Plasma 
in the Electromagnetic Field of a Plane Wave 


V. V. [ANKOV 


P.N. Lebedev Physical Institute, 
Academy of Sciences, USSR 


(Submitted to JETP editor December 6, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 926-927 
(April, 1957) 


A ies THE FIELD of a plane wave is impressed 
on a localized plasma, there arise both a radi- 
ation pressure in the direction of the wave motion 
and ponderomotive forces tending to produce a de- 
formation of the plasma. The present article is de- 
voted to the explanation of the nature of these 
forces in the special case where the wavelength is 
much larger than the linear dimensions of the re- 
gion of localization A quasi-neutral plasma may be 
described phenomenologically as a medium having 
dielectric constant ¢, conductivity o and magnetic 
permeability p = 1. 

A sphere of ionized gas with a uniform density 
of ionization may be considered as a rough model 
of a localized plasma. The electromagnetic field 
inside and outside such a plasma sphere is in ac- 
cordance with the theory of the diffraction of a 
plane wave by a homogeneous dielectric sphere 
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electromagnetic wave on a dielectric spur asa 
whole has been investigated by Debye.” 

We shall find the distribution of ponderomotive 
forces throughout the volume of the sphere by start- 
ing from the known expressions for the stress ten- 
sor of the electromagnetic field, according to which 
the time-averaged force per unit volume of the 
sphere is 


li pres ply 2 Oe 
= oljxH]- gn Fi grad ¢ + -g— grad (3 = *), 
and the force per unit surface area is 


4 4 
£2 my oT (E2 — Ei) — g— fe iG — 51) E] n, 


where E, and E, are the electric fields inside and 

outside the sphere, n is the outward normal to the 

surface, and ris the density of the medium. 
Taking for the plasma ¢ = 1-a§/a* (a, is the 

plasma frequency) and, for simplicity, neglecting 

losses (o = 0), we obtain 

a : grad E?, 


c= 


4 1 
P= 7 cE yy (Es — a ee E})n. 


If the radius a of the sphere is much smaller than 
the wavelength in space and in the plasma, then 
the time averaged volume density of the force 
within the sphere turns out, after rather tedious 


E:) — 


calculations, to be approximately equal to 


» _ Fo ye (¢ — 1)? 85 ef — 87 2° — 1032 e* — 2075 © — 1266) 
a oe 5(e + 2)? (2e +3)2(7e + 12) 

RS (1) (1 + 158) 

lm 87 oot DT 4 12)" 

els go (© — 1)? (35 ef — 129 e* — 1209 2? — 2330 « — 1392) 
(sss 8x o(e +2)? (2e + 3)? (7s + 12) 


Here the x axis of a right-handed system of coordi- 
nates with origin in the center of the sphere coin- 
cides with the direction of polarization of the elec- 
tric field of the plane wave (with wave vector k) 
The 
time-averaged force density on the surface has here 
the following form 


which is being propagated along the z axis. 


ees ih Op cea eT 
8x 2 (e+2)? @ 

It follows from the preceding formulae that for 
certain values of © the forces inside the sphere are 
directed inward. The forces on the surface of the 
sphere are always directed outward. A comparison 
of the volume and surface forces shows (in view of 
of the fact that ka <1) the predominant role of the 
surface forces on the periphery of the sphere. 

Hence the ponderomotive forces lead to an un- 
stable surface layer in a plasma sphere in the field 
of a plane wave for ka <1 and thus make possible 
a dislocalization of the plasma in all directions, 
which in the present case is connected with the 
presence of a density gradient at the bounded 
plasma, as at every localized medium. Hence we 


may consider that a tendency to spread in the field 
of a plane electromagnetic wave is characteristic 
of a plasma concentrated in a localized region of 
dimensions considerably smaller than a wavelength. 

We have limited our consideration to continuous 
oscillations of the plasma under the, influence of a 
plane wave and have not been concerned with 
transient processes. 

Analogous problems may be of interest in con- 
nection with the recently proposed new methods of 
accelerating clusters of charged particles*. 


1), A. Stratton, Electromagnetic Theory (Russian 
translation). 

2 P. Debye, Ann. phys. 30, 57 (1909). 

3M. S. Rabinovich and V. V. lankov, Forces Acting 
on a Dielectric Sphere in the Field of a Plane Electro- 
magnetic Wave, Report of the Physics Institute, Acad- 
emy of Sciences, USSR, 1955. 

Sus 1: Veksler, Report at the Geneva Conference on 
Meson Physics and Accelerators, June, 1956. 
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Motion of a Rarefied Plasma in a 
Variable Magnetic Field 


IA. P. TERLETSKII 
Moscow State University 
(Submitted to JETP editor December 20, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 927-928 
(April, 1957) 


ONSIDER A RAREFIED PLASMA in a quasi- 

stationary magnetic field which varies in time. 
Let us limit ourselves to the case where the free 
path length of the electrons and ions may be con- 
sidered as great as we like and the magnetic field 
Hi is intense enough to fulfill always the condition 


e|VH|/H<1, (1) 


where p = p, c/eH is the radius of curvature of the 
trajectory of a free charged particle in the magnet- 
ic field, p, is the component of momentum of the 
particle perpendicular to the direction of the mag- 
netic field, e is the charge of an electron, and c 
is the velocity of light. It is assumed that condi- 
tion (1) is true for all electrons and all ions. 

In the case under consideration, in accordance 
with Ref. 1-3, the motion of the electrons and ions 
of the plasma may be represented as circular mo- 
tion of radius p around the direction of the magnet- 
ic field with cyclical frequency 0 = eH/mc, while 
the center of rotation (we will call the point repre- 
senting this center of rotation the drifting center) 
drifts in a direction perpendicular to the magnetic 
field with velocity 


_ = clE x H] /H? ~ (cp/ell’)[V, H x H] (2) 


and in a direction parallel to the magnetic field 
with a velocity determined by the equation 


d(mv)/dt =eEy =(cu/\e|) Vu, (3) 


where p = |e | Qp?/2c is the magnetic moment pro- 
duced by the particle rotation with frequency (), 

VY, and V are the components of the gradient 
perpendicular and parallel to the magnetic field, 
and m is the mass of the particle. As a conse- 
quence of the conservation of the adiabatic invari- 
ant ?(mv + eA/c)dl, the magnitude of Op’ remains 
unchanged? in the case of a sufficiently slowly 
changing magnetic field (H”* | dH/de | «0/ 27). 


Hence 


= eQp? / 2c = e®Hp? / 2mc? = const, (4) 


whence the energy of the rotational motion of the 
particle* is 


W = p?, (2m = mO%? /2 = vw. (5) 


The drift in a direction perpendicular to H with 
velocity 


u =clE x HI/H?, (6) 


may be considered as a motion “together with the 
lines of force,” just as in the case of magnetic 
hydrodynamics*. Actually, if we determine the 
“velocity of motion of the lines of force,” starting 
from the equation 


ar \ Has = Plu x Hla, (7) 


then, in virtue of the law of electromagnetic induc- 
tion, the velocity (6) coincides with the value of u 
occuring in Iq. (7) in the case where E 1 H. Thus 
even in the case of an extremely rarefied gas the 
picture of a substance “fastened” to the lines of 
force, or “frozen” into the lines of force, may be 
used as a descriptive representation of the motion 
of the plasma. 

Let us consider the motion of the plasma in two 
simple. cases with axial symmetry. 

1) Let H be directed along the axis of symmetry 
z and be generated by sources situated on the out- 
side of a cylinder of radius R. In virtue of the 
stipulation of a quasistationary state within this 
cylinder, we may consider 7, = H(t). Ifr, z and 0 
are the cylindrical coordinates of the drifting cen- 
ter of the particle, then in virtue of Eq.(6) and the 
law of electromagnetic induction lor in view of 


Eq. (7)], we have 
u=dr/dt =—(r/2H)dH/ dt, (8) 


whence, as aresult of integration, we obtain 
PH = const. By virtue of Eq. (4) p?H = const. al- 
so, and thus we have 


efem=r/ro=V Ho] H: (9) 


*In the relativistic case, obviously, 


W = meV 1-4 2uH | me. 
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An increasing magnetic field of the type con- 
sidered may be created by the rapid compression of 
a conducting cylinder by means of a convergent ex- 
plosive wave’. In this case, by virtue of the con- 
servation of the current of the vector H, 

I(t)R2(t) = H(O)R2(0), where R(t) is the inside rad- 
ius of a compressed cylinder. Thus, analogously 
to Eq. (9), R/R, = VH,/H, that is, all the dimen- 
sions and distances are decreased in proportion to 
R. At the same time the energy of the rotational 
motion of the particle according to Ivq. (5) in- 


creases as*: 


W /Wyo=H/Ho=([Ro/ RI?- (10) 

If the magnetic field is not strictly parallel to 
the z axis, but decreases with distance from the 
axis, that is, has a barrel-shaped form, then as a 
cesult of Eq. (3), forces appear which draw the 
particles of the plasma together to the surface 
li,(r, z, ¢) =9 and guarantee the stability of the 
motion of the particles in the z direction. 

2) Let the magnetic field be generated by an 
axially symmetrical current directed parallel to 
the z axis. In order to simplify the calculations 
we shall assume thai the current density 


j(f) for r< R (4), 


0 for r> Ri). (11) 


inn={ 
In this case, in accordance with Iq. (2) and Max- 
well’s equations, with cylindrical coordinates r 
and z for the drifting center, we have for r > R: 


se dies {4 ade (4s 

r dt seat E 
tenn GUS c 

+in(=)| aerai ty Es} r, (12) 
u,= dz] dt (cu/e)/r, (13) 


where /(¢) = 7R*(t)j(t) is the total current strength 
and EF, = E, forr =0. On integrating Eq. (12) we 
obtain 


rRo Lica (Jo/J)—1 C2 
roR fz & 4 exp {aha att, 


whence, in accordance with Eq. (5) 


*In the ultrarelativistic case, obviously, 


W/W. =VH/Ho=Ro/R. 
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t 
= Loreal alt {<-{ at} 
Sede e | exp 7 Ey 


(1s) 


the velocity in the z direction is obtained by sub- 
stituting Eq. (14) into Eq. (13). 


Formula (15) shows that even in the constant- 
current case the energy of rotational motion of the 
particles of a rarefied plasma may be increased 
many fold as aresult of a decrease in R. In the 
light of this result, the manifold increase in the 


kinetic energy of electrons and ions which was dis - 


covered by Artsimovich and his coworkers®’’ during 
the passage of powerful discharges through rare- 
fied gases is not unexpected. (One can assume, 
for example, that the electrons and ions formed af- 
ter the first compression in the region where 

E, > 4H are first accelerated by the field E, to ener- 
gies comparable to the potential difference be- 
tween the discharge electrodes and then, as a re- 
sult of the increase in density of the discharge 
current, the particles far from the axis enter the 
region H > E, where a supplementary manifold in- 
crease in the energy occurs as a result of the 
induction mechanism considered above.) The fields 
obtained in this case guarantee the fulfillment of 
condition (1) and, consequently, the applicability 
of formula (15). 


Lis: Alfven, Cosmic Electrodynamics, (Russian Trans- 


lation), 1952. 
la. P. Terletskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 
19, 1059 (1949). 
: la. P. Terletskii, J. Exptl. Theoret. Phys, (U.S.S.R.) 
16, 403 (1946). 
P. E. Kolpakov and Ia. P. Terletskii, Dok. Akad. 
Nauk SSSR 76, 185 (1951). 
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On the Energy Spectrum of »-Mesons 
from Ki3 Decay 


S. G. MATINIAN 
Institute of Physics 
Academy of Sciences of the Georgian SSR 
Submitted to JETP editor Dec. 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 929-930 
(April, 1957) 


N A PREVIOUS COMMUNICATION! concerning 
the problem of K,, decay (Ki 


calculated for the case of a scalar (pseudoscalar) 


particle with directly coupled fields. In the present 


note we consider decay of the same particle, but 


with derivative coupling between the fermion (y, v) 


and spin-0 boson (Ky? 7) fields. 


The interaction Hamiltonian is of the form 
H’ = fm? (by rvi4,) (0/0%;) (Ox) (R= 6 = 1). 


Here fis a dimensionless coupling constant, m_, is 
the mass of the 7-meson, wy is a spinor, and ¢ is 
a scalar wave function; y is equal to unity or Ys> 
depending on the parity of the K 


“meson. 


Carrying through the calculation similarly as pre- 


viously! we obtain the following expression for the 
differential decay probability of the K.,-meson at 
rest: 
fp (A—2ME,) V E2—m? 
wdE, = + 
322m? M(B—2ME,} 


{mz (A—2ME,,) (H — 2ME,,) (ME, — mi) 


272 
— G — DE, + 2M*E?} aE, . 


Here H = M’ + m? + m?, with the remaining nota- 
tion being the same as that used previously} 

We note that, as before, we have obtained a re- 
sult which is independent of the Kis parity: the 
decay probability of the scalar meson with scalar 
(vector) coupling is equal to the decay probability 
of the pseudoscalar meson with pseudoscalar 
(pseudovector) coupling” This is clearly related to 
the zero mass of the neutrino. 

Lee and Yang? and Morpurgo* have given experi- 
mental data on the p-meson spectrum from K 
decay. A characteristic of the results is the large 
number of low-energy p-mesons. The maximum en- 
ergy of the p-meson spectrum given by Lee and 
Yang? is in the region of ie 40 Mev (where 7), is 
the kinetic energy of the p-mesons), whereas the 


37h +v+m°) the 
energy spectrum of the pi-mesons anon K,,, decay was 


(1) 


(2) 


spectrum corresponding to their phase volume has 
a maximum in the region of T, ~ 75 Mev. According 
to our calculations the maximum in the spectrum 
lies in the region of 85 Mev for direct coupling, 
which is in disagreement with the experimental 
data. For derivative coupling, the p-meson spec- 
trum has a maximum at 60 Mev, which is in better 
agreement with experiment. The Figure shows the 
v-meson spectra for (a) direct coupling and (b) de- 
rivative coupling of the fields. Also shown is the 
spectrum corresponding to the p-meson phase vol- 
ume (c). The spectra are given in arbitrary units 
and the curves are normalized to unit area. 


0 20 WW 6 8 ‘00 120 WOT,MeV 


Energy spectra of (4-mesons from Kis to K. 


It should be noted that the p-meson energy spec- 
trum from K 3 decay has not yet been accurately 
measured. It is difficult to differentiate between 
fast p-mesons (T= 100 Mev) from K, 3 decay and 
m-mesons from K_, decay and panes from K,,, 
decay. 

The fact that vector (pseudovector) coupling is 
in better agreement with experiment may also be 
due to the following situation. As is well known, 
only vector (pseudovector) coupling gives the cor- 
rect relation between the probabilities for 7 > p 
and 7 » e decays”*®, If we use the universal meson- 
lepton interaction’, the same coupling must be used 
for K, 
oe s + vis not observed in experiment). Then 
the Hamiltonian of Eq. (1) for K 
seem to be reasonable if we Scustter the K 
meson and the Kio 
the 7-field?, 


We note that at present there is no reason to 


2 decay (as is well known, the decay 


3 decay would 


39 
-meson to be coupled through 


assume the spin of the K-mesons to be nonzero. If, 
is found to be 


nevertheless, the spin of the Ki3 
different from zero, there may be a correlation be- 


tween the spins of the Kk. and the p in the decay 


of polarized Ku3 particles. 
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The following Hamiltonians may be responsible 
for the decay of a vector K_,3-meson at rest: 


jak = £1 CD) A ,09,,/0x ;, He a gob %iby) A 9x 


where A. is the vector wave function of the iss 
meson. If we calculate the probability for emission 
of polarized p-mesons in the decay of spin-1 polar- 
ized K 3-mesons as was done by Okun’ ” we obtain 
the followine results. The interactions H* separate- 
ly do not lead to polarized p-mesons.,Neither does 
the “mixture” H’ + H,. The “mixtures” H4 + IG and 
Bet H, on the other hand, lead in general to 
polarized p-mesons. 

I take this opportunity to express my gratitude to 
Professor G. R. Khutsishvili for aid and discus- 
sions of the results of the present work. 


On Strong Interaction between the K-Particle 
and the 7r-Particle 


S. G. MATINIAN 
Institute of Physics 
Academy of Sciences of the Georgian SSR 


J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 930-931 
(April, 1957) 


ee AL DATA conceming K-mesons lead 
to two different conclusions which are difficult 
to reconcile. On the one hand, experiment gives the 
same (within the limits of experimental error) 
masses and lifetimes for different K-particles. In 
experiments performed under varying conditions, 
different K decay schemes are observed with equal 
frequency?, In addition, experiments with a beam 
of K*-mesons before and after scattering” lead to 
the conclusion that the 6 and t-particles have the 
Same interaction cross sections with matter. All 
this would seem to imply that the different K-meson 
decay schemes correspond to alternate modes of 
decay for the same particle. On the other hand, 
analysis of t-decays and the existence of the 

0° + 2n° decay implies that the @ and ¢ are differ- 
ent particles. 

In order to eliminate this contradiction, Lee and 
Yang introduced the concept of parity doublets? 
and parity nonconservation in weak interactions‘. 
Schwinger postulated a strong interaction between 
pions and K-mesons. In the present note the hypoth- 
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esis of a strong 7-K interaction is applied to obtain- 
ing certain relations between the probabilities of 
K decays according to various schemes. 

We thus start from the following isotopic invari- 
ant interaction scheme between the 7- and 
K-mesons. 

Kia Kae: (1) 
On the basis of Eq. (1) we may relate, for instance, 
the decay of the t-meson withthe decay of the 
0-meson, and determine, in particular, the ratio of 
the probabilities for the two decays 


vt" (+ 2004+ nt) and t#(+ nt + 2-4 x4). 


According to (1) we may write the t * decay 


& 
4g tt OL atinttr, 


(2) 
where g,, is the coupling constant of the strong 
7-K interaction, and f is the coupling constant of 
the weak interaction between the 0-field and the 
7-field. For the t’‘ decay we have two possibili- 
ties: 
5 el ere eee 
Co ee) 
OM Ou Fae 0 + 
To -} => 79 + 70 + rt, 
The probability of one or another t decay is 
given by the product of the probability for forma- 
tion of one or another 7 + @ configurations (this 
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probability is found from the hypothesis of isotopic 
invariance) and the probability w for the decay of 
the 0-meson according to one or another scheme. 
The ratio of the 6-meson decay probabilities can 
be found by assuming that in this decay the iso- 
topic spin selection rule |AT | = 1/2 is operative®, 
There exist two possibilities depending on the spin 
of the 6-meson. 

1. The spin of the 0-meson is odd. Then the 
0° + 27° decay is impossible. According to the 
above, the ratio R of the t’ decay to that of the 
t decay is 


R=w(0 |0+)/2w(0°| + —), (3) 


where, for instance, w(0 *|0 +) is the probability 


that the @*meson decays into a7° and azt. 
According to Gatto”, if the spin of the 6-particle 
is odd 


w (8° | 0+) = 20 (8° | +—) 
and K = 1. 

2. [he spin of the 6-meson is even. [hen accord- 
ing to Gatto®, w(6*| + 0) = 0 (if the selection rule 
| AT | =% is operative), and 


w (0° | + —) = 2 (6° | 00). 
We then obtain R = 0.5. 

As is well known, the ratio R can be found from 
the selection rule | A7'| = % alone®’® and lies in 
the interval 4 <R <1. The case R = 4 occurs when 
the total isotopic spin of the system of three 
m-mesons is equal to unity in our case of a strong 
7-K interaction, R is subjected to another restric- 
tion. We note that the experimental values of RK as 
found by various observers differ among themselves 
to a great extent. Recently Birge, Perkins, et al., 
have obtained R = 0.39 + 0.096. 

Using the concept of a strong 7-K interaction, we 
can also determine the ratio R, of the decays 


70 (+ 3°) and 70(> nt + 4° + 7°). 


We obtain R, = 0 if the spin of the 6-particle is odd, 
and R, = 0.5 if the spin of the 6-particle is even. 

Bev ccal experiments have Se the existence 
of the so-called anomalous 6°-decay’, among which 
there are cases which have been interpreted accord- 
ing to the scheme 


Ka > = ae +y. (4) 


» + a . 
For K,,, and K®,, decays we may write (see also an 
earlier work by the present author®) 
+ + 
Kuz? Kis meni ut ty + 719, 


A beste (5) 
ue IN gpm > pt tey ee 


The ratio R,, of the ie and K {,, decay probabili- 
ties is then R,, = 0.5 independent of the spin of the 
Ky, (in this case the absence of a neutral p-meson 
is relevant). 

I take this opportunity to express my gratitude to 
Professor G. R. Khutsishvili for discussions of the 
results. 
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Application of a Renormalized Group 
to Different Scattering Problems in 
Quantum Electrodynamics 


V. Z. BLANK 
Moscow State University 
(Submitted to JETP editor December 28, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 932-933 
(April, 1956) 


f bees METHOD of renormalized group was ap- 
plied?» 2 to obtain the assymptotic expressions 
for the quantum electrodynamic Green function and 
for the vertex part. The use of the renormalized 
group presents also a considerable interest in the 
case of concrete scattering processes. 

For this purpose, let us first formulate the re- 
normalized group for the transition probabilities. 
This is conveniently done by using the generaliza- 
tion of the Feynman diagrams proposed by Abriko- 
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sov’. Let us consider the transition probability 
for the process represented by the totality of the 
generalized diagrams. It can be written in the form 
e"W((p;p;), e?), where p; and p; are 4-vectors cor 
responding to the i’th and ;’th external lines and n 
is the number of vertices with external photon lines. 
The transition probability represented by the total- 
ity of the generalized diagrams is equal to the ma- 
trix element of some operator between the initial 
and final states of this generalized diagram. Let 
us denote this operator by the letter M. The oper- 
ator M has an arbitrary multiplicative constant 
which is determined by the number of free ends of 
the generalized diagram. Let the number of exter- 
nal fermion lines be 2f. The multiplicative trans- 
formation of the operator M has then the form 


e"M + e'"ZM, where Z = Z{Z?/*, The charge 
transformation law is known and, in electrodynam- 
ics, because of the Ward identity, has the form 
e+ e'™ =Z */2e" The multiplicative transfor 
mation of the operator M is therefore determined by 
only the number of external fermion lines: M > Z1M. 

Let the lowest order perturbation approximation 
of the operator M be M,. In cases of practical in- 
terest, itis sufficient to limit oneself to the con- 
sideration of only those terms of MM which are propor- 
to M,, i.e., M =M,3I, where Yi! contains all the ra- 
diative corrections proportional to M,. Including as 
usual the multiplicative constant of Jl in its argu- 
ment 


TM ((p;p,)/, mr, &), 


one obtains a functional, and then a differential 
equation for ‘I. These equations are analogous to 
the equations for the vertex part in Ref. 2. They 
are cumbersome and we will not cite them here. 


One of the possible equations has the form (with 
the same notation): 


0 
By Mx, ys... 2, u, e?) 
eile y uy ees : 
_ =lz InM («, ues Sens = od Cau; ey]. 
(1) 


Integrating this equation, we obtain 


In [MN (x, Ys - +1 2 Uy e?)/M (Xo, y,..., 2, W, €2)] 
x 
SC EANLO, t Z,u 

“| Flag... $he 
t Fe ahaha fp ea (tuet))) 
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We will be interested in those solutions of equa- 
tions of the type (1) which, for smaller e”, coincide 
with the results of perturbation theory. 

The obtained equations of renormalized group 
can be used effectively to avoid the infrared catas- 
trophe in scattering problems. As known’, in the 
usual perturbation theory, in addition to the main 
process, one considers also—in order to avoid the 
infrared catastrophe—scattering with emission of 
an additional long-wave quantum, the energy of 
which does not exceed Ac. But then the depend- 
ence of the total cross section on Ae is no more 
true. The probability of pure elastic scattering is 
infinite. To obtain a physically admissible result, 
one has to make the summation of an infinite series 
of diagrams corresponding to the emission of dif- 


ferent numbers of long wavelength photons. A di- 
rect summation of such a kind was carried out by 
Abrikosov®. The use of the renormalized group 
drastically simplifies the problem of such a sum- 
mation, The physically admissible results then 
arise as the result of a decomposition that is in- 
variant with respect to the renormalized group. 

Let us consider, for instance, the scattering of 
an electron in an external field. Using the results 
of perturbation theory*, we obtain—by solving equa- 
tions of type (1)—an exponential dependence of the 
effective cross section on InAe. The probability 
of pure elastic scattering turns out to be zero, 
which is physically correct. An analogous situa- 
tion arises when one considers the Compton effect. 

The equations of type (1) for the renormalized 
group are also useful when one considers different 
high energy effects: scattering of an electron in an 
external field, Compton effect, and electron-electron 
scattering. The investigation of these phenomena 
by the method of summation of a series of diagrams 
was carried out by Abrikosov®. The renormalized 
group method permits to extend this investigation 
to much higher energies, because there is a simple 
possibility of taking vacuum polarization into ac- 
count. 

In conclusion, I express my deep gratitude to 
N. N. Bogoliubov who supervised this work, as 


well as to D. V. Shirkov for discussion of the re- 
sults. 
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Simultaneous Creation of A and 6-Particles 


I. IU. KOBZAREV AND L. B. OKUN’ 
(Submitted to JETP editor January 10, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 933-934 
(April, 1957) 


| bar ANALYSIS OF ANGULAR and energy dis- 
tributions of 7-mesons from the decay 
tt + 27+ + 7- leads to the conclusion that the spin 
and parity of the t-meson are 0. Such a meson can- 
not decay into two 7-mesons, therefore there must 
be two kinds of K-mesons: t+ and 6*. The experi- 
mental masses and lifetimes of the K*-mesons co- 
incide. The equality of the masses can be explained 
by the hypothesis of Lee and Yang’ according to 
which the Hamiltonian of strong interactions is in- 
variant with respect to the operation C,, which 
changes the parity. The equality of the lifetimes of 
the t and 6-mesons remains, however, unexplained. 
Another possible assumption is the hypothesis 
that the K-meson decay interaction does not con- 
serve parity and that there exists only one K-meson. 
We want to point out that the experiments on the 
pair production of A°, K° can be used to answer the 
question on the number of K-mesons. Steinberger 
et al., 2-4 observed the decays of A° and @° parti- 
cles, A° > p+7-, 0° > a* + 7-7 produced in the 
process 


n + p— Ao-+ 0. 


The lifetimes of these decays are t~ 10° sec. 
They determined the probabilities Rg and Ry that 
the observed decay A > p + z~ will be followed by 
the fast decay 0 > 7+ + 77, and vice versa. The ex- 
periment gives Rp ~ Ra ~ 0.3 — 0.4. 


761 


Let us assume that there exists only the K-meson 
and that parity is not conserved. In order to explain 
the existence of the long-lived K °-meson observed 
in the experiments of Lande et al.,> one has to as- 


_ sume that the Hamiltonian of the decay interaction 


is invariant with respect to C or Cl, where C is the 
charge conjugation and / is the inversion®. The 
K-meson is the mixture 


Ko = (K§ + KQ)/V2, 


where the wave function of K$ is symmetric and the 
wave function of KQ is antisymettric with respect to 
C or Cl respectively K$ decaying into two 7-mesons 
with a lifetime of 10° sec and K@ being long-lived. 
We then get for Rg and Ry: Ry =0.5 pg, Ry =P» 
where pg, R are the probability ratio 


Pg = w (0° > xt + 1-)/[w (00 xt + 2) 
+ w (09 + 9 4+ 2%)] <4, 
Pa=wW(A>p+r)/[w(A+p+r) 
smd ena en iad) te 


Comparing with experiment: pp = 0.6 — 0.8, 
PR, = 0.3 — 0.4. 

Experimentally, only the order of magnitude of 
these quantities is known at the present time. 
Osher and Mojer give p, and pg ~ 0.5 which, in 
view of the inaccuracy of these values, should be 
considered as not being in contradiction with the 
hypothesis of a single K-meson. 

In the Lee and Yang scheme the t and 0-mesons 
are produced in equal numbers and, taking into ac- 
count that 6° is a mixture of symmetric and assym- 
metric components, we get 


Ry = 0,25 pg < 0,25; Ra = Py: 
We come to a contradiction, as the experiment gives 
Ry ~ 0.3 = 0.4. 

The contradiction can be avoided by taking into 
account the fact that, in the Lee and Yang scheme, 
even and odd A-particles should exist simultane- 
ously with even and odd K-mesons, and by assuming 
that one of the A-particles is long-lived with a life- 
time of 10°* — 10°° and that the @-meson is produced 
only (or most of the time) with a short-lived 
A-particle. Such an assumption means that the @ and 
+ do not transform one into the other in strong inter- 
actions. 

We then get, as in the case of a single K-meson: 


Ry~ 09,9 Po Rv ~ Pa: 
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The assumption on the existence of a long-lived 
A-particle can be verified directly. In particular, 
such a long-lived gael should have been ob- 
served in experiments’. The fact that it has not ac- 
tually been observed is in contradiction with such 
an assumption. 

Therefore, the values Ry and Rg agree most eas- 
ily with the single K-meson hypothesis, the values 
of pg and p, being pg = 0.3 — 0.4, py = 0.6 — 0.8. 

Let us now investigate the theoretical values of 
Pg and p,- In the Gell-Mann scheme, it is assumed 
that the decay interaction satisfies the selection 
rule A7, = % (T is the isotopic spin). One can as- 
sume that the decay interaction satisfies a more re- 
stricted selection rule AT = 4, which explains by 
a natural way the longer lifetime of 0* with respect 
. ar of 6°, because, for an interaction with 

= %, the decay 0° > 7+ + 7° is forbidden. For 
ne 72, Pg =P, = 4 = 9.67. These values are ac- 
tually quite indeterminate because a small admix- 
ture of interaction with AT = *% strongly influences 
, and py: 

oT order to explain the decay 0* +> m+ + 7°, one 
has to introduce an impurity with AT = *4, the am- 
plitude a, of which being a, = 0.07 a,, where a, is 
the amplitude of the transitions with AT = 4%. The 
ratios 


w (09 > x9 + =)/a (00 


> xt x) 
+n+ro)jw (A -> p+) 


and w(A 


vary between the limits 
Z { = V 2a3/a, 2 
4)4 + Q3/Q4 V2 


which, for a,/a, = 0.07, give 0.62 <Pee 0-12; 
0.62 <pg < 0.72. 

In order to obtain py ~ 0.3 — 0.4, it is necessary 
that a,/a, ~ 0.3 for the decay interaction of 
A-particles. 

Finally, let us emphasize the existing experimen- 
tal values of pg, p, and of Ry, R, contain large 
errors which do not allow to ee a unique conclu- 
sion. We think therefore that an accurate measure- 
ment of these quantities would be very desirable. 
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Absorption of Sound in a Phase Change 
in Rochelle Salt 


I. A. IAKOVLEV, T. S. VELICHKINA 
AND K. N. BARANSKII 
Moscow State University 
(Submitted to JETP editor January 7, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 935-936 
(April, 1957) 


OME TIME AGO Landau and Khalatnikov* looked 

into the problem of the relaxation time necessary 
for establishing thermodynamical equilibrium in the 
asymmetric phase of a body undergoing a second- 
order phase transition. From their calculations it 
turned out that the relaxation time increases as the 
temperature of the ordered phase approaches the 
d-point. Applying M. A. Leontovich’s and L. I. 
Mandel’shtam’s relaxation theory of sound absorp- 
tion to this problem, Landau and Khalatnikov pre- 
dicted an increase in the absorption of sound in the 
absorption of sound in the low-temperature phase 
near the A-point. 

With the object of observing this phenomenon, we 
set up an experiment for investigating the absorp- 
tion of sound in Rochelle salt near its upper Curie 
point. We used a pulse method for measuring the 
attenuation of sound in a single crystal of Rochelle 
salt. Transverse pulses at a frequency of 5 Mes, 

1 to 5 microseconds in length, occurring every 0.002 
seconds were introduced into a lamina of Rochelle 
salt placed in a thermostat. The waves were propa- 
gated along the crystallographic z-axis. The oscil- 
lations received at the opposite side of the lamina 
were amplified and fed into cathode-ray oscillograph 
with a delayed sweep. The attenuation of the sound 
could be determined from oscillograms of pulses 


which had passed through different thicknesses of 
Rochelle salt. 
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The measured temperature dependence of the am- 
plitude coefficient of absorption of sound a is shown 
in the Figure. The dotted part of the curve corre- 
sponds to a temperature region in which the meas- 
urements were only approximate. These results 
show that the anomalous absorption of sound in a 
second-order phase transition predicted in a general 
way by Landau and Khalatnikov does indeed occur 
in solids,* although the case which we investigated 
was not specifically taken into account in their 
work. i 


a/( my) 


LY as el dS t°C 


It turns out from our experiments that in a ferroe- 
lectric substance this phenomenon has its own char- 
acteristic features: a transverse sound wave of giv- 
en polarization undergoes an anomalous absorption; 
this absorption increases in both phases as their 
temperatures approach the A-point. These circum- 
stances have already been explained theoretically 
by Landau, whose results will, with the permission 
of the author, be set forth in another more detailed 
report. 

In conclusion it is interesting to note that in a 
paper (of which Landau and Khalatnikov were una 


*This was shown for the phase transition in liquid 


helium by Pellam and Squire”. 


ware) by Huntington® devoted to measurements of 
the elastic constants of various substances by an 
ultrasonic method, the author describes an observa 
tion which now becomes completely understandable. 
While not citing systematic data for the absorption 
of sound at different temperatures, Huntington re- 
ported, however, that with the apparatus at his dis- 
posal it was not possible for him to work with 
Rochelle salt at temperatures below 26.5°C because 
of the strong absorption of sound in this crystal. It 
is now clear that Huntington’s observation was re- 
lated to experimental conditions corresponding to 
the steep rise of the upper part of the right-hand 


branch of our curve showing the temperature depend- 


ence of a. 

Finally, it is perhaps necessary to include within 
this same set of phenomena the jump in the coef- 
ficient of absorption of sound in tin at temperatures 
near 160°C, observed by Bordoni and Nuovo‘. 
Unfortunately the brevity of their report and the ab- 
sence of quantitative data in it make it difficult to 
interpret their results, so much more so since the 
nature of this phase transition in tin is apparently 
still not completely clear. 

The authors are extremely grateful to Academi- 
cian L. D. Landau for valuable discussions of the 
results of their experiments. 
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Nuclear Interaction in a Photoemulsion 
at an Energy of 8x10'3 ey 


I. M. GRAMENITSKII, G. B. ZHDANOV, 
EK. A. ZAMCHALOVA AND M. N. SCHERBAKOVA 


P. N. Lebedev Physical Institute of the 
Academy of Sciences of the USSR 


(Received by JETP editor January 12, 1957) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 936-938 
(April 1957) 


ie A STACK of unmounted pellicles, Ilford type 
G-5, 600 thick (P stack), irradiated in 1955 in 


ee 
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the Po valley at a height of 25.0 km for 6 hours, a 
nuclear interaction of the type 1 + 37a was found, 
in which the secondary particles of the shower tra-. 
verse 6 cm of path before leaving the stack. 

1. The angular distribution of secondary charged 
particles was measured, the small angles @ being 
measured from the center of axial symmetry of the 


In tan 0-03 


A necessary condition for the determination of 
the original energy from the angular distribution is 
the symmetry of this distribution in the center-of- 
mass system relative to the angle 6, = 7/2. To test 
the symmetry the so-called y?-test! was used. It 
turned out that the experimentally observed angular 
distribution was symmetric with a probability of 
90%. 


Similarly, the probability of agreement of the ex- 
perimental data with the assumption of an isotropic 
angular distribution (dotted curve in the figure) is 
about 0.1%, and the distribution predicted by Lan- 
dau’s? theory (solid line in the figure) is correct 
to a probability of about 90%. 

Starting with the symmetry of the angular distri- 
bution we got several partially independent deter- 
minations of the energy E, from the values of 
In tan 6 for each pair of particles symmetric about 
the angle 0,,. As a result, for the energy of the 
original particle in the center-of-mass system (E,) 
and in the laboratory system (E,) we got: 


f= (200730) Mc?, E,= (83) -107° ev per nucleon. 
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narrow cone of particles. To get the angular dis- 
tribution of the penetrating particles directly in the 
center-of-mass system of the colliding nucleons, 
the angular variable was taken as In tan 0. The 
differential angular distribution, obtained by aver- 
aging three independent measurements, is shown in 
the figure. 


dN 
|d Intan @ 


- 103 


The relatively small number of generations of fast 
particles, and likewise the presence of only one 
slow particle, lead to the assumption that only one 
out of four incident nucleons took part in the inter- 
action, as has been observed frequently in the work 
of Rao and others? 

2. In the summed path lengths of the secondary 
particles in the emulsion, about 110 cm, three cases 
of secondary interaction were found, the character- 
istics of which are given in Table 1, where, along 
with the energy, we also determined the transverse 
momenta of the particles (in the Table 


Ve = exp| In tan 6}, Eo = 2y% f (2) 


where f() is a correction taking account of the pos- 
sibility of collision with several nucleons of the 
nucleus). In determining the energy of the second- 
ary particles from the angular distribution of the 
showers formed by them, account was taken of the 
possibility of the simultaneous interaction of the 
incident particle with several (/) nucleons of a nu- 
cleus of the photoemulsion (see for example Ref. 4). 
A third interaction occurred near the axis of a 
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shower and was caused, probably, by a fragment of a primary Q-particle (p, d or ¢). 


TABLE 1. 
SS ee eee 
Angle @ 
between second- Type of . 
ary particle and secondary - Yo 7) Bev Be = a! 
Sinwer ness interaction Ne) eee 
SPA AEN 1O esl yS-541°5| 18015) |. sete 
6-40 | 3440p | 1344 | 700300 sae 
~3-10-% |4+(10+15) p ~200 104-+10 <200 


3. Another indirect method for the approximation 
measurement of the transverse momenta (p°) of the 
shower particles is the determination of the energy 
and direction of flight of the photons arising from 


the decay of 7°-mesons. Table 2 gives the charac- 
teristics of all the pairs, which, as far as we can 
tell, are not connected with electron brehmstrahl- 
ung. The table gives all the information needed for 


TABLE 2. 
a | S, MM | hy, Bev | Oy re pc £ 
4 - 410-4 4.5 130 (PS GUO Ais! 0.35 
4 - 10-4 4D 130 tee 1052 1.8 0.35 
O.07 105% Pail 30 2, oN G2 0.8 0.35 
oie Ose 2) dl 40 2- 10-3 AZ 0.43 
1 ee Oe 4,6 130 ONO ess Ae 0.55 
2-10-4 pe 90 dhe 2K Oee: JES Oro 
4-10-4 1? Ze) Oni ems 025 0.67 
de20 Le 6.0 110 ORGr os 0.6 0.8 
0.9 - 10-4 Sets: 160 OR Deer Ose Oe 0.8 


Note: 


Ore 


is the direction of the photon relative to the 


axis. p. is the x-component of the momentum; ¢ is the 


distance from the point of formation of the shower in 


radiation lengths. 


calculating p§. The energy hv of the photon was 
obtained from the relation: 


SA log’ (avs) + 5 () 
where mc is the rest energy of the electron and 
ais the angle of divergence of the components of 
the pair, measured by the value of their mutual 
separation in a path s (in mm). Since Eq. (1) gives 
the energy hv under the assumption that the ener- 
gies of the electron and positron are equal, it gives 
low values of Av in the mean. 

As can be seen from Tables 1 and 2, the values 
of the transverse momenta, measured by the two in- 
dependent methods, agree satisfactorily with one 


another, and id give a mean value p, ~ 2ue with a 
scattering Ap, ~ Pp, about the mean. This result 
agrees well wath the corresponding data® obtained 
from direct measurement of the angles’ and energies 
of the secondary particles. 

As is shown in Ref. 6, the distribution of the 
particles relative to the value of p, is such that it 
can be considered the result of purely thermal mo- 
tion of the nascent particles. 

The authors thank Prof. C. F'. Powell for his co- 
operation in getting the emulsion stack, Prof. N. A. 
Dobrotin, I. L. Rozental’ and D. S$. Chernavskii for 
a discussion of the results, and laboratory lu. F’. 
Sharapov, R. M. Gryzumov and M. F. Solov’ev for 


their assistance in working up the materials. 
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Paramagnetic Absorption in Some Manganese 
Salts in Parallel Fields at 
Super-High Frequencies 


A. I. KURUSHIN 
(Submitted to JETP editor Jan. 14, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 938-939 
(April, 1957) 


E ARLIER,!?2 WE MEASURED the paramagnetic ab- 
sorption in some powdered salts of gadolinium 
and of manganese in parallel fields, at room tem- 
perature, at frequencies of the order of 9x 10° cps. 
It was found that, as in the case of frequencies of 
the order of 6x 10° cps,?** the absorption decreases 
monotonically with increase of the constant mag- 
netic field. The experimental absorption curves ob- 
tained in Ref. 1 to 4 are in good agreement with 


x" 


arbitrary units 
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Shaposhnikov’s® phenomenological theory of para- 
magnetic absorption in parallel fields, if it is as- 
sumed that the spin relaxation time 7, of that theory 
is independent of the value of the constant field. 
Recently, Smits et al.° experimentally established 
a more complicated type of dependence of paramag- 
netic absorption on the value of the constant field 
and on the frequency of the alternating field at tem- 
perature 20.4° K, for frequencies of order 10° to 10° 
cps. It was found, in particular, that the curves of 
absorption vs value of the constant field, at a given 
frequency of the alternating field, have a maximum. 
The present note communicates the results of 
measurements of paramagnetic absorption in paral- 
lel fields in the powdered salts Mn(NO,),-6H,O and 
Mn(NH,),(SO,),-6H,O at room temperature (T = 291°K), 
at frequency v = 9.377 x 10° cps. The method used 
in the measurements is that described in Ref. 1. 
The results of the measurements are presented in 
the Figure, where curves I and II relate respective- 
ly to the first and the second of the substances in- 
dicated above. Plotted along the ordinate axis is 
the imaginary part of the magnetic susceptibility in 
arbitrary units, and along the abscissa axis the 
value of the constant field, which is parallel to the 
high-frequency field. It is evident that the absorp- 
tion curves for the salts under study differ essen- 
tially from those obtained earlier for other sub- 
1,2 there is an absorption maximum in a 
range of constant fields of order 1500 oersted. 


stances; 


Thus our results, which relate to room temperature, 
are similar to the results obtained by Smits et al.® 
at temperature 20.4° K. In the range of fields of or- 
der 3400 oersted, the absorption curves are some- 
what irregular; apparently the reason for these ir- 
regularities lies in a paramagnetic resonance ab- 
sorption, caused by a slight deviation from paral- 
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lelism of the fields (in favor of such an explanation 
are the locations of the irregularities on the curves, 
and the fact that the irregularities increase with 
increase of the angle between the fields). 

The results presented in Ref. 6 and in the pres- 
ent note can not be explained within the framework 
of Shaposhnikov’s theory if the spin relaxation 
time is considered to be independent of the value 
of the constant field. The problem of a theoretical 
explanation of these results requires further study. 


1A. I. Kurushin, Izv. Akad. Nauk SSSR, Ser. Fiz. 20, 
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On the Theory of “Strange” Particles 


V. I. KARPMAN 
Minsk Pedagogical Institute 
(Submitted to JETP editor Jan. 15, 1957) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 939-940 
(April, 1957) 


N GELL-MANN’S THEORY, which successfully 
describes the formation and decay of many 
heavy unstable particles recently discovered, the 
quantum number S (the strangeness) is introduced 

by its relation to the electric charge Q, namely 


Q=I3+(n/2)4+8/2, (1) 


where /, is the projection of the isotopic spin, and 
n is the total baryon number of the system (we 
shall henceforth call n the nucleon charge of the 
system). Gell-Mann’s scheme is in good agreement 
with experiment, though it should be complemented 
with a theory which gives an interpretation to the 
“strangeness” S. 

Among the various attempts to interpret the 
strangeness, of particular interest is the mathe- 
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matical formulation of Gell-Mann’s scheme which 
has been suggested by d’Espagnat and Prentki2. 
These authors postulate that the particles with 
semi-integral isotopic spin can be described by 
spinors of the first and second kind? in isotopic 
spin space. These spinors differ from each other 
under inversion in isotopic spin space: the first 
are multiplied by +: (or -i), and the second by —i 
(or +i). The existing particles are called isofer- 
mions (nucleons, 0-particles, anti--particles) and 
anti-isofermions (antinucleons, anti-6-particles, 5). 
Further, it is postulated that the Lagrangian which 
describes strong and electromagnetic interactions 
(using Gell-Mann’s terminology) is invariant with 
respect to inversion in isotopic spin space. 

It is not difficult to see that the Lagrangian ob- 
tained on the basis of these assumptions is invar- 
iant under simultaneous changes of the wave func- 
tions of all iso- and anti-isofermions according to 

eel, gp ope, (2) 
where gy and q’ are the wave functions of all the 
iso- and anti-isofermions, respectively. From this 
follows a conservation law for the “isofermionic 
charge” u, which is equal to the number of iso- 
fermions minus the number of anti-isofermions. The 
isofermionic charge u differs from the nucleonic 
charge n in that n is conserved in all interactions, 
but u is conserved only in strong and electro- 
magnetic interactions. It is then found that Eq. (1) 


can be written 2 


Q=Is>-u/ 2: (3) 
It thus follows from (1) and (3) that 


S=u—nA, (4) 
so that the strangeness is interpreted as the differ- 
ence between the isofermionic and nucleonic 
charges of the system. 

We should like to make some remarks with refer- 
ence to the theory of d’Espagnat and Prentki. Simi- 
larly as with the nucleonic charge, the isofermionic 
charge u of a single particle can take on only the 
values +1 (for an isofermion), —1 (for an anti- 
isofermion), or 0 (for an isoboson).* From this and 


*When |u| > 1 there arise difficulties which can be 


eliminated only by dropping some terms in the interaction 
Lagrangian’, In this case, however, the ambiguity that 
arises essentially eliminates the value of the d’Espagnat- 
Prentki-theory. 
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from Eq. (4) it follows that for a single particle 
(St=2, (5) 


so that according to the d’Espagnat-Prentki theory 
the strangeness cannot have an absolute value 
greater than 2. 

Relation (2) is of interest in connection with the 
slow secondary particles recently observed in K - 
meson decay*© The analysis of these events 
shows quite definitely that they are the decays of 
some kind of negative “superheavy” mesons or hy- 
perons, whose mass is greater than M(K) ~ 965m, 


and M(B) ~ 2586 5. 


If we do not consider isotopic multiplets con- 
taining particles with charges greater than unity, 
then by using Eq. (1) it is not difficult to show that 
the only negative metastable particle heavier than 
the mesons and hyperons known at present can be 
the following isotopic singlets: the meson w (with 
S = —2) and the hyperon Q with S = ~-3). Expression 
(5) excludes the latter possibility. 

Thus according to the d’Espagnat-Prentki theory, 
the observed*-° K~-meson decays may be consid- 
ered the decays of “superheavy” w -mesons with 
strangeness S =—2. Applying the selection rule 
AS = £1,suggested by Gell-Mann for slow process- 
es}, one may suppose that in the decay of the w - 
meson, there appears in addition to the K--meson 
a particle with strangeness S = —1. If the existence 
of negative metastable hyperons heavier than 5 is 
nevertheless proved, this will mean either that the 
d’Espagnat-Prentki? interpretation of Gell-Mann’s 
model is invalid, or that this hyperon belongs to an 
isotopic multiplet containing particles with charge 
greater than l. 
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The Interaction Cross Section of 7-Mesons 
and Nucleons at High Energies 


P. V. VAVILOV 
(Submitted to JETP editor Jan. 17, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 940-941 
(April, 1957) 


1k IS WELL KNOWN that at high energies the inter- 
action cross section of 7-mesons with nucleons 
approaches a constant limit, which is a result of 
the finite dimensions of the nucleon (neglecting 
the Coulomb interaction). In order to calculate this 
limit let us make use of dispersion relations which 
connect the imaginary and real parts of the scat- 
tered amplitude for zero scattering angle. For in- 
stance, for scattering of negative mesons by pro- 


tons we have! 


» 


Im f.(o) = > Im f_(u) (1+ 2) +5 Imf, @ (S —4) 


ot, as ee oe 


o’ + @ « oo’ — aw 


—nT » 5 (©, — @) Res f_ (@,); 
hk 

here we have accounted for the fact that the ampli- 
tude may have poles at the points @, (we have 
made use of the fact that the residues Res f_ are 
real). The symbol P indicates that we take the 
principal part of the integral not only at those 
points where the denominator vanishes but at all 
poles of the functions f,. Letting @ approach in- 
finity in Eq. (1), we obtain 


r dw 
Soy = 4P \ oes Re [fs (0) + f-(0) fe — FW 
é (2) 


Eq. (2) is symmetric with respect to f, and f_, so 
that in the limit the cross sections for positive and 
negative mesons are equal”. In deriving Eq. (2), we 
have used the well known relation o = (47/w) Imf(o), 
as well as the condition Im f,(z) =0. The term 
Rel f,(u) + f(y) ] is added for convenience (this 


clearly does not destroy the equality since 


P fe doo/(a? — p2) = 0). 


Let us break up the integral in Eq. (2) into two 
integrals over the regions 0S wSpandpSaSo~, 
In the first region we make use of the relation! 
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Re [fs (©) + f- (®) — fk (%) — F (v)] 


wo? — 2 C dk’ 
TD \ Riz — p2 [o, (R’) + o_ (k’)] (3) 
0 


2f2 w*—p2 
+ M ow? — (u2/2M)2 ° 
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Using the experimental values of the phase 
shifts’, we obtain 


Re [f+ (u) + f- (v)] = — 0,04% (1 + u/M), 
where * is the Compton wavelength of the meson, 
and y and M are the meson and nucleon masses, re 
spectively. Inserting (3) into (2), after some simple 
operations we obtain 


Gon = — 159+ Tat dy; (4) 
1c dE + Qu 
Seek a gy ea Ae [o. (E) + o_()], (5) 
\ EEE Eo a's 
ve dx 4 E 
fe Sh \ser5 ls Re (fs () +f (@) +0,04(1 -bu/M)}, x= (6) 
0 


In order to calculate the integrals we make use 
of the experimental 4 values for 0+ (E) and 
Re fz (x). We obtain the following values: 
I, = 20 mb, /, = 11.5 mb. Inserting these values 
into (4), we obtain 0~ = 30 mb, which is in agree- 
ment with the experimental data*,. The accuracy of 
0 is limited by the accuracy of the experimental 
data for a+ and Re f+. 


On the Second Approximation in the Problem 
of Slow Neutron Scattering by Bound Protons 


A. S. DAVYDOV AND D. M. MEL’NICHENKO 
Moscow State University 
(Submitted to JETP editor January 21, 1957) 
J. Exper. Theoret. Phys. (U.S.S.R.) 32, 941-943 
(April, 1957) 


) T HE PROBLEM of scattering slow neutrons by 
protons bound in a molecule has been treated 
in the first approximation by Fermi’. In several 
other works?~* evaluations of the further approxima- 
tions have been made. Of particular interest is the 
variational method developed by Schwinger and 
Lippmann®, with the aid of which Lippmann calcu- 
lated neutron scattering by a hydrogen molecule in 
the second approximation, and verified the results 
of Breit and Zilsel” who used a different model for 


1Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 
986 (1955). 

“at be B. Okun’, I. Ia. Pomeranchuk, J. Exper. Theoret. 
Phys. 30, 424 (1956), Soviet Physics JETP 3, 307 (1956). 

3 J. Orear, Phys. Rev. 96, 176 (1954). 

* Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 
(1956). 
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the molecule. Soon, however, Ekstein’s work* ap- 
peared, where it was proved that the second ap- 
proximation of the Schwinger-Lippmann method for 
neutron scattering by bound protons always diverges, 
except if the proton is bound to an infinitely heavy 
nucleus. Ekstein commented, “whether the finite 
result found by Lippmann is due to the special 
choice of wave functions ... or the limiting process 
used in the evaluation of the integral, remains un- 
decided.” 

In this note we investigate the question of con- 
vergence of the second approximation in the problem 
of slow neutron (E ~ 0) scattering by a proton bound 
in a molecule of mass MM. 

In the Schwinger-Lippman method the scattering 
matrix T'}g for zero-energy neutrons from state a to 
state b is given in the second approximation by the 


e quation 


T pq = — (40% 7a/m) \\ Xp (F) %q (F) dr + al 


(2u/m) exp (ik, |r —r’|) —4 


(1) 


i=\s0 > x0 (8) X, (Fr) 


a|r—r’| 


| Rt) arar, 
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(for simplicity we shall not consider other degrees 
of freedom in the molecule), @ is the scattering 

amplitude of a neutron by a free proton, and W,, is 
the energy of the proton in the molecule. The sum- 
mation over y is taken over all proton states in the 


where m is the proton mass, 
v= mM /(M + m); 


a =(M—m)/M, k= [2uh- (E — WP, ist ei (0). 
molecule. 

Breit and Zilsel? replaced the molecule by an 
idealized system consisting of a three-dimensional 


r is the coordinate of the proton relative to the cen- 
ter of mass of the remainder of the molecule, xX (r) 
is the eigenfunction of the proton in the molecule 


oscillator. In this case 


W/up De 
, 


n; +s) 872, up= m (M— m)/M, ik,a = — 6 (2 Sin, 182)", 
i 


rj M—mv\'2 
Ha (ge) eltreasl : 


where the 8; are constants which determine the potential energy of the proton for elastic scattering on 
the ground state. Using Eq. (2), it can be shown that in Eq. (1) 


exp {— r? / 237} (2) 


nj ene! 
(8; 2 “n,! V x) le 


= 


Xnyngn, 


Bagh 
1 ¢dr}2 exp(— Bact tit Mere 
T U. tat sath bes Fe, —|r—r’|/4t 
Ree i$ fe mul BV Vi-@ ie ‘ 
L 
gq; = exp {— 262+ / By. 


Inserting [---] into (1), we obtain 
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dt fe I [4t + Peake 7 (i =U A Pe — (167 eye 
(3) 


From the form of the integral of Eq. (3) it follows 
that it diverges only in the region of small t. In 
order to investigate the integrand as t > 0, let us 
expand g; in a series, so that 


fp © fae 4 by 1240 
In order for the integral of Eq. (3) to converge, it is 
necessary that 


PN |) ese (il + 62)" % ; (4) 


Noting Eq. (2), we see that condition (4) is not sat- 
isfied, so that the integral diverges in the region 
we Oh 

Thus the second approximation in the Schwinger- 


co 


Lippmann theory diverges for neutron scattering on 
a harmonically bound proton. Breit and Zilsel* ob- 
tained a finite value in solving a similar problem as 
a result of eliminating the divergent part of the in- 
tegral by the replacement t > 27 on going over from 
the second integral in their expression (3.1) to their 
expression (3.2). This method is mathematically 
invalid. 

It is easily shown that, however, the second ap- 
proximation of Eq. (1) always converges if we use 
the wave functions of real molecules rather than of 
idealized systems. In areal molecule a highly ex- 
cited state corresponds to a decaying system, when 
the wave functions of the proton motion relative to 
the rest of the molecule can be given in terms of 
plane waves X = exp (ipr) with energies 
W = R’p?/2u,- In this case ik, a =— bp, and after 
replacing summation over y by integration with re- 
spect to p, the integral over that part of the sum 
over y in Eq. (1) which corresponds to high excita 
tions (which are all that can cause the integral to 
diverge) can be written 


bp |.r —r’ |) 


i} = lary; (r) \d efPl \ dp’ exp ( 
Po ma Xb P u 


Po 


[2u ,—iper. 
vig Lae (5) 


jr—x’| 
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For sufficiently large p,, Eq. (5) can be calculated 
in the same way as was done by Ekstein4, obtaining 


co 
(3 =n (FF Jer. (6) 
From the definition of 6 and p it follows that the ex- 
pression in square brackets in Eq. (6) vanishes. It 
is not difficult to show that nonzero neutron en- 
ergies also give a finite result. 

Thus when using wave functions for real mole- 
cules in the calculation according to Eq. (1), we ob- 
tain a finite result. This conclusion contradicts 
that of Ekstein, since he mistakenly omitted the 
factor a in the exponent of Eq. (1) and stated that 
k =ip, rather than the correct expression 
ky = ip VE ee 

The results of Breit and Zilsel are correct be- 
cause an artificial (mathematically nonrigorous) 
method was used to eliminate the divergent part of 
the integral, which in turn, is due to the idealiza- 
tion of the problem being considered. 


1m. Fermi, Ricerca sci. 7, 2, 13 (1936). 

2G. Breit, P. Zilsel, Phys. Rev. 71, 232 (1947). 

2p: Lippmann, J. Schwinger, Phys. Rev. 79, 481 
(1950). 

44. Ekstein, Phys. Rev. 87, 31 (1952). 
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Fluctuations in Gases 


B. B. KADOMTSEV 
(Submitted to JETP editor January 24, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 943-944 
(April, 1957) 


HE STATE OF A GAS is completely described 
by the particle-distribution function in the 
phase space f(r, v, t); therefore the problem of fluc- 
tuations in gases leads to the study of the correla 

tion characteristics of the distribution function. 
Ordinarily one understands by f the statistically- 
average density of the particles in the phase space 
which, naturally, cannot fluctuate. Speaking of the 
fluctuations of the distribution function we must, 
however, bear in mind the “true” density 


JONGTS Si, t) = D8 (r—1) 8(v—vy), 


where the summation is carried out with respect to 
all particles. We shall consider the density F to be 
arandom quantity which only on the average coin- 
cides with f. 

The function F satisfies the equation 


OF 
ye MA ee 


th GHeNO as 5B) OU (|r —r’)) Hane ; ey 
= a ar HAG Va anaes 


where m is the mass of a molecule, and U is the po- 
tential energy of the interaction of the molecules 
among themselves. In an ideal gas we may neglect 
the interaction of the particles and obtain then from 


(1) F(t, v, t) = F(r — v(t — ), v, t) whence 


<<GO) (hi; Vv, t) 9 (Fo, Vo» to) > 
=f (r, v, t)3(r —v(é — fo) — ro) 8 (v — Vp), (2) 


where y= F — f and the angular brackets denote the 
averaging. 

Our problem consists in finding the correlation of 
(2) with allowance for the collisions. If the gas is 
not very dense, we may confine ourselves only to 
the accounting of paired collisions, and then the 
right half of Eg. (1) may be approximately repre- 
sented in the form of the collision term S(F, F): 


S(F, F)= \ {F(r, v’, t) F(t, Vi, t) 


é (3) 
— Fir, v, t) F(t, vi, 4)}|v—vy | ede dy dvy, 


where p is the collision parameter, pdpdy is an 
element of the surface which is perpendicular to the 
relative velocity v — v, and passes through the point 
r, r, is the coordinate of this element, v’ and v, are 
the velocities of the particles before the impact 
which are transformed after the collision into vy, v,. 
It is approximately assumed here that the collision 
occurs at that instant when both particles intersect 
the surface which is perpendicular to their relative 
velocity. 

If we average (1) using the collision term in the 
form of (3) and neglect the correlation of the par- 
ticles before the collision and the difference be- 
tween r and r,, we shall obtain the ordinary 


Boltzmann e quation 
of 


Tama (ihr veya Ky 


=k Vv, t) An V5 t)} |v —v, | ode dy dvy. 


Ud 


Taking (4) into consideration, we transform (1) 
into the form 


(09 /ot) + (VV) 9 +A? =4, (5) 
where A is an operator determined by the expression 
Ag=—S(f, ¢) —S(¢, f) and g=S(q, ¢). Sinee 
use of a distribution function makes sense only 
where one deals with sufficiently large volumes 
containing many particles, we must assume the func- 
tion ¢ to be a small quantity. Therefore, we may 
approximately use in g, which is a quantity of the 
second order of smailness with respect to ¢, the 
correlation (2) whence we obtain 


<q(r, V, t) q (To, Vo; to) > 
= (A+ A*)f(r, Vv, t) 8 (r —fo) 8 (V—Vo) 8 (f —¢o), (6) 


where A* is the operator acting upon the velocity v,. 
Let us denote by G the Green function for Eq. (5), 

i.e., the operator by whose action on the source we 

can obtain the solution of this equation. Then we 


obtain from (5) and (6): 
<9(f, Vv, #) (fo, Vo, fo) > 


= GG"(A-+A*) f(r, v, £) 8 (rt — to) 8 (vV — vo) 8 (¢ — fo), 
(7) 


where G* is the operator acting upon fg, Vo, ty. 

Eq. (7) also furnishes a solution for our problem. 
If we put, approximately, A = 1/t, where Tt is the 
average time between collisions and assume that f 
is not a function of r and t, then (7) takes the form 


<OOi(Ts Vv, t) © (fo, Vo, to) > 
pen ase L(V) Satie AV (Pal (V— No) (3) 


However, for a more exact consideration of the prob- 
lem and also in the non-stationary case, we must 
solve Eq. (5), that is, a linearized kinetic equation 
with a random source. 

The physical sense of this equation is evident. 
Actually, every act of collision leads to two par- 
ticles being withdrawn from the initial density and 
to two particles with different velocities appearing 
in their place at that same point in the space. Eq. 
(5) also describes the further development of such a 
random disturbance of the distribution function. 

Eq. (5) is, with respect to form, entirely analo- 
gous to the Maxwell equations with random sources! 
used in the theory of electric fluctuations. This is 
not surprising, since in the case of thermodynamjc 
equilibrium, equations of this type can be obtained 


LETTERS TO THE EDITOR 


by starting from the general theory of fluctuations ??*, 


The kinetic derivation of the formulae (5) and (6) 
considered here possesses, in addition to greater 
clarity, the advantage that it is correct also in the 
non-stationary case. 

It must be noted that according to (7) the parti- 
cles are found to be only slightly correlated before 
collision. The correlation arises from such chains 
of collisions where two impinging particles collide 
with two others and these latter collide with one 
another. Since four particles participate in this 
chain and we have even neglected triple collisions, 
we may neglect the correlation of the particles be- 
fore the collision resulting from (7). 

I should like to express my deep gratitude to 
Academician M. A. Leontovich fordiscussing this 
report with me. 


1S. M. Rytov, Theory of Electric Fluctuations, AN 
SSSR, 1953. 

2 Callen, Barasch, and Jackson, Phys. Rev. 88, 1382 
(1952). 

35, M. Rytov, Dokl. Akad. Nauk SSSR 110, 371 (1956). 
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The Effect of Neutron Irradiation on the 
Compressibility of Metals 


A. I. LIKHTER AND A. I. KIKOIN 
Institute of the Physics of Metals of the Ural Branch 

of the Academy of Sciences of the USSR 

Ultra-High-Pressure Physics Laboratory of the 
Academy of Sciences of the USSR 
(Received by JETP editor January 25, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 945 
(April, 1957) 


HE FEW STUDIES that have been made so far 

on the effect of fast neutron irradiation on the 
elastic properties of metals and alloys show either 
that the effect is entirely absent or that it is exceed- 
ingly small. The modulus of elasticity, as far as we 
know, has been studied only in austenite steel and 
in copper. Neither case showed any change in the 
modulus of elasticity for a total flux of 10° neu 
trons/cm*?*. The shear modulus was studied in new 
tron-irradiated copper, and the residual change at 
room temperature was not greater than 1%}. 
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The latest measurements on copper” show that the 
change in the modulus of elasticity on irradiation 
does not amount to more than ] — 2%. 

We studied the effect of fast neutron irradiation in 
a nuclear reactor on the compressibility of aluminum 
and magnesium. Since this quality is directly con- 
nected with the elasticity and shear moduli, and 
since no change in these moduli was found in the 
materials investigated so far, it was to be expected 
that the compressibility, too, would not change ap- 
preciably, under the influence of neutron irradiation. 
Samples in the form ofcylinders 6 mm in diameter and 
6mm high, were prepared from electrolytic materials 
of engineering purity. The compressibility measure- 
ment was made with apparatus developed in the 
ultra-high-pressure physics laboratory for measuring 
volume compressibility by the piston displacement 
method, which apparatus will be described in another 
communication. The effect of friction was allowed 
for by taking the piston displacement vs. pressure 
curves on both rising and falling pressure and plot- 
ting the mean curve. The measurements were carried 
out after first subjecting the sample to a maximum 
pressure of about 15,000 kg/cm’. 

The samples were irradiated in a nuclear reactor. 
The total neutron irradiation was 1.07 x 10° neu- 
trons/cm?. After irradiation, the compressibility was 
measured under the same conditions as before irra 
diation, although, on account of the residual activity 
of the samples, the measurements could not be car- 
ried out until 72 hours after the irradiation. 

The measurements showed that for magnesium and 
aluminium the piston displacement vs. pressure 
curves coincide completely before and after irradia 
tion, i.e., irradiation has no effect on the compress- 
ibility, to the accuracy of our measurements, about 
5%. Since the experiments were carried out at or- 
dinary temperature, the distortions produced by the 
irradiation may have been partly wiped out. Pos- 
sibly at lower temperatures, with a preliminary an- 
nealing of the samples, the effect of irradiation 
would be considerably greater. 


1}, V. Glen, Uspekhi Fiz. Nauk 60, 445,(1956). 
2D. O. Thompson, and K. Holmes, J. Appl. Phys. 27, 
713 (1956). 
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Quadrupole Moments and Zero-Point Surface 
Vibrations of Axially Symmetrical Nuclei 


A. S. DAVYDOV AND G. F. FILIPPOV 
Moscow State University 
(Submitted to JETP editor January 26, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 945-947 
(April, 1957) 


OR SIMPLICITY WE SHALL consider even-even 
nuclei. In the collective model of the nucleus 
it is assumed that nucleons outside of filled shells 
can be described by a single-particle ‘approximation 
and that the nucleons in the nuclear core of com- 


pletely filled shells have only collective properties. 


As collective coordinates we shall use the three 
Euler angles which describe the orientation of the 
nucleus in space and § and y1, which define the 
deviation of the nucleus from a perfectly spherical 
shape. 

In an adiabatic approximation we can regard the 
outer nucleons as moving in the field of a nuclear 
core of fixed shape. The interaction energy of the 
outer nucleons with the core, averaged over their 
states of motion is <H;,, > = Af cos y, which will 
depend on the coordinates § and y and will act as 
additional energy to determine the equilibrium shape 
of the nucleus. A depends on the number of outer 
nucleons and their quantum numbers and can be 
either positive or negative. 

In the collective model! this energy is defined 


by 
Bure : C 
R= 5 (B2 Bey?) 4 5 B2 


3 


M? ( 1) 


a a 8BB2 sin? (y — 272 / 3) 


+ AB cos y + E,. 


For a given value of {3 the potential energy in (1) 
possesses a minimum at y = 0 and z and becomes 
infinite for y = + 7/3, + 27/3. 

Nuclei are evidently very stable with respect to 
variation of y around the two possible equilibrium 
values 0 and z, which correspond to axial symmetry. 
Therefore we shall hereinafter consider only the 
vibrations which are associated with a variation of 
of f for the fixed values y = 0, 7. 

For y = 0 Eq (1) becomes 


B 59 C 2 M? 
5} pet 5) (3 — Bo)? + Gage» (2) 


j 
E—E, + 80= 


se ppg 


Se ge pee 


a ee ee oe eee ree eee 


— 
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where 8, =— A/C. The corresponding Schroedinger 
equation for states with definite total angular mo- 


mentum is for 


the S state (j = 0) 


| shar ae 33) + (2—%) —+2@= te 
We put 
2 (=) = goexp {— - \,t= pian, 
snl) on VE 
Then v(€) will satisfy the equation 
o” ()— 200’ (0) + 2v)=0, —3<t<am, 
ten (4) 
The function v(€) must satisfy the boundary con- 
ditions 
oy (t)—- 0, if 6 = oo, (5) 
v(—8) =0. (6) 


For nonintegral v the general solution of (4) can be 


expressed in terms of Hermite functions 


oo [/k—v\. es 
Hy (G) ==42l (v1) 4)" Ca (2!) (28) 
k=0 


by the relation 


v, () = aH, (6) ae bi, (—%). 


The asymptotic behavior of the Hermite functions 
for large C gives 6 = 0 according to the boundary con- 
dition (5). Then boundary condition (6) leads to the 
transcendental equation H»(— 5) = 0, which deter- 
mines the eigenvalues of v and thus the energy lev - 
els ©; of the nuclear S state for y =0. The energy 
€, corresponds to the wave function 


u;(B) = all, (C) pce, (7) 


When y=7 Eq. (1) becomes 


G prenn: 
Bo) i 6BB2’ 


C ) eee 
BSE ey tee 


for 0<<«. It is easily seen that the transforma 
tion B >~£ can result in (4) without changing any of 
the preceding specifications only in the interval 
—~©<€<-5. From the requirement that the boundary 
conditions be satisfied at the ends of this interval 
it results that 


0, (6) = bH, (— 4) 


and the transcendental equation which determines 
the eigenvalue of y when y = 7 becomes 
H+) = 0. 

The table contains the energy values of the zero- 
point surface vibrations of a nucleus in an S state 
when the states of the outer nucleons correspond to 
positive (, and consequently 5>0 for y = 0 and z. 


8 | 0) 0.4 0.2 0.3 0.5 0.8 | sv 2.0 

a (y = 0) | 1.9 | 1.39 129 dl Al A038 0.81 | Ons || O30 
@ 

a (y=n) | 1,5 1.64 1,73 1.84 | 2.16 2.66 | 3.02 | 6.5 


A higher energy level is represented by y=7. As 


6 increases the energy of the zero-point vibrations 
which corresponds to y = U is reduced and the ener- 
gy of the vibrations for y = z is increased. 
The operator of the intrinsic electric quadrupole 
moment of the nucleus, which results from the col- 
lective degrees of freedom, is 


vas t 
Qo= 


B cos x. 


Vor 


In the ground state of an even-even nucleus y = 0, 


the wave function is given by (7) and <8> > 85. 
The difference between <8> and {, is reduced as 
6 increases, but for small 5 it can be of consider- 
able magnitude*. 

y =7 corresponds to a special kind of excited 
states for which <3co3m> <0. <Bcosm> is consider 
ably smaller than £, in absolute value and tends to 
vanish as 6 increases. Thus when the nucleus 


*Our adiabatic approximation will be valid only when 
@ exceeds a certain critical value. 
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makes a transition from the ground state with y=0 
to the S state which corresponds to y = 7 the quad- 
rupole moment is changed in sign and magnitude. 

In nuclei where the states of the outer nucleons 
correspond to negative values of {, the lowest ener- 
gy levels occur for y=7. However it appears from 
experiment that there are no nuclei with large neg- 
ative values of B,. 

The author is deeply indebted to Academician I. 
I. Tamm for his interest and for valuable comments. 


aA Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 26, 14 (1952). 

2N: N. Lebedev, Special Functions and their Applica- 
tions, GITTL, 1953. 
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Reactions Produced by p-Mesons in Hydrogen 


IA. B. ZEL’DOVICH AND A. D. SAKHAROV 
P. G. Lebedev Physics Institute, USSR 
Academy of Sciences 
J. Exper. Theoret. Phys. (U.S.S.R.) 32, 947-949 
(April, 1957) 


T PRESENT THERE IS EVIDENCE that at 

Berkeley? in a bubble chamber, filled with lig 
uid hydrogen having a varying deuterium content, 
there could be observed a nuclear reaction catalyzed 
by p-mesons. The possibility of such a type of re- 
action was first pointed out by Frank? in connection 
with the analysis of 7-p disintegrations in emul- 
sions. This process was investigated in liquid deu- 
terium by both of the authors of this article, inde- 
pendently of one another®’*. 

The presence of a p-meson changes the form of 
the potential barrier which previously prevented nu- 
clear reactions among slow proton and deuteron nu- 
clei, increasing sharply the penetrability of the 
barrier and making possible the reactions 


p-+D=He’, D+ D=He?+n, D+D=T~+p. 


In the presence of tritium there are also possible the 
reactions 


D+T=Het-+n, T+T=Het+2n, p+T=Het. 


The reaction p + p =D +e* +, catalyzed by 
mesons, is practically impossible, since in addition 
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to the barrier there is also the factor of a low proba- 
bility for the beta process. 

It has been predicted* that the probability of the 
reaction in flight is low, the production of mesomol- 
ecules practically always leads to nuclear reac- 
tions, the rate of the process is determined by the 
production of mesomolecules, and the probability of 
mesomolecule formation during the lifetime of a 
meson may amount to several hundredths or even 
tenths, depending on the arrangement of the mesomol- 
ecule levels. 

The experimental data of Alvarez! shows that in 
natural hydrogen (deuterium content ratio 1 : 7000), 
the reaction p + d = He® occurs on the average once 
for each 150 mesons. If the deuterium ratio is 
1: 300, the reaction occurs once per 40 mesons, 
and if the ratio is 1: 20, the reaction occurs once 
per 33 mesons. Furthermore, the energy of the re- 
sulting He* (5.4 Mev) is carried away by the p-meson, 
so that monochromatic p-mesons are observed while 
the reaction is taking place. The relatively high 
probability found for the reaction in the natural mix- 
ture is explained! by the transfer of the meson from 
the proton to the deuteron (charge exchange): 


ppt+d=p+dp. Due to the difference in reduced 
mass, the energy of the Dy bond (2655 ev) is greater 


by AE = 135 ev than the energy of the pj bond. 
Therefore the charge-exchange process appears to 
be irreversible under the experimental conditions. 
We shall give a rough estimate of the probability 
of the transition. If AE is equal to zero, the cross 
section should be of the order of 7a’, where a is 
the radius of the Bohr orbit of the mesoatom, 
250< 10 42cm, 


Indeed, if the masses of the two nuclei are equal, 


with AE =0, the states of the systems . and Dae 
+ — 


appear to be proper, and the cross section for charge 
exchange can be expressed by the scattering lengths 
a, and a, of these states in a continuous spectrum: 
a =n(a, —a,). When AE ¥ 0, but is still small 
with respect to the molecular dissociation energy, 
then 

a =m(a, — a,)? v;/0;, 
where v; is the velocity before collision and vf is 
the velocity after collision. 

In actual fact, AE is of the same order as the 
dissociation energy, so that the formula is corrected 
at least in order of magnitude. If v; is small o ~ 1/v 
o~ I/v;. It follows that in order of magnitude, 


2 
O= 7a vx/v;, 
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where v, is the characteristic velocity correspond- 


ing to 135 ev. Using the masses of the proton and 
deuteron, v, = 2 x 10’ cm/sec. Such an estimate 


yields qualitative agreement with the observed facts. 


Calculation shows that saturation should be reached 
at deuterium concentrations of 1 in 300 to 1 in 20. 
In the natural mixture of hydrogen, the probability 
of Dy production and consequently the probability 
of the reaction should be three-fold less than in en- 
riched mixtures; experimentally it is found to be 4 
to 5 times less. 

Let us examine the reaction in the pDy molecule. 
The observed high probability a of the giving up of 
the meson energy does not agree with the hypothe- 
sis that the reaction proceeds like an electric di- 
pole transition (£1), since a becomes 2 x 10° for 
the meson under this hypothesis. Therefore, to esti- 
mate the probability we cannot use the experimental 
cross section for p + D = He® + y (as was done be- 
fore’), since under the conditions of the measure- 
ment, it is precisely the cross section of the £1 
process which is observed. 

In the case of zero orbital momentum, the system 
p + Dcan be found in either of the states +°% or 
+4. The transition to He® (+ % state) is possible 
in the first case as M1 and EF 2, and in the second 
case as M1 and E0*. 


The conversion coefficients have the following 
values: for M1, a = 10%; for E2, a=0.]; for £0, 
only the giving up of meson energy is possible 
(the probability of pair production e+ and e- at the 
expense of £0 is 10° of the probability of the 
giving up of meson energy in the case of p + D, but 
is of the order of unity in the case of p + H’ = ile‘). 

Calculations concerning barrier penetration for 
the pDy molecule under adiabatic investigation of 
the motion of the proton and deuteron yield 
uh2 (0) = 16:56. 10:77 em: 

For the mirror reaction n + D, it is assumed that 
for the purposes of computation® the process pro- 
ceeds from the state * as the result of M1. Exper- 
imentally for thermal neutrons?, o = 5.7 x 10° 
with v = 2200 m/sec and ov = 1.3 x 102? cm’/sec. 

Hence for mesomolecules the probability of the 
reaction (t = 2.15 x 10° being the meson lifetime) 
is 

o uy? (0) 


(3) —— = 
(it) pave ~ 


*Church and Wenezer’ have recently drawn attention to 
the role of EO in the casé of internal conversion in the 


transition J > J # 0. 
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During the approach of the proton and deuteron 
in the spin state 4, the approximate determination 
of the magnitude of the monopole moment was car- 
ried out by examining one charged particle with the 
ee 4 ek 
V2mrrn ¢ 
bined) state and w = (0) (1 — A/r) in the initial 
state (continuous spectrum, (0) being the previ- 
ously calculated wave function under the barrier, 
y? (0) =6 x 10”). 


The probability of a process with a release of 


wave function ) = in the final (com- 


energy, to a meson in ap + D, in spin state %, and 
with A = 2.4 x 10°** cm turned out to be equal to 
05%. 

Thus from the rough estimates made above, it fol- 
lows that the probability observed by Alvarez for 
the process which involves release of energy to the 
meson and the probability of the process which in- 
volves emission of a gamma quantum can both be 
close to unity during the meson lifetime. 

Ina more accurate investigation, not only will it 
be necessary to take into account the fact that the 
processes is not adiabatic (thus involving terms of 
the order of the meson-nucleon mass ratio), but it 
will also be necessary to make a separate investi- 
gation of the nuclear reaction with different values 
of total molecular spin. 

Note added in proof (February 9, 1957). The prob- 
abilities for mesomolecule production in the colli- 
sions Dy + p = Dpy and Du + D = D,p differ not only 
due to the different positions of the excited vibra- 
tional levels of the molecules*, but also because in 
pDy the center of mass does not coincide with the 
charge center, and thus possesses a dipole moment 
(4, ea). Therefore in the collision of slow Du p 
there is possible the dipole transition (£1) in the 
molecule into the momentum state 1, with the giving 
up of energy to the electron. In the case of Du + D, 
only the £ 2 transition into momentum state 2 com- 
petes with the £0 transition investigated‘. 


11. W. Alvarez et al., Lithographed document, December 
1956. 

F.C. Frank, Nature 160, 525 (1947). 

2 ASD: Sakharov, Report, Phys. Inst. Acad. Sci. 
U.S.S.R. (1948). 

‘Ia. B. Zel'dovich. Dokl. Akad. Nauk SSSR 95, 454 
(1954). 


*Choosing A =%i/\/2ME, where M is the reduced mass 
of p and D, and E is the binding energy, 5.4 Mev. 
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Corrections to the Articles “Dispersion 
Formulas of the Quantum Optics of Metals 
in the Many-Electron Theory’’ 


A. V. SOKOLOV, V. I. CHEREPANOV 
Institute of Metal Physics, Ural Branch of the 
Academy of Sciences, Ural State University 
(submitted to JETP editor December 30, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 949-950 
(April, 1957) 


N PREVIOUS WORKS" the dispersion formulas 
of the quantum optics of metals were obtained 
both without taking account of electron damping and 
with taking it into account for the infrared, visible, 
and ultra-violet regions of the spectra. The present 

note is intended to indicate errors in the above 
works, as well as finally to give the correct disper- 
sion formulas for e€ and o.* 

The many-electron wave function of the crystal 
used in the cited works was taken from Seitz* and 
is of the form 


N 
Ga «Fy S) = Xie... wy (Te + Eye 8) xD Sy Kit) 
j=1 
(1) 


where x is a periodic function with period a. It 
should be noted that the use of the wave function of 
Eq. (1) for a set of interacting electrons in a crystal 
is inconsistent, since it gives the total quasimomen- 
tum of the system (a conserved quantity) as the sum 
of the quasimomenta of the separate electrons; this 
is true, strictly speaking, only for a system of non- 
interacting electrons. 


aca 


As was pointed out by Volz and Haken®’®, if the- 
independent variables are chosen as the coordinates 
of the center of gravity of the system R(X, Y, Z) 
and the appropriate number of relative coordinates, 
the wave function of a system of interacting elec- 
trons in the crystal may be written in the form 


YK, ee T in) = Xx, 7, 5 (Rs T ip) Xp ({ KR), (2) 


where the three quantum numbers K,, K,, and K, 
give total quasimomentum of the system and char- 
acterize the motion of the center of mass R of the 
total electron system, and / is a continuous quantum 
number related to the relative motion of the elec- 
trons, that is, to the relative coordinates 

Tj, =0; — Ts and characterizes changes in the con- 
figuration of the electron systems; s denotes the 
number of the band together with the other discrete 
quantum numbers of the system. The function xX is 
periodic with respect to translation of the center of 
mass of the system along the lattice vector a. 

The use of wave functions such as those of Eq. 
(2) is more correct, since in this case the total qua- 
simomentum K of the system of interacting electrons 
uniquely characterizes the system as a whole. 

If we calculate the matrix element for the proba 
bility of optical transition, using the wave function 
of Eq. (3), in the same way as previously +, we ob- 
tain the energy conservation law and interference 
condition for the whole system of interacting elec- 
trons, namely 


E(K’, I’, s’)=E(K, I, s)+ ko, 


(3) 
K’=K + Ko + 2zg, 


where K, is the wave vector of the electromagnetic 
wave, and g is the reciprocal lattice vector. For 
selection rules, see also Haken’. 

In connection with this, we note that in the pre- 
vious works }"°, essentially single-electron selection 
rules €; = €; were used. In actuality, however, the 
set® of quantum numbers (K‘, /’) need not neces- 
sarily be the same as the set (K, 1), but must merely 
satisfy Eg. (3). The use of the correct wave func- 
tions of Eq. (2) in the derivation of the dispersion 
formulas leads to the following expressions for 
e anda: 


yeaa 


FF penetra oe man are oes ae ae sn 


ap te he 


Pi Surber ay ee 
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wo’ — 


4; 2 r ail U 
c(o) = 1 — ra Dy | d boo Es) {e fees \dz ‘erage 


Ss 


ao’ S= ® ry » aA 
+ perpapir] 26s 84}. a 
e ( , f laste Silicr) Aaa) 
SC mh @ Gea »} i) \ dEdE "00 (5,8) lw — o)?+[? aerrr| D&S, 678) 
Oo (&’,5’)—0 (8, 5) = ae 
4-1 ditty gpg OO ED E88), 6) 


where we have introduced the notation 


&=(K,/), 4 o’ = ho’ (8's'; 6s) = E (8’,s’) —E €, 5), 


p is the number of continuous quantum numbers /, 
and D is atensor with components 


{BEs; &'s')} = E's| D1 Pia 65) (Esl D! Pig B'S’), 
a, 8 j j 
(a, 3 = x,y,z). 
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